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PREFACE TO VOLUME II 


T he subjects included in this volume are those which are 
usually read after simple quadratic equations as lar 
as the exponential and logarithmic series. A few changes 
in order are made, the remainder theorem and simple paM'tial 
fractions being introduced at an earlier stage than usual, 
while the chapter on the theory and practice of logarithms 
follows ^hat on indices. 

The complete proof of the logarithmic series is beyond 
the scope of this book; but, with this exception, the theory 
of the subject is, 1 hop<‘, sufficiently discussed as regards real 
and commensurable quantities. Several difficult theorems, 
and especially those on peirnutations and combinations, 
are preceded and illustrated by corresponding numerical 
examples; and, if desired, the latter may be used temporarily 
inst('ad of the formal proofs. 

The a])plication of gra})hs is confined to the illustrations 
which they afford of the methods of solving simultaiieous 
equations and the tlieory of quadratic equations and ex- 
pressions. In the solution of simultaneous quadratic 
equations, they are especially useful, as they serve to 
show the geometrical meaning of every step in the process 
employed. 

CHARLES DAVISON. 

iilKM INGHAM, 

November, 1008 . 


NOTE 

Sections, articles and exercises preceded by an asterisk 
may be omitted on the first reading. 



VUl CONTENTS OF VOLUME II 

CHAPTEK , page 

XXVlil. "'Skhies : Aiutumetical and Geometrical I^UO’ 

GRESBIONS 179 

Arithmetical Progression . ..179 

ViT Geometrical Progression . . 196 

X.X1X. ^Series, con t : Harmonical Progression and Mis- 
cellaneous Series 209 

u llarmonical Progression .... 209 

4, Miscellaneous Series 217 

XXX. Mathematical Induction 224 

XXXL '’^i^ERMUTATlONB AND COMBINATIONS . . . r- 227 

XXXII. Binomial Theorem: Positive Integral Index ^ 251 

XXXIIL Convergkncy and Divergency of Series . 261 

XXXIV. ^Binomial Theorem: Any Index . . ^271 

XXXV. ^'Exponential and Logarithmic Series . .. 286 

XXXVI. Miscellaneous Graphs 296 

Miscei.laneous Problems ..... B05 

Answers 3F 



CHAPTER XVIL 


EQUATIONS OF A HIOilER UEailEE THAN THE SECOND. 

170. In this chapter will be considered certain equations 
of a higher degree than the second, which may be solved like 
quadratics, or the solution of which depends upon the solution of 
quadratic equations. 

Example 1. Solve the equation -f 2a'* — 0, 

0 ^ + 2a:* - 1 5a:* = 0, 

/. 2a:-15) = 0, 

/. (x — 3) (a: + 5) = 0, 
the roots are 0, 0, 3 and —5. 

Example 2. Solve the equation a.’* ~ a:* — 4a: -f 4 = 0. 

a::* — a;* — 4a; + 4 ~ 0, 

/• a:’(a;— 1) — 4 (a:- 1) = 0, 

/. (a:-l)(a:*-4) = 0, 

/. (a:-l)(a:-2)(a:4-2)-0, 

/. the roots are 1, 2 and -2. 

Example 3. Solve the equation a'‘*-10a:* + 9=0, 

aj* - 10a.'* 4-9 = 0, 

/. (x'*-9)(a:*~l) = 0, 

/. (.a;-3)(a; + 3)(a:-l)(a:4-l) = 0, 
the roots are 3,-3, 1 and - 1. 


D. A. II. 
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Example 4. Solve the equation + — = 11. 


a:*- 


IS 


11 , 


.. 18==0, 
(a;»~9)(ar»-2) = 0, 

/• {x ~ 3) (as •+• 3) {x — J2) (x + J2) = 0, 
the roots are 3, — 3, J2 and - J 2. 

Example 5. Solve the equation (o? - 4a;)’‘^ - 1 7 (p? - 4a;) -84-0. 
(aJ» _ 4 a ;)2 _ 17 (a;*- 4a;) - 84 = 0, 

/. (x^ — 4a; — 2 1) (a;^ — 4a; + 4) = 0, 

/. (a;-7)(x-+3)(a;~ 2)>=0, 

/. tlie roots are 7, — 3, 2 and 2 

Example G. Solve the equation ~ ^ ~ 

(a, + 5y-2(.c + ^)-35 = 0, 

/. (a;’ — 7a; + 6) (a;* 4 - 5a; + 6) = 0, 

/• {x - 6) (a; - 1) (a; 4 - 2) (a; 3) = 0, 

the roots are 6, 1, — 2 and — 3. 


171. The solution of equai/ions like the preceding may 
soinetiiues be simplified by making use of a subsidiary uulvnown 
quantity, as in the following examples 


Example 7. 


Solve the equation 

6V „ / 6n 


(* + -)-2(*^^) = 36. 
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Put a; + - ~ y, 80 that the equation becomes 
»c 

y“ — 2?/ — 35 ~ 0, 
or (y-7)(y + 5) = o, 

the roots of which are 7 and —5. 

(i) 

/. a‘'»-7a; + 6 = 0, 

{x — 0) (a; — 1) 0, 

the roots of which are 0 and 1. 

(ii> K + - ^ - 5, 

a** + 5x* + 6 — 0, 

/. (.c + 2)(a; + 3)-0, 
tiie roots of which are — 2 and —3. 

/. the roots of the given equation are 6, 1, — 2 and —3. 

ExampU 8. Solve the equation 


6a;— 9 

— ^ 



G a; — 9 * 

Put 

ar* 

Ca:-9 

so that 

Gr - 9 1 

^ ~y' 

and the equation becomes 


y + i-2^0. 

or 

y’-2y + l = 0, 

or 

(y-l)»=0. 

the roots of which are 

1 and 1. 


1—2 
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- G.t - 9, 

/. — Ox 4- 9 — 0, 

the roots of which arc 3 and 3. 

(ii) tlio second root of y leads to the same results, 

/. the roots of tho given equation are 3, 3, 3 and 3. 

Example 9. Solve the equation 


+ — — a? +--=-• 4. 

X-' X 


x + -=y. 


SO that 




and therefore ^ - y^ - 2, 

and the equation becomes 

or 

or (y-3)(y+2)^0, 

the roots of which are 3 and - 2. 


a: + - = 3, 

X 

ar* ~ 3.r 4-1=0, 


the roots of which are 


3±79-4 3±V5 

^ or 
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(i*) *■*■^ = “2* 

/. ar f- 2x +1=0, 

••• («i-i)’=o, 

the roots of which aro-1 and-1. 

A the roots of the given equation are 

-lrlJi(3 + J5) and 1(3 -^5). 


Exercises 137. 



Solve the equations : 



1. 

a? - 5x’“ + 4a; = 0. 

2. 

a;* - Gx* + Ox = 0, 

3. 

a? + 7x'“ + 1 2x = 0. 

4. 

X* — Ax^, 

5. 

= 0. 

6. 

a;‘-.10.r'' + 25.+2 = a 

7. 

a;^-a;^~£c+l=0. 

8. 

a;®-2=a;-2a;". 

9. 

4x^ + Sx^ - a; - 2 - 0. 

10. 

2x’ + 3a;^-8a;- 12- 0. 

11. 

— 5x‘^ + 4 = 0. 

12. 

x"-17x- + lG = 0. 

13. 

X* — Gx^ + 8=0. 

14. 

x’^-Gar + 5 = 0. 

15. 

x" + — = 13. 

X* 

16, 

2 

a:* + -- = 3. 

£C' 

17, 

— 3 Ax 

X ~ x’ - 3 ' 

la 

-1 1 

3 

19. 

(x’+2x)'-15(x’ + 2x) = 0. 



20. 

(af* + 2,r)® — 8 (x* + 2x) = 0. 



21. 

(x»-x)--8(x’-x) + 12 = 0. 



22. 

(x’-2x)»-14(x=-2.c)-15 

= 0. 


23. 

(x° + X + 1)’ - 4 (x" + X — 1) - 

- 5 = 

a 


24. (a;^-a;)(a^~:c-14) + 24 =0. 

25. {x^ + 3+*) (x- t 3x - 14) + 40 = 0. 
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26. 


28. 


29. 

31. 


33. 

34. 

35. 


37. 


39. 

40. 

41. 

42. 

43. 

44. 



27. 

/ 6\* , / 0\ 


(x-^)-4(x^-) = 5. 


x"* — orx^ ~ = 0. 

30. 

- J} , ^ _2 , ^ 

a -r — 5 — w -r ■' 5 • 

a’* 

32. 

(x + 3) (x-4) (x-5) = 60. 
6a;® + (5 - x)* = 5 (5 + x) (6 

4- 2x). 

2x - 1 

2x — 1 ** a:^ 

36. 

2a;- 1 2x + l 

38. 




4N* / 4N 

ir + ~j -9 + 4-20=0. 


X* + = ah^ + 5®a;*. 

ac* - ba? + 5a; — 1 a=0. 


4- 3a; 4- 1 5a; 

X .a;® 4- 3 £c + 1 

as* + i ~ 4 ^a; + + 6 = 0. 


X {x + 3 ) {x + 4 ) {x + / ^ + 36 = 0 , 

(a; + 1 ) (a; + 2) (a; + 4) (a; + 5) = 4. 

(2a; ~ l)(a; — l)(2a; — 7)(a; — 3) = 9. 
16 (a; + 1) (a; + 2) (x + 3) (x + 4) = 9. 



CHAPTER XVIIL 

QUADRATIC EQUATIONS: PROBLEMS. 

172. The problems worked below involve the solution of 
quadratic equations, each of which has two roots. The method 
of translating the wording of the problem into an equation is the 
same as in the problems which lead to simple equations, but the 
meaning of the double solution, or the inapplicability of one 
solution, should be noticed in every case. 

Example 1. Divide 12 into two parts so that their product 
may be 32. 

Let X be one part and 12 —cc the other, 
then 05 (12 — 5c) = 32, 

12£c + 32 = 0, 

(05-4) (aj- 8) = 0, 
the roots of which are 4 and 8. 

I£a; = 4, then 12-a; = 8, and if 05 = 8, then 12-05 = 4. 

both values of x lead to the same solution of the problem, 
namely, that the parts are 4 and 8. 

Example 2, One number exceeds another by 4 and their 
product is 32; find the numbers. 
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Let X and £c + 4 be the numbers, 

a:(aj + 4) = 32, 
a;® + 42 c - 32 = 0, 

(a;-4) (a: + 8) = 0, 
the roots of which arc 4 and — 8. 

If X = 4, then a: + i = 8, and if x = — 8, then x 4- 4 = — 4. 

/. if negative solutions be permitted, the problem admits of 
two solutions, the numbers being either 4 and 8, or -8 and ~4. 

Example 3. One side of a rectangle is 3 ins. longer than the 
other, and the area is 270 sq. ins. ; find the dimensions of the 
rectangle. 

Let X + 3 ins. be the length, and x ins. the width, of the 
rectangle, then 

(*+3) a: = 270, 

4- 3x— 270 = 0, 

(x-15)(x+ 18)=0, 
the roots of which are 15 and — 18. 

If X = 15, tlicn X + 3 = 18, and if x = — 18, then x + 3 = — 15. 

The latter pair of values satisfy the equation which is the 
statement of the problem, but they are inapplicable to the 
problem itself. The reason of the appearance of this extraneous 
solution is that the equation is more general than the problem, 
the equation stating that two numbers dilfering by 3 have their 
product equal to 270. 

The required dimensions of the rectangle are therefore 18 ins. 
and 15 ins. 

Example 4. A man, riding at a uniform rate between two 
places 60 miles apart, finds that, if he had ridden two miles 
an hour faster, he would have accomplished the journey in 
one hour less; at what rate does he ride] 
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Lot the man’s speed be x miles an hour, then the time he 

GO 

takes to ride 60 miles is hrs. If his speed were a; + 2 miles an 
60 

hour, the time would be ^ lirs. But, this beincr one hour less 

X h 2 

than the other, the equation corresponding to the problem is 
GO __ GO 
a: “a: + 2'^ 

/. GO.c + 120 = GOic-f 2 jj, 

a” + 2a:- 120 = 0, 

(a- 10) (a + 12) = 0, 

the roots of which are 10 and - 12. 


ho rides at 10 miles an hour, the negative solution being 
inapplicable. 


Example. 5. A poulterer bought a certain number of turkeys 
for £5 ; four of them having died, he sold each of the remaining 
turkeys for Is. GcZ. more than he gave for it, thereby gaining 
4s. on the whole; how many turkeys did he buy? 

Let X be the number of turkeys, so that the cost price of each 

100 . .... 

was sliiJlings. 

X 

He sold oj- 4 turkeys for 104 shillings. 


the selling price of each was 


104 
a— 4 


shillings, which is ls,6cL 


more than the cost price. 


' ’ a; — 4 X ^ 2 * 

A 208a: = 200a: ~ 800 + 3a: (a: - 4), 
/. 3a:=~ 20a; --800 = 0, 

/. (a; 20) (3a; + 40) = 0, 


the roots of which are 20 and — 13J. 

/. the number of turkeys bought was 20, the negative and 
fractional root being inapplicable. 
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Example 6. Find the price of photographs a dozen when, 
if two more be given for the price is lowered 6^. a dozen. 

Let xs, be the original price of 12 photographs and oj — 65. the 
price when lowered. 

the cost of 1 photograph is in the first case and 


£C— 6 

“12“ 


8. in the second case. 


the number that can be bought for 20«. is 


— 

X 


or 


in the first case 


and 


20 

a; — 6 
“ 12 " 


or 


240 

05—6 


12 

in the second case. 


^40 

X 


But the latter number is 2 more than the former, 
240 240 ^ 

• • a = 2 , 

05 — 0 X 

240x=: 24005— 1440 -f 2 o5 ( 05 — 6), 
ar>- 60 ;- 720 = 0 , 

.% (aj-30)(o; + 24) = 0, 
the roots of which are 30 and — 24. 


the original price of the photographs was 30s. a dozen, 
the negative root being inapplicable. 

Example 7. Find the number which exceeds its square root 
by 42. 

Let X be the number, then 

X- Jx- 42, 

0 ?— i,yo5— 42 = 0, 

/. {Jx - 7) {Jx + 6) =a 0, 

.*• Jx — 7 or —6, 
and 05 = 49 or 36. 

.•. the number is either 49 or 36, the former of which exceeds 
its positive root by 42, and the latter its negative root by 42. 
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Exercises 138. 

1. Two nimibers are sucli that one is twice tlic other and 
their product is 288; find the numbers. 

2. Find the number which is equal to 16 times its reciprocal. 

3. What number is of its reciprocal ? 

4. The sum of a number and of 6 times its reciprocal is 
equal to 5 ; find the number. 

5. The sum of the squares of two consecutive numbers is 41 ; 
find the numbers. 

6. Find two numbers, one of which is three-fifths of the 
other, so that the difference of their squares may be 16. 

7. There are three numbers, the second of which is twice the 
first and the third twice the second ; if the sum of their squares 
be 525, find the numbers. 

8. Find two numbers differing by 6, the product of which 
is 160. 

9. The difference between the cubes of two consecutive even 
numbers is 488 ; find the numbers. 

10. Divide 60 into two parts so that their product may 
be 864. 

11. A number consisting of three digits, each digit being 
the same, is 37 times the square of any digit ; find the number. 

12. The sum of the squares of three consecutive odd numbers 
is 5555 ; find the numbers. 

13. The length of a room exceeds its width by 2 ft.; if the 
area of the floor be 168 sq, ft., find the dimensions of the room. 

14. The sides of a rectangle are 20 and 12 feet; what is 
the width of the border which must be added all round so that 
the whole area may be 384 sq. ft. 1 
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15. The "loss of a picture-frame is 18 ins. long and 12 ins. 
wide ; if the area of the frame be equal to that of the glass, find 
the widtli of the frame. 

1C. The hypotenuse of a right-angled triangle is 91 ft. long, 
and the longer of the other two sides exceeds the shorter by 
49 ft.; find the sides. 

17. Idle number of eggs which can bo bought for 1 a is equal 
to the number of pence which 27 eggs cost ; how many eggs can 
be bought for 1 i?. 1 

18. The number of fives-balls which can be bought for £1 is 
equal to the number of shillings in the cost of 125 balls; how 
many can be bought for £1 ? 

19. A certain number consists of two digits; the tens* digit 
is double of the units* digit, and if the digits bo inverted, the 
product of the number thus formed and the original number is 
22G8 ; find the number. 

20. “ The square root of half the number of a swarm of bees 
is gone to a shrub of jasmin, and so arc eight-ninths of the whole 
swarm ; a female is buzzing to one remaining male, that is 
humming within a lotus, in which he is confined, having been 
allured to it by its fragrance at night. Say, lovely woman, 
the number of bees.** 

21. A man travelled 105 miles, and then found that, if 
he had not travelled so fast by two miles an hour, he would have 
been six hours longer iu performing the same journey; find 
Ins rate of travelling. 

22. The fore wheel of a carriage makes six revolutions more 
than the hind-wheel in 120 yards, and the circumference of the 
one is a yard less than that of the other ; find the circumference 
of each. 

23. If the price of coals were to fall 3s. per ton, £17 would 
purchase 3 tons more than at present ; what is the present price 
per ton 1 
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24. A walks faster than B by one mile an hour ; they start 
tojc^ether for a town distant 28 miles ; if A arrive 2 hrs. 20 mins, 
before B, at what rates do they walk ? 

2o. Two men, A and B, travel along a road 180 miles long in 
opposite directions, starting simultaneously from the ends of the 
road ; A travels 6 miles a day more than B, and the number 
of miles travelled each day by B is equal to double the number of 
days before they meet; lind the number of miles which each 
travels in one day. 

26. A person rents some land for X48 ; he cultivates 8 acres 
himself, and subletting the rest for 15 s. per acre more than 
he pays, receives in rent £54 a year; find the number of acres. 

27. A man buys a certain number of acres of land for 
£1600; by selling it at £92 an acre, he gains as much as be gave 
for 3 acres ; how many acres did he buy ? 

28. The price of photographs is raised 85 . per dozen, and 
tustomera consequently receive seven less than before for a 
guinea; what arc the prices charged] 

29. What is the price of eggs a dozen when two less in 
A shilling’s worth raises the price 1(7. a dozen? 

30. Find the price of eggs per score when ten more in half-a- 
crown’s worth lowers the price 1«. 3(7. per hundred. 

31. Find two consecutive numbers such that the difference 
of their squares is 9 more than six times the square root of 
the smaller, 

32. The sum of the square and the cube of a certain number 
is equal to nine times the next higher number; what is the 
number ? 

33. A manufacturer paid £640 to 36 employes, some men 
and some women ; each man received as many pounds as there 
were women, and each woman as many pounds as there were 
men; how many men and how many women were there? 
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34. A traveller starts from A towards B at 12 o'clock, and 
another starts at the same time from B towards A ; they meet at 
2 o’clock, at 24 miles from A, and tlie one arrives at A while 
the othi^r is still 20 miles from B ; what is the distance between 
A and B 1 


MISCELLANEOUS EXERCISES. 


Exercises 139. 


1. Divide the product of ic* — bxy Gy* and a? - 4y by a; — 2y. 

2. Two men receive the same sum ; if one were to receive 
15«. more and the other 9^. less, the former would receive three 
times as much as the other ; what sum did each receive ? 

3. Find the u.c.P. of 9a;® + 5a; — 2 and 27a,’® - 45a;‘‘ — 16. 

4. Simplify 

3a 2a 2a* — Sab 
2a + 6b ^ 3a — 96 a* — 96* 


5. Simplify 

a* (6 + c) + 6* (c + a) + c* (a + 6) -i- 2a6o 


a-f 6 


6. Solve the equations 


X y 


X y 


7. Find a fraction such that, when its numerator is increased 
by 8, the value of the fraction becomes 2, and if the denominator 
be doubled its value becomes 

8. Find the square root of 

9 * Solve the equation 

3 2a; 
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♦ 10. Solve the equation 

3a + 2a;* = 3aa; + 2. ^ 

IL Solve the equation 

a;^~29a^+ 100=0. 

12. If the price of wine be raised Ss. per dozen, three bottles 
less are bought for £5. 17tf. than before ; what was the original 
price per dozen 1 


Exercises 140. 

1. A is three times as old as B ; in 12 years he will be only 
twice as old ; when was B born ? 

2. Find the factors of 

a* — 3a — 6* + 36. 


3. 

4. 

5. 

6 . 

7. 

& 


Find the ii.c.P. of 

Qc^ - 3x* - 2a;* — Ca;* — 3a; — 3 and 3a;* -»• a;* -« 2. 
Simplify 

9 


Simplify 
(yz + zx 

Solve the equations 

4 9 

— + — = 
X y 

Solve the equations 


7 

2 

0 a;* + a;— 12 

’'a*-8a; + Id* 

/I 1 1\ 

(\ 1 1\ 


+ ”2 +::a) 

\x y %! 

\x^ y* ar/ 


4 9 5 15 15 

- + -=6, --»• — = -s- 

X y ' X y 2 


X y X y 

a 0 b a, 


Find the square root of 


t /^4 . ^ \ . 1 K ^ ^ 
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9. 

10 . 


Solve the equation 

1 

£C ^ a; + 4 2 * 

Solve the equation 

a + I aj 4- 1 


+ a + 1 -- 0. 


11. Solve the equation — 2aT^ — 1 = 0. 

12. A bicyclist, having ridden 72 miles and stopped an hour 
on the ^va 3 % tinds that, if he had ridden faster by one mile an hour, 
and stopped two hours on tlio way, he would have accomplished 
the journey in the same time. At what rate did he ride ? 


Exercises 141. 


Solve the equations ; 


1 . 

2 . 

3. 

4. 


5. 


6 . 


7. 




fc + y 
3 


-2y 


» 2x - 4y 23 

2. —-+2/ = --. 


3a: + y — » - 0, 4a: + 3y + « = 1 5, 

x+lO 10 11 

x—5 X G ‘ 


2a: 4- 4y + 3* = 25. 

?^4_C* 

abc 


(54- l)a'^-(6^ + 64-l)a: 4-6 = 0. 

J^5 ^ 3 

aj4-l a? — 2~a; — 5* 


8. 

9. 


10 . 


11 . 


X* 4- 4.af* — 32a: = 0. 
a:*-12af».H27=0. 

4- lx)'-* — 17 (x^ 4- 4x) 4- 60 = 0. 

6V + ^=o’i’+l. 

(* - 4)’ + (* - 6)» = 31 {{» - 4)» -{x- 5)*}. 


12 . 



CHAPTER XIX. 


GRAPHS OF QUADRATIC EQUATIONa 

173. The method of drawing the graphs of simple equations 
has been explained in Chapter VIII. In the more complicated 
graphs which correspond to quadratic equations the same general 
method is followed, i.e. a number of points are found the co- 
ordinates of which satisfy the given equation. In particular 
cases, however, the work may be shortened, as shown in the 
following examples. 

Example 1. Draw the graph of the equation 
a? = 4y. 

The term containing y being of the first degree, the equation 
is written in the form 

It will be noticed that ; 

(i) Whether x be positive or negative, \x^ is positive, and 
therefore y is always positive, i.e. the curve lies entirely above 
the axis of x ; 

(ii) If x be given values which are equal in magnitude but 
opposite in sign, the value of y is the same; e.g. y = 4 when 
05 = + 4 and when or ^ — 4 ; 

(iii) To an infinitely great value of x (positive or negative) 
there corresponds an infinitely great value of y, ia the graph is 
unlimited in two directions. 


D. A. U. 


2 
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Giving different intognal values to x from 0 to 7 (say), we 
have the following pairs of values of x and y : 

a:0 123 45 6 7... 
y 0 -2 1 2*2 4 6*2 9 12*2... 

and the same values of y for corresponding negative values 
of X. 



From these values of the coordinates we obtain the graph 
represented by the continuous curve in fig. 10, a curve which is 
called a pa/rahola. 

Example 2. Draw the graph of the equation = - 4y. 
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The equation being written in the form y — it will be 

noticed tliat ; 

(i) Whether x bo positive or negative, — or y is always 
negative, i.e. the curve lies entirely below the axis of x\ 

(ii) If 05 bo given values which are equal in magnitude but 
opposite in sign, the value of y is tho same ; 

(iii) The graph is unlimited in two directions. The graph is 
represented by the dotted curve in fig. 1 0. 

Exercises 142. 

Draw tho graphs of the following equations : 

1. x^ = '6y and a^ = — 3y. 

2. i/ = 6x and y* = ~ 

3. 2/ = re® — 8 o 3 + 1 2, y = cr* — 805 + 1 6, and y~x^-Sx-¥ 20. 

4. y - ix^ S and y = 6a; — 05* — 4. 

5. 5?/ = 5c^ — 805 + 1 2. 

174. In the following examples the graphs are confined 
within finite limits in all directions, i.e. they are closed curves, 
such as the circle (Example 3) or ellipse (Example 4). 

Example 3. Draw the graph of the equation + y~= 100. 

The equation may be written 

y^ = 100 - x^ or = 100 — y% 
or y = ± ^/(lOO - a;^) or a; = + ;^(100 ~ y^). 

It will be noticed that : 

(i) Since 100 — a;’ must be positive, x cannot bo less than 
— 10 or greater than +10, and similarly y cannot be less than 
-^0 or greater than +10; 

(ii) If X be given values, which are equal in mngnitude but 
opposite in sign, the values of y are the same ; e.g. y = + 6 when 
a; = 8 and when a; = — 8. 

2—2 
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Giving different integral values to x from a; = 0 to a; = 10, we 
have the following pairs of values of x and y i 

« 0 1 2 S 4 5 

y ±10 +9*9 +9-8 +9*5 ±9*2 +87 

re 6 7 8 9 10 

y ±80 ±7-1 ±6-0 ±4*4 0 

and the same values of y for corresponding negative values 



Fig. 11. 


From these values of the coordinates we obt>ain the graph 
represented in fig. 11, which is obviously a circla 

Example 4. Draw the graph of the equation 
9a:^ + 16^2= 576. 
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The equation may be written 

, 576 - 9a.-» , 676 -lev* 

= — IF- = ^9—' 

or y = « = ± ■“ 2/®)« 

It will be noticed that : 

(i) Since C4 — a;* and 36 must be positive, x is not less 
than — 8 and not greater than + 8, while y is not less than — 6 
and not greater than + 6. 

(ii) If X be given values, which are equal in magnitude but 
opposite in sign, the values of y are the same; e.g. y — 

when £c = -f 4 and when a; = - 4. 



Fig. 12. 


Giving different integral values to x from a; » 0 to a; = 8, we 
have the following pairs of values of x and y : 

*012345678 
y ±6 ±5*9 ±5-8 ±5-6 ±5*2 ±4-7 ±4*0 ±2*9 0 

and the same values of y for corresponding negative values 
of *. 

From these values of the coordinates we obtain the graph 
represented in fig. 12, a curve which is called an ellipse* 



22 


ELEMENTARY ALGEBRA 


[chap. XIX 


Example 5. Draw the graph of the equation 

+ 7/® = 48. 

The equation may be written 

+ xy + ~ 48 = 0 or x“ -r x?/ + — 48 = 0, 

-a-±7(u,'»-4(a:’-48)} _ _ 48)} 

or y=— 2 2 — ' 

-»:± N/|3(64-ar=)} - y ± s/{3 (64 - y)} 

It will be noticed that : 

Since 64 — x^ and 64 — y* must be positive, x is not less than 
— 8 and not greater than + 8, while y is not less than —8 and not 
greater than + 8, 



Giving different integral values to x from x = 0 to x = 8, we 
have the following pairs of values of x and ^{3 (64 — x^)} : 

X 012345678 

^{3(64-x»)} 13-9 13-7 13-4 12-9 12-0 10*8 9*2 6*5 0 
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and therefore the following pairs of values of x and y: 
ic012345678 
y ±G-9 +6-3 +5*7 +4*9 +4*0 +2*9 +1*6 -02 -4 

-.7*3 -7*7 -7*9 -80 -7-9 -7*0 -67 -4 

and also 


X — 1 

— 2 

-3 

-4 

-5 

-6 

-7 

-8 

y + 7-3 

+ 77 

+ 7-9 

+ 8-0 

+ 7*9 

+ 7*6 

+ 6-7 

+ 4 

-6-3 

-57 

-4-9 

-4-0 

-2*9 

- 1*6 

+ 0-2 

+ 4 


From these values of the coordinates, we obtain the graph 
represented in fig. 13, an ellipse with its greatest length inclined 
to the axis of x. 


Exercises 143. 

Draw the graphs of the following equations : 

1. a;** + y’ = 64. 2. cc* -f t/^ = 36. 

3, + 1407 = 0. 4. 16o;^ + 25y^ = 1600. 

5. 36o7® + 25y^ = 900. 6. + xy + y" = 7. 

7. 07* — ary + = 3. 

175. £xample 6. Draw the graph of the equation o;y = 5. 

It will be noticed that : 

(i) Since the product of x and y is positive, x and y must be 
of the same sign ; i.e. the graph is confined to the right angles in 
which X and y are both positive and both negative; 

(ii) Writing the equation in the form 

5 5 

y = - or 07 = -, 

as X increases numerically, y decreases numerically, and, when x 
is indefinitely great, y is indefinitely small ; also, when y increases 
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numerically, x decieases numerically, and, when y is indefinitely 
great, x is indefinitely small ; i,e. in both directions the graph 
approaches indefinitely closely to the axes of x and y. 



Fig. 14. 


Giving X the values *5, 1, 2, 3, , 10, we have the following 
pairs of values of x and y : 

a; *5 123456789 10 

y 10 5 2*5 1-7 1-2 1*0 0*8 0*7 0*6 0-6 0*6 

and the same values of y with their signs changed for correspond- 
ing negative values of x. 

From these values of the coordinates, we obtain the graph 
represented by the continuous curve in fig. 14, a curve which is 
called a hyperbola. 
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Example 7. Draw the graph of the equation a;y=:— 5. 

It will be noticed that * 

(i) Since the product of x and y is negative, x and y must 
be of different signs, i.e. the graph is confined to the right angles 
in which x is positive and y negative, and in which x is negative 
and y positive ; 

(ii) In both directions, the curve approaches indefinitely 
closely to the axes of x and y. 

Giving X the values *5, 1, 2, 3, 10, we have the following 

pairs of values of x and y : 


X 

•6 

1 

2 

3 

4 

5 

y 

-10 

-5 

-2-5 

-1*7 

-1*2 

-1-0 

X 

6 

7 

8 

9 

10 


y 

-0*8 

-0*7 

-0*6 

-0-6 

-0*5 



and the same values of y with their signs changed for correspond- 
ing negative values of x. 

From these values of the coordinates, we obtain the graph 
represented by the dotted curve in fig. 14. 

176. Def. 25. If, as either coordinate increases indefinitely 
in numerical value, the graph approach indefinitely closely to a 
certain line, the line is called an asymptote of the graph. 

Thus, in Examples 6 and 7 (fig. 14), the axes of x and y are 
asymptotes. 

177. Example 8. Draw the graph of the equation 

cc“ — 2/® = 5. 

Writing the equation in the form 

ya aJ _ 5 or a® = t/® + 5, 

or y=±N/{®*-®) *=±V(y‘' + ®)» 

it will be noticed that : 
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(i) Since must be positive, x cannot have any value 

lying between -- Jb and + i.e. between — 2*2 and + 2-2 ; and, 
since y" + 5 must be positive, y can have any value whatever, 
either positive or negative; 

(ii) If £c be given values, which are equal in magnitude but 
opposite in sign, the values of y are the same ; c.g. y = ± 2, when 
ir = + 3 or when a: - - 3 ; 

(iii) When x is indefinitely great, y, and therefore also x + y^ 
is indefinitely great, and therefore, since 

(x-y)(x + -^) = 5, 
x-y is indefinitely small. 


m 


■■■■■I 

isnnii 


i6m 


lESl 


3 4 
2 ±3- 
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177] 

and the same values of y for corresponding negative values 
of X, 

From these values of the coordinates, we obtain the graph 
represented in fig. 15, a curve which is again a hyperbola 

In fig. 1 5, let the broken lines OQ, OQ' represent the graphs 
oi y — X and y = — x respectively. From any point N in Ox draw 
NPQ perpendicular to Ox, cutting the graph of the equation 
in p and that of the equation y~x in Gl Then, 
if ON =05, we have PN=y, QN=a;, and then^fore PQ = a;~2/. 
Thus, when x increases indefinitely, PQ decreases indefinitely, 
i.e. the graph of the equation approaches indefinitely 

closely to the graph of the equation y^x. Similarly, it may be 
shown that it approaches indefinitely closely to the graph of the 
equation y^ — x. Thus, the lines y-x and y = — a? are asymptotes 
to the graph of the equation — y^= 

Exercises 144. 

Draw the graphs of the following equations : 

1. xy = 12. 2. xy = 3 and cr?/ ~ - 3, 

3. = 6 and =5 6, 4. £c*-ajy-2. 

5. £C3/~y®=L 6. 

7. 2a;^ - ^xy « 20, 



CHAPTEE XX. 

THEORY OF QUADRATIC EQUATIONS 
AND QUADRATIC EXPRESSIONS. 


178. The roots of the equation aa^ + bx + c=^0 are real ami 
differenty real arid equals or imaginary and different^ according as 

is greater thaUy equal iOy or less than 4ac* 

The roots of the equation ax^ + 6a; -t- c = 0 are 

— 6 + — 4ac) 

2a 

If 6® > 4ac, then 6* — 4ac is positive, and the roots are real and 
different. 

If 6* = 4a(;, then — 4ac is zero, and the roots are real and 
equal. 

If 6* < 4ac, then 6* — 4ac is negative, and the roots are 
imaginary and different, 

179. Dep. 26. The expression 6^~4ac is called the dis- 
crimiraint of the equation aoi? + 6a; -f c = 0. 

Thus, the roots of the equation are real and different, real and 
equal, or imaginary and different, according as the discriminant 
is positive, zero, or negative. 

* Before beginning this theorem, the reader should refer to the examples 
worked out in Art. 168. 
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180. Example 1. What is the nature of the roots of the 
equations 

(i) 2a;* + 9a; + 3 = 0, (ii) 4a;* — 20a; + 25 = 0, 

(iii) 3a;* + 2a; + 5 = 0, (iv) a;*--8a; + m = 0? 

(i) The discriminant is 9* — 4. 2. 3 or 81 - 24 or 57, 

/. the roots are real and different. 

(ii) The discriminant is 20* — 4 . 4 . 25 or 400 ~ 400 or 0, 

the roots are real and equal. 

(iii) The discriminant is 2* — 4 . 3 . 5 or 4 - 60 or - 56, 

the roots are imaginary and different. 

(iv) The discriminant is 64 - 4m or 4(16 — m), which is 
positive if jn be <16, zero if m = 16, and negative if m be > 16 : 

the roots are real and different, real and equal, or imaginary 
and different, according as m is less than, equal to, or greater 
than, 16. 



Fig. 16. 

These cases are illustrated by the accompanying curves 
(fig. 16), which represent respectively the 
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(a) (b) a^-Sx-^K), 

(c) X- - S.r + 20. 

The first expression is equal to zero for the values 2 and 6, or 
the roots of tlie equation = 0 are 2 and 6, i.e. are real 

and difierent. The second is equal to zero for the values 4 and 4 
exf Xf or the roots of the equation — 8a; + 1 6 = 0 are 4 and 4, 
i.e. are real and equal. The third expression is never equal to 
zero, i.e. the roots of the equation af* ~ 8a: + 20 = 0 are imaginary 
and different. 


Eocamplc 2. For what values of m are the roots of the follow- 
ing equations equal ? 

(i) 2a;^ -f 3a; + m = 0, 

(ii) 4a;^ 4 - (1 + m) a? -h 9 = 0. 

(i) The roots of the equation 2a;^ + 3a; + m = 0 arc equal if 
3»-4.2.m = 0, 


i.e. if m = 

(ii) The roots of the equation 4a;* + (1 + m) jc ■+• 9 = 0 are 
equal if 

(1 +m)*-4.4.9 = 0, 
i.e. if m* + 2m - 143 = 0, 

i.e. if (m - 11) (w + 13) = 0, 

i.e. if m = 11 or — 13. 

Another method of working these examples should be noticed. 
If the roots of the equation 2ar + 3a; = 0, or a;- -f ^ ^ = 0, 

be equal, the factors of a;* + ~ ~ must be equal, i.e. ^ ^ 

J 2 J 2 

must be a square, and therefore ^ , or | , or 8m « 9, 

or m = IJ^. 
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Exercises 145. 


Find the discriniinants of the following equations: 


1. 

2a:= + r)a: + l = 0. 

2. 

4a;* — 1 2a; + 9 = 0. 

3. 

— 3a: + 2 = 0. 

4. 

25a;* + 30a; +0 = 0. • 

5. 

3.x- + 2x - 4 = 0. 

G. 

6.a;* - a; + 5 = 0. 

Determine the nature of tlje roots of the following equations: 

7. 

ar + 6a3 + 4 = 0. 

8. 

a;* - 7a; + 10 = 0. 

9. 

x“ -f- 8a; -f- 1 6 = 0. 

10. 

a;’ — 1 0.r + 25 = 0. 

11. 

- 5a; + 7 = 0. 

12. 

a;* + 3a; + G = 0. 

13. 

3a;^ - 7a; - 2 = 0. 

14. 

4a;* + 2a; + 1 1 = 0. 

15. 

2a;^ — 3a; + 5 = 0. 

IG. 

4a;* -28a; + 49 = 0. 

17. 

9a;2__30;j, + 25=r0. 

18. 

2.r* + a; + 5 = 0. 

19. 

3a;* — 8a; = 0. 

20. 

6.a;*-5a;-25 = 0. 

For 

■ wliat values of m are the 

roots 

of the following equations 

equal 1 




21. 

a;* 4- 6a; + m = 0. 

22. 

.T* — 8a; + 771 = 0. 

23. 

(x? + mx +9 = 0. 

24. 

a;* + mx +25 = 0. 

25. 

ma;* + 10a; + 25 = 0. 

26. 

777X* + 40a; +16 = 0. 

27. 

3a;* + 2a; + 771 = 0. 

28. 

4x’* - a; — 3771 = 0. 

29. 

mx^ + 5a; + 3 = 0, 

30. 

2777X* + 3a; — 1 = 0. 

31. 

?nm.o(? + 4 a; — 1 =0. 

32. 

a;® + (2 — 77i) a; + 25 = 0. 

33. 

a;* + (3 + m) a? + 1 6 = 0. 

34. 

4a;* + (1 - m) a: + 25 » 0. 

35. 

9a;* + (3 + 2m) a; + 49 = 0. 




181. The sum of the roots of the equation aa? + 5a: + c « 0 M 

5 c 

equal to — , and the jyroduct of the roots to 
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The roots of the equation aa? + hx + c = Q are 

■ 6 + ^(y-4a c ) -fc-V(y-4ac) _ 

A Bum of roots = ^ ^ ^ 

2a 

-26 
“ 2a 
___^6 ^ 
a * 

and product of roots = h^-± V(j!,-.. ^^^)H- ^ 

4a'^ 

(-6)^-(6^-4ac) 

4a^ 

4ac 

*"4^ 

0 

cs 

a 

Exercises 146. Foce.) 

State the sum and product of the roots of the following 
equations : 


1. 

— 7a: + 4 = 0. 

2. 

a:* — 6a: 4- 6 = 0. 

3. 

+ 11a: + 5 = 0. 

4. 

a;* + 8a: + 7 = 0. 

5. 

a:* + 5a: - 6 = 0. 

6. 

jc* + 4a: — 8 = 0. 

7. 

7 = 0. 

8. 

a;*-10a:~10 = 0. 

9. 

2a:« - 3a; + 5 = 0. 

10. 

3a:* - 4a: + 3 = 0. 

11. 

2a;2 + 7a; + 6 = 0. 

12. 

3a:* 4- 1 la: + 6 = 0. 

13. 

7a:* - 6a: — 4 = 0. 

14. 

4a;*- 5a:- 3 = 0. 

16. 

5a;* + a; - 1 = 0. 

16. 

2a:* 4- 2a: - 3 = 0. 

17. 

6a;* + 2a: + 3 = 0. 

18. 

4a,** - 5a: 4- 7 = 0. 

19. 

8a;* + 2a: - 3 = 0. 

20. 

10a:* -5a:- 2 = 0. 
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Given one of the roots of the following equations, state the 


other root : 




21. 

.x* + mx + 20 = 0, 

one root 

4. 

22. 

x* 4- mx +12 = 0, 

»> 

3. 

23. 

x^ 4- mx — 15 = 0, 

» 

5. 

24. 

x® + mx —24 = 0, 

»» 

2. 

25. 

x* + mx + 16 = 0, 

»> 

-8. 

26. 

x3 4 - m x 4 18 = 0, 

** 

- 3. 

27. 

x3 + mx - 32 = 0, 

>» 

-8. 

28. 

x3 4- mx — 40 = 0, 

>» 

- 5. 

29. 

a;3 — 8x + m =- 0, 

ff 

5. 

30. 

X' - 1 lx + m = 0, 

n 

8. 

31. 

x^ 4 7x + m = 0, 

*f 

2. 

32. 

x-^ + 10x+ m = 0, 

9» 

4. 

33. 

x*- 12x + m = 0, 

>» 

-2. 

34. 

x* — 4x + m = 0, 

>» 

- 1. 

35. 

a;3 + 5x + m = 0, 

w 

-3. 

36. 

x3 + 10x+ m = 0, 


-7. 


182. Example 3. Find the sum of the squares of the roots 
of the equation 

2x3 - 3a; + 1 = 0. 

Let a and ^ denote the roots of the equation — 3a; + 1 = 0, 
then 

a + = | and = 

Now a3 + /13=:(a + ^)3-2a/l 

= 1 - 1 - 

= ii- 

Example 4. Find the square of the difference of the roots of 
the equation 

3x3 + 4a;-. 2 = 0. 


D. A. II. 


3 
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We have a + = = 

Now (a - jSy = (tt + /Sy - 4tt)3 

— 16,8 

- TT + y 

- 40 

- 

= H. 

Example 5. Find the sum of the cubes of the roots of the 
equation 

— 2a: — 5 = 0. 

We have a + a^ = --|. 

Now a* + = (a + p) {a? - a/5 + P^) 

= (a + /5)Ua + /^)^-3a;S} 

*= i (i + Y^) 

= 2 . 

Example 6. If a and p denote the roots of the equation 
4a:* - a: + 2 = 0, 
find the value of (a + 2/5) (2a + /5). 

We have a4-^ = J, ap-\. 

Now, (a + 2P) (2a + /5) = 2a* + 5a^ + 2^ 

= 2(a*4- 2a/5 + ^*) + a)3 
^2(a+py + aP 

= 2.xV + i 

— 5 

— ¥• 

Example 7. Show that 1 is a root of the equation 
(^ - c) a:* + (c — a) a: + a — 5 = 0, 
and find the other root. 

If 05= 1, the expression 

(b — c) a:® + (c — a) a: + a — 6 

is equal to — or zero, 

m\ 1 is a root of the equation 

(6 — c) ar* + (c - a) a: 4- a - 6 S5 0. 



182] QUADRATIC EQUATIONS AND EXPRESSIONS 


35 


Now, the product of the roots is equal to 


a — h 


/. the other root is ? — or 
6 — c 




Exercises 147. 

1. If one root of the equation oi? + mx + 48 = 0 be 6, find the 
other root and also m. 

2. If one root of the equation a.-® — + m = 0 be 5, find the 

other root and also m. 

3. If one root of the equation — mx + 56 = 0 be 8, find 
the other root and also m. 

, 4. If one root of the equation Sx* + 5a:-2»i = 0 be find 
the other root and also m. 

Find the sum of the squares of the roots of the following 
equations, and test the results of the first two by solving the 
equations and squaring the roots so found : 


5. 

- 4ic + 4 = 0. 

6. 

a;* + 2a; — 8 = 0. 

7. 

2a;* — 4a; + 3 = 0. 

8. 

2a;* + 4a; — 3 = 0. 

9. 

2a;*~3a;-l = 0. 

10. 

3a;* - Ga; + 2 = 0. 

11. 

3a;* - 2a; + 5 = 0. 

12. 

4a;* - 3a; — 1 = 0. 

13. 

5a;® + 3a; + 2 = 0. 

14. 

5a;* - 4a; 3 = 0. 


Find the square of the difference of the roots of the following 
equations, and test the results of the first two : 


15. 

a;* — 3a; + 2 = 0. 

16. 

a;* + 4a; + 3 = 0. 

17. 

2a;* ~ 3a; + 1 = 0. 

18. 

2aP + 5a; -f 3 = 0. 

19. 

1 

1 

H 

p 

20. 

3a;* — 5a; - 2 = 0. 

21. 

3a^-6x+2 = 0. 

22. 

4a;* + 5a;— 2 = 0. 

23. 

5aP — ix— 2 — 0. 

24. 

7a;*+ a;+l = 0. 


3-^-2 
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Find the sum of the cubes of the roots of the following 
equations, and test the results of the first two: 


25. 

a:* — 4a; + 3 = 0. 

26. 

a:® + 7a: + 6 = 0. 

27. 

2a:*-4a: + 3 = 0. 

28. 

2a;*-f 5a;-f 2 = 0. 

29. 

2a:® + 7a:-l=:0. 

30. 

3a?* — 7a: + 2 = 0. 

31. 

3a:* - Sa; -1=0. 

32. 

o 

II 

1 

1 

33. 

4a:* + 2a; — 3 = 0. 

34. 

o 

II 

' 1 
V 


If a and p be the roots of the following equations, find the 
value of : 

35. i+1, a^ + 6a; + 4 = 0. 
a (i 

36. a:“+2x-6 = 0. 

37. i+4, 3ai» + 2x-l=0. 

a p* 

38. ^ i - 5a: + 6 = 0. 
a* p* 

39. (2a + /3) (a + 2/8), 2a:® - a: + 2 = 0. 

40. (2a + (a + 2/8), 2a:® - 5a? + 1 = 0. 

41. (2a -/8) (a ~ 2/3), 3a:® + 2a:- 1=0. 

42. (2a -/8) (a -2/8), 6ai®-3a?-2 = 0. 

43. (3a + /3) (a + 3/8), 3a:* - 4a: + 5 = 0. 

44. (3a -/8) (a -3/8), 2a?* + 7a: - 3 = 0. 

183. Example 8. Find the equations whose roots are 
(i) 5 and 3, (ii) | and (iii) 34: 

(i) The equation whose roots are 5 and 3 is 
(a?-5)(a:-3) = 0, 
sr a:*- 8a? 4- 15 = 0. 
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(ii) The equation whose roots are | and — ^ is 

■“ t) + 1) - 

or (3a; ~ 2) (5a; + 4) = 0, 

or 15a;® + 2a;~ 8 = 0. 

(iii) The equation whose roots are 3 + ^2 and 3 -» ^2 is 

(a;-3-V2)(aJ-3+ V2) = 0, 
or (a;-3)®-2 = 0, 

or a,-® — 6a; + 7 = 0. 

Example 9. Find the equation whose roots are tJie squares 
of the sura and difference of' the roots of the equation 

2a^ — a: — 3 = 0. 

We liavo a + )3~|, 

••• (a + /3)’ = i, (a-^)> = iH-6 = ^i, 

the equation whose roots are (a + Pf and (a — /3)® is 

or (4a; — 1) (4a; — 25) = 0, 

or 1 6a;® — 104a; + 25 = 0. 

Example 10. Find the equation whose roots are the squares 
of the roots of the equation 

3a;* 2a; - 5 = 0. 

Wc have = a/3 = — 

The equation whose roots are a* and is 
(aj^a®)(a;-)3®) = 0, 

or a;® - a;(a* + /8®) + a®)0* = 0. 

Now a® + /^=(a + /?)*-2a^ = | + i^ = Vi 

and a®y3® = ^. 

/, the required equation is 

9a;® -34a? +25 = 0. 


or 
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It will be noticed that in Example 9 the roots of the re- 
quired equation can be expressed in terms of a 4 * /3 and a/3. In 
Example 10 this is not the case, but the coefficient of x and the 
term without x can be so expressed. 


Exercises 148, 

Find the equations whose roots are 


1 , 

4, 2. 

2 . 

3, 3. 

3. 

5,-6. 

4. 

-2, 7. 

6. 

-3,-5. 

6 . 

-4.-7. 

7. 

0, 6. 

8. 

0,-8. 

9. 


10. 

h-h 

11. 

~4^) ~ 1- 

12. 

li.-U 

13. 

n. -2j. 

14. 


15. 

1 + 

16. 

1±n/3. 

17. 

3+ V7- 

18. 

6 + 

19. 

6 ± 

2' ■ 

20. 

3± V2 

5 • ’ 




If a, /3 be the roots of the following equations, find the 
equations whose roots are 

21. a + ; 2a;* -f 3a; + 1 == 0. 

22 . 4; a;“-4a; + 7 = 0. 

OQ „ . A? . _ 9 - n 


23. a+/3, 3a;*-4a;-2 = 0. 

24- -+4 4; 3a^'48a:-4 = 0. 

a /3 a/3 

25. 3ar*4 9*— 4=0. 

2 a4y3 

26. a’4/?’, ar'46a:43=0. 

27. (a4j8)», (a-/?)»; 2a:'-«-5 = 0. 

28. (a4^)>, (a-;8)*; 4*“ 4 2®- 3=0. 
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o> '*■ ^8“ ’ a“;6r* ’ 2a; + 3 = 0. 

30. a> + /8», a'jS’; ar'-3a: + l = 0. 

31. 4 + i ; ar" + 2a; + 2 = 0. 

a’ /r a*/8’ 

32. 2a + j3, a + 2j3; 2a;’ + 7a; + 4 = 0. 

33. 2a + /3, a+2/3; 5a;’ - 2a; - 4 = 0. 

34. 3a+/3, a + 3y3; 2ar‘ - 4a; - 1 = 0. 

35. Sa + 2/3, 2a+3^; x‘-7x + 3 = 0. 

Find the equations whose roots are the squares of the roots of 
the following equations, and test the results of the first two : 


36. 

a;*- 

6a; + 

8 

= 0. 

37. 

a;* + 

7x + 

12 

38. 

2a;* + 

4a; — 

5 

= 0. 

39. 

2a;*- 

3a;- 

4 

40. 

3a;*- 

7a; + 

1 

= 0. 

41. 

3a;*- 

4a; - 

5 

42. 

5af* + 

3a; +• 

3 

= 0. 

43. 

4a;* + 

X — 

1 

44. 

10a;*- 

5x - 

2 

= 0. 

45. 

5.a;*- 

10a;- 

2 


46. Find the equation whose roots are the sum and product 
of the reciprocals of the roots of the equation 

2x^ — 3a; + 4 = 0. 

47. Find the equation whose roots are the square of the sum, 
and the sum of the squares, of the roots of the equation 

a,^ + 7a; + 7 = 0. 

48. Find the equation whose roots are the squares of the sum 
and difference of the roots of the equation 

3a;* - 7a; + 2 = 0. 

49. Find the equation whose roots are the reciprocals of 
the roots of the equation 

4af*~2a; + 5 = 0. 

50. Find the equation whose roots are the squares of the 
reciprocals of the roots of the equation 

a;* + 7a; — 1 = 0. 
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184. Example 11. Find the condition that one root of the 
equation a 3 (? bx c~Q may be double the other. 

Let the roots be 2a and a, then 


2a + a = find Ja . a = — , 

a a 





Exercises 149. 

1 . Find the condition that one root of the equation 

acc* -f 6a: + c = 0 

may bo three times the other. 

2. Find the condition that one root of the equation 

^ px-^- q~0 

may bo five times the other. 

Find the value of m if one root of the equation: 

3. a:* + 6x + ??i = 0 be double the other. 

4. + mx + 20 = 0 bo five times the other. 

5. — 1 Gx + 3 = 0 be three times the other, and also find 
the roots. 

6. 2x* - mx + 9 = 0 may be double the other, and also find 
the roots. 

186. The expression clx? + 6x + c is eqttal to a (x — a) (a; — j9), 

2a 


where 
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and 


R - Jjb'-iac) 

^ 2 a 

ax^ + 6a; + c = a/^x* + ~x + -^ 

\ a 

= o (as* — (a + /^) a; + a/?} 
= a (a: - a) (x - /?). 


186. -4 quadratic equation Jias two^ and only iwo^ roots. 

Tbo expression + 6 x + c can bo resolved into the factors 
a(x-a)(x-fi), 


where 


-6 + Jib^-iac) 


R = Z b- J{l>^-^a c) 
^ “ 2 a 


Now, a is constant, and therefore the expression ax’-f-^x + c 
can only vanish when one of the factors x - a, x - ^ vanishes ; 
i.e* the roots of the equation ax^ + 6 x -f c = 0 are the roots, and 
the only roots, of the equations 

X — a = 0 and x — ^ = 0. 

But, an equation of the first degree has one, and only one, root; 
a quadratic equation has two, and only two, roots. 


187. Example 12. If x be real, show that (i) the least 
value of the expression x* - 4x + 8 is 4, and (ii) the greatest value 
of the expression fix - x’* — 4 is &. 

(i) x^ - 4x + 8 = X* - 4x 4 - 4 + 4 
= (x-2)^ + 4. 

Now, if X be real, (x — 2)- is always positive, whether x be 
positive or negative, and its least value is zero, when x =s 2 ; 
the least value of the expression x® — 4 x + 8 i 3 4, 

(ii) 6 x-x ®-4 =» — (x®-fix + 4) 

« — (x* — fix + 9 — 5) 

«6-{x-.3)l 
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Now, if X be real, (x-Sy is always positive, whether x be 
positive or negative, and its least value is 0, when x = 3 ; 

the greatest value of the expression 6a: — a?* — 4 is 5, 

These results are illustrated by the graphs of the given 
expressions (fig. 17). 



(i) J’ig. 17. (ii) 


Another method of working the last two examples should be 
noticed. 

Let - 4a: 4- 8 = 2 /, 

/. a:® ~ 4a: + 8 — y = 0. 

Since x is real, 4® — 4 (8 — y) is positive or zero, 

4 — 8 + y is positive or zero, 

/. 2 / — 4 is positive or zero. 

y ^ i-e* the least value of a:® ~ 4a? + 8 is 4. 
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Again, let 6a; — £c“ — 4 = y, 

/. a;* ~ 6a; -h 4 + y = 0. 

Since x is real, 6* — 4 (4 + y) is positive or zero, 

/. 9 — 4 — y is positive or zero, 

5 - y is positive or zero. 

/. y 5, i.e. the greatest value of 6a; — a;'* — 4 is 5. 

♦188. Example 13. If the following expressions be positive, 
(i) - 5a; + 6 cannot lie between 2 and 3, and (ii) 6a; — a;^ — 8 

is not less than 2 and not greater than 4. 

(i) a;* — 5a; + 6 =(a;~2)(a:~ 3). 

If a; < 2, a; - 2 is negative and a; ~ 3 is negative, and their 
product is positive. 

If x>3, X — 2 is positive and a; - 3 is positive, and their 
product is positive. 

If a; > 2 and <3, a; — 2 is positive and a; - 3 negative, and 
their product is negative. 

/. if a;^ - 5a; + 6 be positive, it can have no value between 
2 and 3. 

(ii) 6a? -a;*- 8 = (a; — 2) (4 -a;). 

If a; <2, a; — 2 is negative and 4 — » positive, and their 
product is negative. 

If a? > 4, a? ~ 2 is positive and 4 — a; negative, and their 
product is negative. 

If a? > 2 and < 4, a; ~ 2 is positive and 4 - a? positive, and their 
product is positive. 

/. if 6a; — a;* -8 be positive, its least value is 2 and its 
greatest is 4. 

These results are illustrated by the following graphs (fig. 18). 
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(i) Fig. 18. (ii) 


•189. Example 14. It x bo real, show that 
cannot lie between 8 and 12. 

x^-ix- 20 


a® — 4a? 20 


Let 


a?-7 


= y- 


/. - 4x - 20 ^xy — 7^j 

-a: (4 + ?/) + 7y — 20 = 0. 

Since x is real, 

(4 + 2/)* - 20) is positive or zero, 

/• y* ■“ 20?^ + 96 is positive or zero, 

/. (y — 8) (y - 12) is positive or zero, 
y cannot lie between 8 and 12. 

The graph of the expression is sliown in fig. 19, 

3 ? “■ a? ■4* 1 

Example 15. If a: be real, show that ^ j is not less 
than ^ and not greater than 3. 
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Fig. 19. 


Let 


a:* — a?+ 1 _ 
a;® + a; + 1 

/. fic* - a; + 1 = + a;y + y ; 

/. a:®(l -y)-x(l +y)+ l-y=*0. 


Since a? is real, 

(1 + y)* (1 ■" yT positrive or zero; 

/• 1 + 2y + y“— 4 8y — 4y* is positive or zero ; 
/. lOy - 3 - 3y* is positive or zero ; 

3y* - lOy + 3 is negative or zero > 
(3y - 1) (y - 3) is negative or zero ; 
y is not less than J and not greater than 3. 
The graph of the expression is shown in fig. 20. 
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Fig. 20. 


Exercises 150. 

Find the least value of 

1. 6a? + 13. 2. a3®+10a7+32. 

3. + 6a; + 5. 4. 3a;- + 2a; + 2. 

Find the greatest value of 

5. 2 4- 2a; — x\ 6. — 8 — 6a; ~ a;®. 

7. 3 + 6a;-2a;^ 8. 

9. The roots of the equation ai® + 8a; + a = 0 are real if a 16. 

10. The roots of the equation a;^ + 4a; + 6- a = 0 are real if a > 2. 

11. The roots of the equation ax^-¥ 6a; — a = 0 are real what- 
ever be the value of a. 

12. If the roots of the equation 2a; + a = 0 be real, then 

I and - 1. 

13. If the roots of the equation a;® + (a-4)a;+9 = 0 be real, 
a cannot have any value between - 2 and 10. 

14. If the roots of the equation a;^ + = 8a; + 6a be real, 

show that a !;:(> 8 and <t — 2. 

15. If a; be real, show that a;+ - can have no value between 

X 

— 2 and 2. 

16. If 03 be real, show that » — ^ can have any value whatever. 
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17. If X be real, show that ^ 3 , canaot be greater 

1 ■4“ »U "h 5/ 

than 

3x *4* 3 

18. If aj be real, prove that — — cannot have any value 
between — 3 and 1. 

2x — 7 

19. If 05 be real, show that ^ „ can have no real 

— 2a5 — 5 

value between 1* 

20. Prove that the greatest and least values of 

22a; + 21 
5a;2- 18a; + 17 

are 1 J and 1, corresponding to the values 1 and 2 of a;. 

oi rr u 1 u av . a;®-~b0a; + 625 

21. If a; be real, show that can have no posi- 

85-50 ^ 

five value less than 100. 


*190, If the equations 

005^ + 6a; + c = 0, a'a;* + 26'aj + o' = 0 
have a common root, then 

{ca! — c'a)* = {be* — h*c) {ah' - a'6). 
Let a be the common root, so that 

aa® + 6 o + c = 0 , 
a'a® + 6'a + c' = 0, 

then ^ ^ 

be' — h*e co! — ea ah* — a'h * 

. , he* ^h*c , ca*’-c*a 

••• = :r,, and a = 


ah' — a'h ’ 


. {ca — c ay be — be ^ 

•• \ab'^a'b) ""W-oTb'^ 

{ca* - c'ay = {be' - b'c) {ab* --a'h). 
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191. Example 16. If a and p denote the roots of the 
equation ax^ + + c = 0 , find the equation whose roots are 

a + 2 and p + 2 . 

We have a + i 9 = — - and aP~ - , 

a a 

The equation wliose roots are a + 2 and /? + 2 is 
(a: — a -I- 2) (a; - + 2) = 0, 

or a?* - (a + -f 4) ar + ayS + 2 (a + ^) + 4 =* 0, 

or £c®- (^-~ + 4 ) » + - — — + 4~0, 

\ a J a a 

or aa^ -k- (b ~ 4a) x + c — 2Z> 4- 4tt 0. 

Example 17. If one of the equations 
X* + X ( 2 a — 5) + ai = 0 , 
x^ + X (4a — i) -f 3a^ = 0 
have equal roots, so has the other. 

The condition that the roots of the first equation may be 
equal is 

( 2 a~ 6 )* = 4aft, 

or 4a* — 806 + 6 * = 0. 

The condition that the roots of the second equation may be 
equal is 

(4a - 6 )* = 1 2a*, 

or 4a* — 806 + 6 * = 0. 

Hence, if one equation have equal roots, so has the other. 

♦Exercises 151, 

1. If the roots of the equation 2x* — 3x + m = 0 be equal, 
what are they? 

2. If the roots of the equation 4x* + mx + 25 = 0 be equal, 
what are they? 
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3. If a, p be the roots of the equation — So: + m = 0, what 

value must m have so that a* + may be equal to 40 ? 

4. If 3a; — 2y be a factor of mx^ — 1 \xy + Gy* what is the 

value of m? 


6. Find the condition that the roots of the equation 

iwc* + 6a; + c = 0 

may be such that m times one root is equal to n times the other. 
6 If a, ^ be the roots of the equation 

a:;* - (1 + a*) a; + 1(1 + a* + a'^) = 0, 

then a* + yS* = a*. 

7. One root of the equation 

(c + a — 26) ic* + (cn- 6 — 2c) a; + 6-i-c — 2a = 0 
is 1, what is the other? 

8. For what values of m are the roots of the equation 
(2771 — 1) a;*+ (1 +m) 03+ 1 = 0 equal? 

9. For what values of m are the roots of the equation 
1 2 (w + 2) a;* - 1 2 (2m ~ 1 ) a; - 38/^ -11 = 0 equal ? 

10. Show that the roots of the equation 

(a; — a) (a; — 6) — 4* = 0 
are real if <x, 6 and h be real. 

11. Show that the roots of the equation 

(a? — m) (a; — ») = 
are real if m and n be real, 

12. If a and 6 be real, the roots of 

— 4 - + — 0 

a? aj + a 03 + 6 

are real. 


13. If the roots of the equation 

(6 - c) a;* + (c — a) 03 + (a — 6) 5 
be equal, prove that f 6 = a + c. 

D. A. II. 


4 
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14. Find fche values of m if tlie roots of the equation 
ic® + (m* — 4) a? — (th + 1 )® = 0 

be equal in magnitude and opposite in sign, and find the roots. 
16, Prove that the roots of the equation 
+ 6a; + c = 0 


are rational if 




where 6, c, k are rational quantities. 

16. If a, /3 bo the roots of the equation 

ao!^ + 6a: + c = 0, 

find the ecjualion whose roots are 

^ and 
p a 

17. If a, /3 be the roots of the equation 

ax^ + 6a; 4- c = 0, 

find the equation whose roots are 

a A ^ 

_ and • 

a + ^ a + ^ 

18. If a, p be the roots of the equation 

ay? + 6a7 + c =s 0, 

find the value of 




1 9. Find the condition that the roots of the equation 

c?y? + l?x + c* = 0 

may be the squares of the roots of the equation 
03 ? + 6x + c = 0. 

20. Find the value of m if the sum of the roots of the equation 

^ 3 ? + (1 +»n)a5*f3 = 0 

be equal to the sum of the roots of the equation 

— 6® + 4 = 0 
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21. Find the values of m if the sum of the roots of the 
equation 

— (m 4- 4) a? + 3m* = 0 

be equal to the product of the roots of the equation 
2a;* + 7maj + m*- 0. 

22. If a, bo the roots of the equation 

oaf 4- 26a; + c = 0, 

find the equation whose roots are 

1 +^ , 1 +-. 
p “ 

23. If a, /? be the roots of the equation 

aa? + 6a; 4* c = 0, 

find the equation whose roots are 

2y3~a, 2a-/?. 

24. If a, be the roots of the equation 

2x* + 3a; — 6 = 0, 

find the equation whose roots are 

a 4- 1, ^ 4- 1 . 

25. If a, be the roots of the equation 

3a;* — 4a: - 3 = 0, 

find the equation whose roots are 

3a- 2, 3^-2. 

26. If a, p bo the roots of the equation 

oa;* 4- 26a; 4 - c = 0, 

find the equation whose roots are 

a* 4-1, + 

27. If a, p be the roots of the equation 

a;* 4- oa: 4- 6 =s 0, 

express the roots of the equation 

a? - a*a; 4- tt*6 = 0 

in terms of a and p, ^ 2 
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28. If the roots of the equation aj* + Pa? + ^ = 0 be a, /?, and 

the roots of the equation a:* + -f Q - 0 be -y, S, find the roots of 
tho equation ^ — 0 in terms of a, y, 5. 

29. If ono of the equations 

a;* -f (cn- 2b) x — 35^ = 0, (a 4.0) x ■¥ ab=^Q 
have equal roots, so has the other. 

30. If one of the equations 

+ {2a — 5) a? -f a* = 0, + 4 (a - 26) a; -f a® + 35* = 0 

have equal roots, so has the other. 

31. Show that the roots of one of the equations 

1 6a*x* ~ + 6* = 0, 4a*a:* + 46*a3 + 6* = 0 

must be imaginary. 

32. Show tliat the roots of one of the equations 

03* + 2ax + a (a 4- 26) = 0, 40 .** + 4 (a 4- 26 ) 03 + a* + 46 * ~ 0 
must bo imaginary. 

33. A and B attempt the same quadratic equation ; A, after 
reducing and dividing by tho coelBcient of gets the coefficient 
of 03 wrong, and finds the roots to -be 2 and 6 ; B gets the 
term without x wrong and findvs the roots to be 2 and - 9 ; find 
the correct roots, 

34. A and B attempt the same quadratic equation ; A, after 
reducing and dividing by the coefficient of gets the term with- 
out X wrong and finds the roots to be 2 and 6 ; B gets the 
coefficient of x wrong and finds the roots to be 1 and 15 ; find 
the correct roots. 

35. Find whether the roots of the equation 

03* 4* 2 (p 4- g) a; -f- 2 ( y -f 2 ^*) » 0 

are real or imaginary. 

30. If the roots of the equation 

+ 2^) a34-g4‘l-~^«0 

be equal, then p* = 42'. 
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37. If 2 > a> 0, prove that the equation 

(a;+ 3) (1 - aa:) — (1 + a) (aj+ 3) = 2 
has no real roots. 

38. Form tho quadratic equation the sum of whose roots is 
3, and the sum of the cubes of whose roots is 7. 

39. Find the condition that the roots of the equation 

aa? + 25a; + c = 0 

should diflfer by unity. 

40. If aa? + 6a; 4- c vanish for three different values of a;, show 
that a, 6, c must all vanish. 

41. In a certain quadratic equation, the coefficients of a;® 
and X are 1 and 2 respectively, and the addition of 8 to each of 
the roots changes the sign but not tho magnitude of the third 
term ; find the original equation, and the coefficient of x in the 
transformed equation. 

42. If a be a positive quantity and k a real quantity, show 

that a real value of x can be found which will make x ^ 

x — k 

equal to any real quantity. 

43. For what values of X is 

4:0^ ~ lOiry + lOy® 4- X (3a;® — lO.ry + 3y’) 
a complete square ? 

44. If (x -h 6) (a; 4- c) + (a? + c) (a; + a) 4- (a; 4- a) (x 4-6) be a 
complete square, show that a~b = c, 

45. If the roots of the equation 

-9+ + 2' 

be equal, then = 4g. 

a^ be 

46. Show that r t — has no real value between h and c. 

2a? - 6 - c 

47. Find within what limits the expression a;® 4- 2^0? 4 - q 
must lie for real values of x. 
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48. If the equations a£c* + + c = 0, + b^x + c* = 0 have 

a common root, find that root. 

49. Solve the equations 

28x*»+ 71a; + 45 = 0 and 32a;* + 20a; - 25 = 0, 
it being given tliat they have a common root. 

50. Solve the equations 

66a;* -157a; + 85 = 0, 126a,-*- 243a; + 115 = 0, 
it being given that they have a common root. 

51. The equations a;* + aa; + 6 = 0, a;* + aa; + c = 0 cannot 
have a common root if b and c be unequal. 

52. If the equations a:;* + aa; + 6=0, a;* + 5a; + o = 0 have a 
root in common, then either a = 5 or a + 5 + l = 0. 

53. If a;* + /)a; + ^ and a;* — ^a; — have a common factor, 
then 1 -|) + g = 0 ; what is their l.c.m. ] 

54. Find the value of m when the equations a;* + a? + m = 0, 
ac* + nix +1=0 have one, and only one, root in common ; and 
find the roots of both equations. 

55. If one root of the equation a;* + 2a; + m = 0 be double 
one root of the equation a;* + a + 1 ~ 0, find the value of m. 

56. The equations a? — 2ax + 6 = 0, a;* - 26a? + a = 0 have a 
common root if 4a + 46 + 1 = 0. 

57. Show that one of the roots of the equation oa;* + 6a? + c = 0 
will be double one of the roots of the equation ca;* + 6a; + a = 0 if 
either c = 2a or 2a + c = + bj% 

58. If oa?* + 6a; + <? = 0, bca^ + cax + a6 = 0 have a common 
root, and if a + 6 + c = 0, prove that 6^ (a — c)* = aV (a — 6) (6 — c). 

59. If 4a; + 3^= 120, find the greatest value which xy can 
have. 

60. If a, 6, c be given real quantities, prove that the least 
possible value of 

6*6-* 

ar + ^ (6* + c*- a*) is |(a + 6 ~ c) (a + c - 6). 



CHAPTER XXL 


SIMULTANEOUS EQUATIONS, OF A HIGHER DEGREE 
THAN THE FIRST. 

192 . A complete quadratic equation in x and y contains 
terms in rc®, xy^ y, x and y, and a term without x or y. Two 
complete equations of this form do not as a rule admit of 
solution by elementary methods, and we shall therefore consider 
only the following types of equations, which may be solved by 
methods within the range of this book : 

I. 0 ® + = c, mxy + ny^ + pa? + qy 4- r = 0. 

II. 003* + hxy 4- cy* = rf, W 4- 7iixy f wy* = p, 

HI. ib’* + y* = a, x±y-h. 

IV. 003 + 6y = c, Ixhf 4- mxy 4- w = 0. 

V. a?* 4- ±xy + y’^ 

As a general rule, the “method of substitution is used in 
solving simultaneous quadratics. The mode of solving each typo 
will be explained by means of one or two examples, and, as far 
as possible, every step in the solution will be illustrated by 
means of appropriate graphs. 

Type I. 

oa? 4- 6y = c, W 4* mxy 4- wy* -^px^ qy 4- r = 0. 

193 . In this type, one equation is of the first degree, and 
the other of the second degree, in x and y. The method consists 
in finding one of the unknown quantities, say y, in terms of the 
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othpr X, and substituting tliis value in the second equation, 
which will then become a quadratic in a?. Since, for each root 
of this quadratic, there is a corresponding value of y, it follows 
that every equation of this type must have two solutions. 


194. Example 1. Solve the equations 

y*a3 = 2, + = 100. 

y-«=2, 

ar“ + y‘=100. 

From (1), we have y = a? + 2. 

Substituting in (2), we get 

a:2 + (ar+2)^=100, 

2a3^ + 4a? - 96 = 0, 
af* + 2a? ~ 48 = 0, 

/. (a?~ 6)(a? + 8) = 0, 
the roots of which are 6 and — 8. 

From (1), we have 

if a? = 6, then y = 6 + 2 8, 

if ap = - 8, then y=: — 8 + 2 = — 6; 


/. the solutions are 


a? = 6 I 
y = 8/ 


and 


a? = — 8 I 

y = -6r 


( 1 ) 

( 2 ) 


195. Drawing the graphs of the equations, as in fig. 21, we 
have the straight line corresponding to equation (1) and the 
circle PQR to equation (2). The points P, Q, in which the 
straight line cuts the circle are those whose coordinates 6, 8 and 
— 8, — 6, satisfy the given equations simultaneously. 

A difficulty is sometimes experienced in understanding why 
the values of x (6 and 8) are substituted in equation (1) and not 
in equation (2). The reason will be seen from the diagram. 
The line a? = 6, for instance, is PR, and this cuts the circle in 
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two points P and R, of which only the former lies on the straight 
line PQ represented by equation (1), as well as on the circle 
represented by equation (2). 



( 1 ) 

( 2 ) 


Fig. 21. 

196. Example 2. Solve the equations 
4a7 + 3y = 50, 4- ~ 100, 

4a; + 3y = 50, 
a;®4-y*= 100. 

^ /-V , 50 --4a; 

Trom (1) we have y= — g — . 

Substituting in (2), we get 

A + 2500- 400a? +I6a;2- 900 = 0, 
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/. 400a? +1600 = 0, 

/. a?^ — 16a? + 64 = 0, 

/. (a?~8)» = 0, 

the roots of which are 8 and 8. 

From (1) we have, 

^ ^ 60-32 . 

if X = 8, then y = — ^ — = o, 

/• the solutions are 

x = 8'| x=8'| 


■1 

■1 

Ml 

Ml 
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Ml 

Ml 
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Ml 

Ml 

Ml 
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Fig. 22. 


197. Drawing the graphs, as in fig. 22, we have the straight 
line SPT corresponding to equation (1) and the circle PQR to 
equation (2). The points in which the straight line cuts the 
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circle are coiucident, and the meaning of the equal pairs of roots 
is that the straight line represented by equation (1) touches the 
circle represented by equation (2). 


198. Example 3. Solve the equations 
ai-y = 1, — y‘^ = 5. 

x-y= 1 , 

= 6 . 

We have 

(aJ“y)(^ + 2/-5) = 0, 
or a? = 5 - 2 /. 


(i) a? =* y. 

Substituting in (2), we get 

~ 

which leads to a pair of infinite roots. 

(ii) £r = 5~y. 

Substituting in (2), wo get 

25-lOy + 

-10y=-20, 

/. y = 2, 

/. a; = 5-2=3. 

the solutions are 

* ~ f 1 a.nd a pair of infinite roots, 
y = 2 J 


(1) 

( 2 ) 


( 3 ) 

( 4 ) 

( 5 ) 


199. The meaning of the pair of infinite roots will be seen 
from the graphs in fig. 23. Hero, the graphs of (1) and (2), 
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represented by continuous lines, intersect in the point (3, 2), 
where they are cut by the liuo 

ic = 5 - y. (4) 

The line ^ — y (^) 

is an asymptote to the curve (2), and therefore the graph of (1), 
which is parallel to this avsymptote, does not meet the curve at a 
finite distance from the origin. 



Fig. 23. 


Since the line x~y does not intersect the curve r® — = 5 
in any points at a finite distance from the origin, it follows that 
the equations 

are satisfied by no finite values of x and y. 

It will be noticed that the method used in Exampl© 3 is 
different from that used in Examples 1 and 2. If the latter 
were used, we should have 


199] SIMULTANEOUS QUADRATIC EQUATIONS 


61 


and /. 2 /-* + 2?/ + 1 -y^ ~ 5, 

or 2?/ = 4 or y~ 2, 

and thus we should lose sight of the pair of infinite roots. 
The same objection applies to tho following method. 
Ey division, wo got 

a? + y = 5, 

which, with the equation 

»-?/ = !, 

gives a? = 3, 2 / = 2. 


1 . 

3. 

5. 

7. 

9. 


10 . 

11 . 

12 . 

13. 


U. 


15. 

16. 


18. 


Exercises 152. 


Solve the equations : 
a; + 2/ = xv/ ••= 1 5. 

03 + 2/ = 7, cry + 18 = 0. 


2. 03 + ?/ ~ 1 3, 332/ = 3C. 

4. a; - 2/ ~ 8, ar + y* = 40. 


1 1 1 1 . 

a3-f2/=l> 

' X y 2 

^ - 2.r = 6, 4a;^ - Sajy ^ 1 G. 8. 
3a7 + 42/ = 2, 2a3?/ + 52/*= 1. 
?/4.3x’=1, 333* ~ — 233 — 2/ = 5. 

a?* — 33?/ -h 2/^ = 13, 2a7 — 2/ = 5. 


2a; - 32/ = 7, 3332/ + 22/* + 4 = 0. 
2a;-72/ = -l, 3a;* - hxy = 28. 


5a;- 32/= -22, 


6 lO^^l 
y 2 


Oi/ -I- a; = 33 (a; + 2')> a;- 2 / = 2. 


33* + 2/* - a; 4- 2/ = 2. 
a;-22/=l, 3xy-2/^ = 8. 


2^ > 2/ = a3* + 2a;y = 3. 


1_1 
a; p 


10 , 



1_ 


= 58. 


17. 4a; - 5y = 1 = 3a;2/ - 5 (a; + y\ 
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19. 

20 . 


21 . 


22 . 


23. 


25. 


iB*-y*=21, a)+y=7, 
4a!»-9y*=160, 2a;-3y=20. 

16ar* 30^“' _ « ^2^ _ i 

”9“““ ’ T~T“ 

AC® -f — 2y® 4-4a7+32/ = 5 = a? + 2y. 

00 ? -f = a + 6, a?y ~ 1 24. 

0 ? (y + 1) = y (a + 1 ) = a (a? + 1). 


2aa;~ft2/ = a*, hxy=^c? 


Type IL 


oa;® + hxy + cy® = rf, /.x*® + »wa?y + ny* = p. 

200. In tills type, tlio equations aro both homogeneous 
and of the second degree in x and ^y. The method consists in 
deducing from the given equations a single equation in a?®, a?y, 
and y® only, from which we obtain two values of y in terms of a?, 
and substituting each value in turn in one of the given equations. 
Since each of tlie quadratic equations thus obtained gives two 
values of a;, it follows that every equation of this type must 
have four solutions. Occasionally, as in Example 5, two of these 
solutions are infinite. The reason for this will be evident from 
the corresponding graphs. 

201. ^‘ Exmnple 4. Solve the equations 


2a?® - 3a?y = 20, xy — 2y® ~ 2. 

2ic® — 3a?y = 20, 

(1) 

tey-2y’= 2, 

(2) 

2(2*“-3a:y)=20(xy-2y*), 

20? — Say = 1 Oasy — 20y’, 

/. 2aj® — 1 3a?y + 20y* = 0, 

(3) 

(®-4y)(2a;-6y) = 0, 

*. 

II 

• 

(4) 

» = |y. 

(5) 


or 
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(i) a!=4y. 

Substituting in (2) 

4y*-2y’=2, 
r=i. 
y = ± 1* 

Substituting in (4), we have 

when y-ly then x = 4, 
when y = - 1, then u; = ~ 4. 

(ii) a; = |y. 

Substituting in (2), 

y‘^=4, 

A y-±2. 

Substituting in (5), we liave 

when y = 2, then a; = 5, 
when y = ~ 2, then ic = - 5. 
/. the solutions are 



202. It is clear that all tlie values of x and y which satisfy 
equations (1) and (2) simultaneously, and no others, must also 
satisfy 

2(2a^-3ajy) = 2.20, 

or 2 (2ar* ~ 3xy) = (cry ~ 2y^) 20, 

since 2-ocy-2y^ by (2), i,e, must satisfy (3). In other words, 
all the points of intersection of the graphs of (1) and (2) must 
also lio on the graph of (3). But this latter graph consists of the 
two straight lines (4) and (5), since all values of x and y which 
make a? - 4y or 2x— 5y equal to zero and no others satisfy (3), 

Hence, the process of solution corresponds to finding the 
coordinates of the points which are common to the line (4) and 
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either of the curves (1) and (2), and to the line (5) and either of 
the curves (1) and (2). In fig. 24, the continuous lines (1) and 
(2) are the graphs of the given equations, and the broken lines 
(4) and (5) are the graphs of the corresponding equations. 



Fig. 24. 


203. Example 5. Solve the equations 
ic* ~ xy = 2, xy -if =^1. 


3e‘-xy = ‘i, 

(1) 

a3j/-y’= 1. 

(2) 

We have, as in the preceding example, 


a?-3!y^2{xy-y‘), 


!!?— 3jcy + = 0, 

( 3 ) 

(®-2y)(»-y) = 0 , 


X = 2y, 

( 4 ) 

x~y. 

( 5 ) 
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(i) a = 2y. 

Substituting in (2), 

2 /- ± 

Substituting in (4), 

whori 2 / — 1, then x = 2^ 
when t/ = -l, then x- — 2, 

(ii) as = 2/. 

Substituting in (2), 

which ]ead<s to two pairs of infiziito roots. 

/. the 'Solutions are 



D. A. U. 


Fig. 25. 


5 
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204. The meaning of the two pairs of infinite roots will be 
evident from the graphs in fig. 25. Here, the graphs of equations 
(1) and (2), represented by the continuous lines, intersect in the 
points (2, 1) and (— 2, — 1), where they are cut by the line 

X ^ 2y. (4) 

The lino x — ^ (5) 

does not meet either of the curves (1) and (2) at a finite distance 
from tlie origin, 

205. Example 6. Solve the equations 

a.«2 + 2/"=25, ayy^Vl. 

= ( 1 ) 

.ry^l2. (2) 

These equations may be solved as in Example 4, but it is 
usual to adopt the following method. 

We have 2xy -= 24, 

4* 2xy + y’ - 49, 

and of* — 2xy -f y® = 1, 

x+y=^±l, 

and ic y = ± 1* 

£c-y=lj a7-y = ~lj a:-y= Ij a;-y = ~lj’ 

/. 2a? = 8 [ 2.x = 6 I 2x = ~ 6 | 2x = - 8 1 

2y==6r 2y = 8r 2y = -8j 2y = 6 J* 

the solutions are 

a:=:4l x=3l a? = -3) ,a?=:-4) 

y = 3J' y = 4J* y = -4|*^ y=-3J* 

206. The graphs of the given equations are represented by 
the continuous lines in fig. 26. Instead of finding directly the 
coordinates of the points in which the curves cut one another, 
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the process corresponds to finding the points of intersection of 
either of the lines (3) and (4) with either of the lines (5) and (G). 


a; + y = 7. 

(3) 

x+ !/ = -7, 

(4) 

H 

! 

1 ! 

(5) 

X - 2/ = - 1. 

(6) 
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Fig. 2G. 


Exercises 153. 

Solve the equations : 

1. a? — X® ~ 2a:y + y® = 4. 

2. £c* 4- 20, acy-S. 3. x* + y® = 34, ccy = - 16 

4. X® 4- 2£cy -f y®- 100, = 21. 


r >— 2 
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6 . 


C. 

7. 

a 

9. 

10. 

11 . 

12. 

13. 

14. 


15. 

16. 


17. 


la 

19. 

20 . 
21 . 

22 . 

23. 

24. 


25. 


2/’~4cc2/~0, 4x‘^+ 15a;?/ = 64. 

= 0, ocy + y^- 40. 
iC® - 2xy = 0, ar + 5y® = 45. 

f)Ty = 0, + 2^“ = 18. 

a/>-f2/^ = 5, x^~-y^=^^xy. 

+ 3a3?/ = 45, — a;!/ = 4. 

jc® + 2xy = 3, jr - 0^2/ = 4. 
a;^ + 2a^ = 8, — ajy = — 1. 

a:® 4- a;2/ = 1 5, xy -y^ — 2. 

.^•^ + a;2/ = 1 0, 2 x*2/ — 

a;^ 4- 3xy =18, xy — 2y^ ~ 1 . 

4- 4 xy = 35, 2xy — 1 6i/^ = 1. 

+ xy ~lb, aP ~ xy 3, 
x^ + ocy = 90, icy + y" = 10. 

2aP 4- 3a:y = — 10, 3y* + 2xy - 8. 

6a;^ 4- 3ay — 18^** = 20, 3.^;^ + Gay = 8. 
a*^ - 2.a’y =3, xy — '2y^ = 1. 









2 . 


+ 3a*y + 2y* = 3a - 6 , xP — yp~ 26. 


a- 4- y- = c^, {ax - byf - {a^ + 6®). 


Type III. 

(c* ± y'* = a, x±y =^b. 


207. Example 7. Solve the equations a:* — y®=7, a 7 -y=l. 

xP-y^ = 7, (1) 

a?-y=l. (2) 
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aP-y> = 7 (x-y), 



(aJ- 2 /)(«' + * 2 / + y-)-7(.r-j/) = 0, 



{x~y){a? + x>j + y"-l) = 0. 

( 3 ) 


x = y. 

( 4 ) 

or 

or + a:?/ + 1 /^ = 7. 

(•"•) 


(i) x = y. 

Substituting in (1), 

A = 

which leads to a pair of infinite roots. 

(ii) ar -f a'7/ 4 - 2 /" = 7. 

From (2), we have 

(2/+l)- + y(y + l) + 2/''=7, 
3y-+3y~6 = 0, 

/. 1/2 2 = 0, 

A (y-l)(i/ + 2) = 0, 

1/ = I or - 2. 

Substituting in (2), 

when 2 / = 1, then a; = 2, 
when y = — 2, then a; = — 1. 
the solutions are 




and a pair of infinite roots. 


208. In fig. 27, the graph of (1) is the continuous curve, 
and the graph of (2) is the continuous straight line. Hence, 
instead of finding directly the coordinates of the points in which 
these lines cut one another, we find the coordinates of the points 
in which the straight line (2) cuts the curve (5) and the straight 
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line (4), the curves (4) and (5) being indicated by broken lines. 
Since the lines (2) and (4) are parallel, we thus get a pair of 
infinite roots. 



Fif?. 27. 


Exercises 154. 

Solve the equations : 

1. + a; + y = 5. 2. ar* - 7, aj 

3. X'{-y=z7^ = 4. x — 

5. {B® + 2 /® = 28, — xy +V = 
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6. 37® H- y® - 1 26, — xy + = 21. 

7. oc^ -y^ 6G, + xy +y^ = 28. 

8. ar + xy + y' = 93, af~y^ — 27 9. 

9. 2x~- y~ 5, Sar — 2 /^ - 65. 

10. 27x-® + 2 /^ - 341, 3.37 + 2 / =11. 

Type IV'. 

ax + by = c, Ix^y- + mxy + w = 0. 

209 . In this type, one equation is of the first degree, and 
the other a quadratic in xy. The method consists in replacing 
the latter by two simple equations in xy^ and then solving each 
of these with the equation of the first degree in x and y, as in 
examples belonging to Typo I. Since each pair of equations 
has two solutions, it follows that the given equations have four 
solutions. 

210 . Example 8. Solve the equations 

37 + ^ = 4, xry'^ + 'Ixy —15 = 0. 

37 + 2/= 4, 

37^ + ^xy —15 = 0. 

From (2), we have 

(372/-3)(37y + 5) = 0, 

.*. 372 / = 3 , 

or 37?/ = - 6. 

(i) 37?/ = 3. 

From (1) we have ?/ = 4 — 3?. 

Substituting in (3), 

437 - 37® = 3, 

/. 37® — 437 + 3 = 0, 

/, ( 37 - 3 )( 37 - 1) = 0, 
the roots of which are 3 and 1. 


0) 

( 2 ) 


( 3 ) 

0 ) 
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Substituting in (1), we have 

when a? = 3, tlien y = 1 , 
when a? = 1, then y = 3. 

(ii) a:y=:-5. 

From (1) wo have 

y = 4 - a;. 

Substituting in (4), 

4a; — ar = — 5, 
ar - 4a; - 5 ~ 0, 

(a?~ 5) (a; + 1) = 0, 
the roots of which are 5 and ~ 1, 

Substituting in (1), we have 

when a; = 5, • then y = ~ 1 , 
when a? = — 1, then y = 5. 
the solutions are 



211. In fig. 28, the continuous straight line is the graph of 
equation (1), and the continuous curves (3) and (4) the graph of 
equation (2). Hence, the method of solution is to find the 
coordinates of the points of intersection of the line (1) with the 
curves (3) and (4) separately. 

212, Example 9. Solve the equations 

a? -f y = 0, + 2ocy -15 = 0. 


a; + y = 0, (1) 

a;»yU2a;y-15 = 0. (2) 

As in the preceding example, we have 

= (3) 

or a:?y = — 5, ^4) 
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Fig. 28. 


(i) ri/ = 3. 

From (1) we havo 

a:* 4* 3 = 0, 

the roots of which are imaginary. 

(ii) xy = -f>. 

From (1) we have 

.r’-5 = 0, 

(a:- V5)(a7+ 

the roots of which are Jb and - ^5. 
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Substitutiiij^ in (1) or (4), we have 

when X = ^5, then ?/ = - ^5, 

when a; - - ^5, then t/ = ^5. 

the solutions are 


2/ 


= ^5 I a: = - 75 1 

= -75i’ y= v/5/ 


, and two pairs of imaginary roots. 


213. In fig. 28, the broken straight line is the graph of 
~0, and the continuous curves as before the graph of 
equation (2). The broken line cuts the graph of X’y=r~5in 
two points (^5, - J5) and (- ^5, ^5), while it does not cut the 
graph of ocy or it may bo said to cut the latter in two 
imaginary points. 


Type Y. 

+ a-y 4- 2/* = ^ ±^y = h, 

214. Dividing 

’\-y^ by j(^± xy -f 2/^ 

we obtain 

x^ + xy^y\ 

and therefore 

+ xy-^y^=z-^ 

This equation with the second of the given equations may be 
solved as in Type IJ. 

215. Example 10. Solve the equations 

+ a?y~ 4 = 21 , ar 4 - iry + = 7. 

a?^4-a:^y®4-2^ = 21, (1) 

£c® 4- aw/ 4- = 7, (2) 

Dividing, we have 


- ary 4> y* - 3. 


(3) 
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Adding and subtracting (2) and (3), we get 
2^2 + 22 /^ = 10 , 

or rc® + 2 / = 5, 

and 'Ixy - 4, 

/, -f ^xy 4- y- ^ 9, 

and — 2xy + y^ - 1 , 

/. ir + 2 / = ± 3, 

and ^'’y — ± ^ • 


a; + y = 3 ■) 

a + y = 

3 

1 x+y = 

:-3| 

_ a4- y = — 3 
and , 

x—y= 1 / ’ 

a~y = - 

-1 

/’ x-y= 

IJ 

a-y-- 1 

II 

2a== 2 ] 

1 

2x=-2 1 

- and 

2a = - 4 ) 

2y = 2/’ 

2y = 4j 

r* 

2y = -4] 

1 

II 

the solutions 

are 





05 = 2 1 

a = 1 ] 


05 = — 1 ■) 

and 

e = - 2 ■» 

.= 1} 

» y--:2J 

f’ 

^ = -2/ 



}• 


216. Thus, as in Example 6, instead of finding directly the 
coordinates of the points in which the given curves cut one 
another, the process corresponds to finding the points of inter- 
section of either of the lines 

a; 4 - 2 / = 3 and a: 4 - ?/ = — 3 
with either of the lines 

a; - y = 1 and a - y - 1, 


Exercises 165. 

Solve the equations ; 

1. £cy ~ 1 la?/ 4 - 45 = 0, a? 4- y = 6. 

2. a 4 - y — 8, a^y^ 4- 192 = 28ay. 

3. a4*y-7, a®y® 4- 24a:y -^.1^0 = 0. 
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4. ic + y = 1 0, a;y + 3ary = 504. 

5. oirif + + 18 = 0, a: + ?/ = 2. 

6. ity + bxy = 84, a; + y = 8. 

7. = 273, a;* — rcy + 2/^ = 1 3. 

8. ai* + Oihf + 2/^ = 3, a?^ - a’?/ + y- = 1 . 

9. a;® + an/ + = 1 9, a:^ + a:*//- + ?/ = 1 33. 

10. a^ + a;y + = 1 6, ar + ajy + y* = 4. 

11. a:^ + a;y + y^ = 91, a;- - .x*y + y^ = 1 3. 

12. + y^ = 74 1, a:® + a;y + y^ = 39. 

* Miscellaneous Equations. 

217. Example 11. Solve the equations 
ar + y^ + a; — y = 22, a; + y = G. 
a:^ + y* + a; — y = 22, 
a; + y = 6. 

Put a; + y = w, x — y = v, so that 

+ v® = 2 (x-* + y*), 
and the equations become 

i(u- + 7;2) + u = 22, 

= G. 

Substituting for w in (3), this equation becomes 
36 + 17® + 2v = 44, 
v’ + 2u-8 = 0, 

/. (v-2)(u + 4) = 0, 
the roots of which are 2 and —4. 

a;~y = 2J x-~?/=-4J 

.'. 2a; = 8 1 2a; = 2 } 

2.y = 4/ 2y=10j ■ 


( 1 ) 

( 2 ) 


( 3 ) 

( 4 ) 
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the solutions arc 


x = 4 
y = 2 




Example 12. Solve tho equations + 10, x — xy 


10 , 

x-xy 

Putting x^^y^u^ xy^v, the equations become 
u^~2u-10, 

and u — v— 1 . 

Substituting u-l for v in (3), wo get 
w^-2(u~l) = 10, 

or u* — 2w — 8 = 0, 

or (m - 4) (w 4 - 2) = 0, 

the roots of which are 4 and ~ 2. 

(i) u; + ?/ = 4, giving hj (4) 
v — xy = 3. 

(ii) a- -f 7/ = - 2, giving by (4) 
v = ary = — 3. 

the solutions are 

a:= 1) 


II 

a: = 1 1 

H 

II 

1 

CO 

il 

>— • 

’ y = 3/ 

(1 


and 


( 1 ) 

( 2 ) 

(3) 

(4) 


y =- 3J 


Exercises 156. 

Solve tho equations : 

1. a:* + y^ + ar — y = 30, x + y = 8. 

2. .x- + y^-f x’-f y = 18, xy~6. 

3. x^ + y*~a;~-y = 8, xy ~ x-^y =^l. 


X y _ 5 


xy^S. 


4. 
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5. sc^y + xi/ 290, a;* + t/* - 29. 

6. 4y — 4 - 4 j; = 2 1 . 

7. 2x^ + ^h‘y - y" — 8 (x* + y) = 0, ~ 2xy -f y~ 4- 11 (x + y) = 0. 


8. «. + y = 3, 

x-y 


9. 


— xy 4* y'^ ---4, sc 4- y = 1. 



10. 


+ ^'-27, 1+1 = 1. 




y 

X X y ^ 



11. 


4- y'** - 1 3, 2x — xy + 2y = 4. 



12. 


+ xy + = 7, xy (x + y) = 6. 



13. 

X- 

— xy - ' 2y* — a; — y = 5, ~~lxy 

2y^- 

3a: 4* 

14. 


+ y- + x-y-6, xy + x-y-3. 



15. 

X- 

+ 4y“+ 7a:+ 14y-- 12, a-y + 6 = 0. 



16. 

xr 

+ 9y'' + 3x — 9y = 28, xy = 4. 



17. 

(x 

+ 2yY + (2.x - yf = 85, ay = 4. 



18. 

{X 

+ y)’- (x-y)’ = 3.52, x(y + 5)=l 

43. 


19. 

or 

+ y=:3, x + y'‘ = 3. 



20. 


+ y‘ + xy(x + y} = 20, (x + 5)'‘ + (y 

4-5f 

-80. 


2. Problems. 

218. Exainjde 13. Two lawns, one square and the other 
rectangular, each contain 400 sq. yds.; the perimeter of the 
rectangular lawn is one-fourtli greater than that of the other; 
find its dimensions. 

Let X yds. and y yds. be the lengths of the sides of the 
rectangular lawn. 

Now, the area of the square lawn being 400 sq. yds., the 
length of one side is 20 yds., and therefore the perimeter is 
80 yds., so that the perimeter of the rectangle is 

80 + J . 80, or 100, yds,, 

/. 2a; + 2^ = 100, 
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or x + y ^ 50, 

and xy = 400, 

/. ;*;(50-a;)=:400, 

/. 2^ - bOx + 400 = 0, 
/. (a: — 40) (a: - 1 0) = 0, 
tlie roots of which are 40 and 10. 


If a; = 40, then y=10; 
if a; = 10, then y ~ 40. 

the rectangular lawn is 40 yds. long and 10 yds. wide. 

Exmnple 14. A farmer sold 7 oxen and 12 cows for £250, 
and he sold 3 more oxen for £50 than he did cows for £30 ; find 
the price of each. 

Let £a; be the price of an ox, and £y that of a cow ; then 


7a; + 12y = 250. 


50 

Again, number of oxen sold for £50 is , and number of 


cows sold for £30 is — ; but the former number is greater 

y 

than the latter by 3, 


50 30 

= — + 

y 


/. 50// = 30a; + 3.ry. 


But 


250~12y 


> 


50y = 30x 


250~12y 


+ 3 // 


250- 12y 


/. 3502/ = 7500 - 360y + 750// - ^^y\ 
367/2 -403/ -7500 = 0, 

A 97/2 -lOy- 1875 = 0, 
(y-15)(9y+125) = 0, 
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the roots of which are 15 and - 13 the latter being inapplicable 
as it is both negative and fractional. 

XT i ip; 250- 180 

Now, when ?/ = 15, re = ^ = 10, 

/. he sold each ox for £10 and each cow for £15. 


Exercises 157. 

1 . What two numbers have their sum 23 and the difference 
of their squares 69 ? 

2. The difference of the reciprocals of two numbers is 2 and 
the difference of the squares of the reciprocals is 6 ; find the 
numbers. 

3. Tlie area of an oblong room is 221 sq. ft. and its perimeter 
is 60 ft.; find its length and breadth. 

4. The hypotenuse of a right-angled triangle is 4 ft. less 
tlian the sum of the sides, and tlio area is 30 sq. ft.; find the 
sides. 

5. The diagonal of a rectangle is 130 ft. and its area is 4032 
sq. ft.; find the lengths of its sides. 

6. Divide 1 into two fractions such that the sum of their 
cubes is 

7. The sum of the cubes of two numbers is 18 times their 
product, and the sum of the numbers is 12; find the numbers. 

8. Find a number of two digits such that, if it be divided by 
the product of its digits, the quotient is 2, and if 27 be added to 
the number the order of the digits is reversed. 

9. Find two numbers such that the sum of their squares 
exceeds twice thc'ir product by 9, and the difference of their 
squares is 51. 
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10. A number consisting of two digits has one decimal 
place ; the difference of the squares of the digits is 20, and if 
the digits be reversed the sum of the number thus obtained 
and the original number is 11; find the number. 

11. A rectangular plot of ground measures 42 acres and its 
diagonal is 1243 yds. long; what are its sides? 

12. The perimeter of a rectangular field of 36 acres is 
2498 yds.; find its length and width. 

13. The sum of two numbers multiplied by the greater is 
84 ; their diflerence multiplied by the less is 10 ; find the 
numbers. 

14. The product of two numbers is 75, and the quotient of 
the sum divided by the difference is four times the quotient of 
the difference divided by the sum; find the numbers. 

15. A number of two digits is less than the sum of the 
squares of the digits by 14, but exceeds twice the product of 
the digits by 2; find the number. 

16. A, B, C bicycle between two places, B rides 2 miles an 
hour faster than A, and C rides at the rate of 15 miles an hour; 
B starts 1 hour after A, and C 1 hour after B, and they all reach 
their destination together; find the distance between the two 
places, and the rates of riding of A and B. 

17. A wine merchant sold 8 dozen of claret and 6 dozen of 
sherry for £31 ; he sold of sherry 2 dozen more for £10 than he 
did of claret for £4; find the price* per dozen of each. 

18. A man, being asked his age, answered If you multiply 
my two digits together, the number formed will be my age 22 
years ago, and if you add all the digits of the two ages you will 
have one-third of my present age ; how old is he ? 

19. 100 yds. of palisading surround a space in the shape of 
a rectangle with semi-circular ends and containing 546 sq. yds ; 
find the width and extreme length of the enclosure, (tt = 3|.) 

6 


D. A. II. 
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20. Tho area of a rectangular piece of carpet is 168 sq. ft.; 
that of another, the dimensions of which are 3 ft. and 2 ft. longer 
than those of the former, is 238 sq. ft.; find the length and 
breadth of the carpets. 

21. A rectangular piece of carpet has an area of 315 sq. ft. ; 
if a piece be taken ojff so as to reduce its width by 3 ft., the 
remaining area is of what it would have been had its length 
been reduced by 3 ft.; what arc its dimensions? 

22. The sides of three cubes have equal differences, and 
their sum is 15 ins.; the total volume of the three is 495 c. ins.; 
6nd the dimensions and the volumes. 

23. A merchant gained as many sovereigns on a certain 
quantity of coal as there were shillings in the cost price of a ton, 
or pence in the retail price of a cwt.; how many tons did he sell ? 


♦3. Simultaneous Quadratic Equations, etc., 

WITH three unknowns. 

219. The following examples illustrate some of the methods 
of obtaining solutions of these equations. 

Example 15. Solve the equations zx=:3, x 7 / = 2. 



y= = 6, 

(1) 


zx ~ 3, 

(2) 

Multiply (1) and (2), 

cd 

11 

(3) 


a:y2;^=18. 


Dividing by (3), 

• .^3 _ n 

z~± 3. 



If z=3, then y = 2 nnd 

if = — 3, then y = — 2 and a; = — 1. 



218, 219] SIMULTANEOUS QUADRATIC EQUATIONS, ETC. 
the solutions are 


x — 1 
y = 2 

s = 3 


= ~ 1 
and y = — 2 


Example 16. Solve the equations 

xy - 1 5, xz ~ 5, = 10. 

ooy=\r), 

XZ — 5, 

7/ + ^-=10. 

Dividing (1) by (2), we have 

- = 3 or y~Zz. 
z 

Substituting in (3), 

92;*^-^’=10, 

1 or s = + 1. 

If 2 = 1, then y = 3 and ar = 5, 
if c = -l, then y=:— 3 and a: = — 5. 
the solutions are 

a;=5^ x = -5' 

y = 3 ■ and y — - 3 • . 
a-1 2J~ — 1, 

Example 17. Solve the equations 

a;(y*fs) = 12, 2/(2 + .r) = 6, z{x + y)~ 10, 
The equations may bo written. 

xy + zx = 12, 
yz + xy= 6, 

ZX + yz=: 10 . 

Subtracting (2) from (3), 

— xcy = 4, 

/. 2zx = 16, 2xy — 8, 

/. isjc = 8, xy ~ 4, 


0 ) 

( 2 ) 

( 3 ) 


( 1 ) 

( 2 ) 

( 3 ) 


83 


6—2 
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Similarly, it may be shown that 
. X y z 

Substituting in (1), 

/. 4m (m + 2m) = 12 or m^ = 1 or m = ± 1. 
the solutions are 

X — rr = — 4 

y -I ■ and y — — \ 

2 = 2) 2 = - 2 

Example 18. Solve the equations 

2 /^ + 203 = 3, '{‘Xy - 3, yz - 1. 


y^ + 203 = 3, 

(1) 

2 ^ + a3y = 3, 

( 2 ) 

y2= 1. 

( 3 ) 

Subtracting (2) from (1), we have 



y^-z‘-x{y-z) = 0, 

( 2 ^ - *) (y + z - *) = 0, 
y = z or a: = y + «. 

(i) y~z, then (3) becomes 

2 /®= 1, or y = ±I. 

If 2 / = 1, then 2=1, and 1 + a? = 3 or .« = 2, 
if 2/ = -l, then 2 = — 1 and l-aj=3 or 03 = - 2. 

(ii) a; = 2 / + J5. Adding (1) and (2), 

/. 2/^ + 2’ + 03 (y + 2) = 6, 

y® + 2 ® 4- ( 2 / + zf = 6, 

•*. y^ + y« + 2* = 3. 

But y 2 = 1 by (3), 

(y + 2 )® = 4 and (y-’2)* = 0, 

A y = 2 =l, 03=2, and y = 2 = -l, aJa-2, 
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the solutions are 


x=^2\ 

1 *=-2] 

x=2; 

I 

II 


i’ 1 

k y- 1 1 

» y~i| 

• , and y = - 1 

«= ij 

1 « = — ij 

1 «=ij 

z = -L 


Example 19. Solve the equations 

K + y + z-l, a? + y^ + ^ -‘1\, y* = 8. 

a: + y + *=7, (1) 

a:a + y» + a<‘=21, (2) 

ya=8. (3) 

From (2), 

y’ + «•■■= 21 -a^. 

Squaring (1) 

y’ + 2y* + ** = 49 — 14a; + o?, 

by (3) 

y* + «* + 1 6 = 49 — 1 4x’ + a;®, 
or -I- 2 ® = 33 — 145C + 

/. a:^-14a;+33 = 21-x^ 

/. 2u:2-14aj+ 12 = 0, 

£c*-7a; + 6 = 0, 

/. (a?-l){a:~6) = 0, 
the roots of which are 1 and 6. 

(i) Ifa;=l, 

/. 2 / -♦• « = 6 and yz - 8, 

/• y = 4, z — 2, and y = 2, z = 4. 

(ii) If 05 = 6, then y + «=l and y;r = 8, which leads to 
imaginary roots, 

/• the real solutions are 

0?= 1\ ic= 1 

y = 4 • and y = 2 • . 

z~2) » = 4, 
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Example 20. Solve the equations 

+ + « = y2 + ;2;^= 14, rr® + y* + 2^ = 34. 

(x + 2/ + 2:)^ = + 1/* + + 2 (^2; + 2:a; + xy\ 

16 ~ 14 + 2 ( 2/2 + ^a; + £n/), 
yz zx + xy ~ 

(cc + y + 2 :)^ - Jr® + y* + + 3 {yh + y«® + «^a: + ex’* + a;®;/ + xy'^) + Ga^ys, 

64 = 34 + 3 (a; + y + z) {yz + 2 a; + a^y) - 3a;y2, 

30=12 l-3xy2, 

. . xyz = — G. 

Now, a;, y, z arc roots of the equation 
(X-a;) (X-y) (X- 2 ) = 0, 

or X* — X^ (a; + y + 2 ) + X (y 2 + 2 a; 4- xy) — xyz = 0, 

or X8 _ 4X2 + X + 6 = 0, 

or (X+ 1)(X--5X + G) = 0, 

or (X+l)(X-2)(X-3) = 0, 

the roots of which are — 1, 2 and 3, 
the solutions are 


a=-l| 

a = -- 1 ^ 

1 X- 2| 

1 »= 2l 

X— 3| 

1 «= 3' 

2 /= 2 

■. y= 3 


L y= 3' 

^ = -1 

and y = 2 

2 = 3 J 

li 

1 s= 3 J 

1 2=»-lJ 

21 

1 « = -L 


Exercises 158. 

Solve the equations ; 

1. yz = 4, zx = 2, xy = 2. 

2. {x + y) (a? + 2 ) = 30, (y + 2 ) (y a;) =* 18, (2 + a?) (2 +y) = 15. 

3. ay = 8, a» = 4, y* + 2 * = 5. 

4. ay = 2, y 2 = 8, a* + a 2 + 2 * = 21. 

5. y^ij = 36, 2"a = 32, os^y » 12. 
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6. 2/-' -75, zx^^20, xf^\S. 

7. xyz ~ 231, xyw = 420, yzw — 1540, xzw - 660. 

8. xy - S — y, xz = 24 — yz ~\ 2. 

9. X (y + z) = 3, y {z x) ~ 4, z (a; 4- ?/) = 3. 

10. xv/'z® = 108, yz^ = 18a;, 2z = ^ya^, 

11. a;(y + z) = 14, i/ (x* — z) - 50, x-f y - z = 15. 

12. X + y — z = 2x7/, - — - = 1 . 

a; 2/ 

13. x^ (y + c) = 64, 7/^ (z -f x) - 7, a:7/z = 12. 

14. X + 7/ + Z = 4, XT/ = 1 , x^ + 7/’ + z® — 6. 

15. X + y - z ^ 2j + y"^ + z* = 6, 2x^ = 4. 

16. X -f 7/ -H z = 6, x^ + 2/^ z^ = 1 4, yz = 2. 

17. X 2 / - z^, X + 7/ + z = 1 9, x’ + 7/* + z* = 133. 

18. x-7/-z = 4, X* + 7/^ — z* = 88, xy = 20. 

19. x* + 7/z-5, 7/*4‘Zx = 3, z^ + xy-S. 

20. 2 (x* y* + z‘) = 3 (x + y + z) = 1 2, z* = 4xy. 

21. x^ + y-* 4- z* = 14, yz + zx + icy = 11, yz + zx-xy = ~l, 

22. y4-z-fyz=ll, z + x4zx=7, x + y + xy = 5. 

23. x-fy + z = 5, x^4-y^ 4 z*= 11, x®4y*4z^-29. 

24. yz — a^, zx = 6^, xy = c^. 

25. X (x 4 y 4 z) = y (x 4 y 4 z) = 6'^, z (x 4 y 4 z) = c*. 
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THE REMAINDER THEOREM AND INDETERMINATE 
COEFFICIENTS. 

1. Remainder Tueouem. 

220. If the expression 

ax’” + + ex”** + ... + + Z 

be divided by x- the remainder is 

att” + + ca”"* -J- ... + A:tt + Z. 

Let the quotient be denoted by Q and the remainder by R, 
80 that 

ax” + cx”“^ + . .. + A:x + Z = Q (x - a) + R. 

Now, since the divisor is of the first degree in x, R does not 
contain x and therefore does not change when x is changed. 
Put tt for X in this equation, then, if Q become Q', 

tttt” + + ca”“^ + . . . + + Z = Q' (a - a) + R 

= R, 

the remainder is obtained by substituting a for x in the given 
expression. 

This theorem is known as the Remainder Theorem. 

221. (i) If a he a root of the equation 

ax” + 6x”~^ + cx”“* + ... + A;x -f Z ~ 0, 
then X - a is a factor of the expression 

ox” + + cx”"^ + ... -f A’X + Z, 
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and (ii) conversely ^ if x-ahe a factor of this expression, then a is 
a root of the corresponding equation, 

(i) Since a is a root of the given equation, 

aa" + 4* 4- ^ = 0, 

aflc'* 4- 4- ex""* 4- ... 4- 4- / = O (x - tt), 

or a; — a is a factor of this expression. 

(ii) Since a; — a is a factor of this expression, 

ax” -f 4- ex”-* 4- ... 4- 4- ^ - Q (x - a), 

.*. the remainder, or 

aa” 4- 4- ca”“* 4- ... 4- /^a 4- 

is zero, 

i.e. a is a root of the equation 

oa;" 4“ 4- cx”"* 4- ... 4- -tx 4- ^ = 0. 

222. If 71 he integral, (i) is divisible by a whether 

n be odd or even, and by x •¥ a if n be even; (ii) x” 4* «" is divisible 
by a if nhe odd, and is never divisible by a, 

(i) Since a^ — a’ io zero, 

x” — a” is divisible by x — a, whether n be odd or even. 
Since (- a)” ~ a" is zero when 7i is even, 

X® — a* is divisible by x — (— a) or x 4- a, when w is even. 

(ii) Since (~ a)” 4- a** is zero when n is odd, 

.\ x” + a” is divisible by x - (— a) or x 4* a, when n is odd. 
Since a” 4- a” is never zero, 

/. X** 4- a" is never divisible by x ~ a. 

223. Example 1. Find the remainder when 

X* — 3x* 4“ 5x - 7 is divided by x - 2. 

The remainder is 

2“-^3. 2^4-6. 2-7 or 8-12 + 10-7 or - 1. 
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Example 2. Find the remainder when 

af* 4 - + 5x' — 1 2 is divided by a; + 3. 

The divisor may bo written x — (- 3), thus the remainder is 
3)8 + 6 (- 3)^ + 5 (- 3) - 12, or - 27 + 54 -15-12, or 0. 

Example 3. Find the value of m if 

x* + in^ — 4a; — 6 

be divisible by a? — 3. 

Since ar*-f 4a; — 6 is divisible by a; — 3, the remainder is 
zero, 

3^ + m.3‘^-4.3-C---0, 

/• 977i = - 81 + 12 4- 6 = — 63, 

/. in - - 7. 


Exercises 159. 

Find the remainder when : 

1. 0 :;^+ 4a; 4- 5 is divided by a?— 1. 

2. 5a;* — 7a; + 3 is divided by x — 5. 

3. a-* - 3a;* - 18a; + 40 is divided by a; — 2. 

4. 2a;* 4- 4a? 4 - 3 is divided by a; 4- 2, 

5. a?^ 4 - 2a;* - 4a? - 3 is divided by a? 4 - 5. 

G. a?* - 5a; 4 - 2 is divided by 3a7 - 1. 

7. 2x'* 4 - a;* 4 4a; 4- 4 is divided by 2a; - 3, 

. 8. a;“ 4 - 0 /** - 2a; 4- 1 is divided by 2a; 4- 3. 

9. Prove that the remainder left when a;^ 4- 7a?+ 3 is divided 
by a* - 1 is the same as that left when a;^ - 6a; 4- 7 is divided by 
a; - 2. 

10. Is ar* 4- 2a;* - 7a; - 6 divisible by a? - 2 ? 

11. Is 2a;‘ — 5a;* 4- 7a;- 1 divisible by a;- 1 ? 
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12. If a:- + ojj - 4 be divisible by a; - 1, wliat is the value of a? 

13. If a; + 2 divide a?® + 4x*^ + 9a; + a exactly, what is the 
value of a ? 

14. What value of a will make 4ar‘— 12a;® + oar*— Go; + 1 
divisible by 2a;~ 1 ? 

224. Example 4. Find the factors of 
,0;® + 2x^-lx-^ 4. 

By trial, it is seen that 

P + 2.P-.7.1+4 

is equal to zero, 

a? - 1 is a factor of a;® + 2a;* ~ 7a; + 4. 

The other factor is found by division to be a;* + 3a; - 4, 

0 :;®+ 2a:;* — 7a; + 4 = (a;- l)*(a; + 4). 

Example 5. Solve the equation 

a;* - 9a;* -f 26a; -24 = 0. 

By trial, it is seen that 

2* - 9 . 2* + 26 . 2 - 24 = 8 - 36 + 52 - 24 = 0, 
a; - 2 is a factor of a;® - 9a;* + 26a; - 24. 

The other factor is found by division to be 
a;*-7a;+12. 

the given equation becomes 

(a? - 2) (a; - 3) (a? - 4) = 0, 

.*. the roots are 2, 3 and 4. 

Exercises 160. 

Find the factors of 

1. a;®- 6a;* -H 11a;- 6. 2. a,-® + 2af‘- 11a?- 12. 

3. a.*® + 9a;* 4 - 2Ga; + 24. 4. 2x’® 4 - 3a;* - 1 . 

5. ar* + 2a;® — 1 3a;* - 1 4a; + 24. 6. a;^ + 5a;® + 6a;* — 6a? — 6. 
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Solve the equations : 

7. ar* - 3a;- - 6a; + 8 = 0, given one root 1. 

8. 03* 4- 4:01^ — 7o 7 - 10 ~ 0, given one root — 1. 

9. a.'*-2a;>-a; + 2 = 0. 10. a;* ~ 3a; + 2 = 0. 

11. a;*~4a;» + a; + 6 = 0. 12. a;* 4* a;- -8a; - 12 =0. 

225. Def. 27. An expression which is unchanged when 
any two of its letters are interchanged is called a symmetrical 
expression. 

Thus, a 4- 6, a 4 - 5 4- c, a* + 4- c*, 5c + ca 4* ah, etc., are symme- 

trical expressions. The complete symmetrical expression of the 
first degree in a, 5, c is L (a 4- 5 4- c), that of the second degree is 
L (a* 4 5* 4- c^) 4- M (5c 4* ca 4- a5), and that of the third degree is 
L (a* 4- 5* 4* c*) 4- M (5*c 4- 5c^ 4- c^a 4- cc^ 4- o^h 4- alP’) 4- Na5c, 
where L, M, N are numerical factors. 

Dep. 28. An expression which is changed in sign, but is 
otherwise unchanged, when any two of its letters are inter- 
changed is called an alternating expression. 

Thus, 5 - c, (5 - c) (c — a) {a - 5), eta, are alternating expres- 
sions. 

226. If one symmetrical expression be divided by another, 
it is evident that the quotient is also symmetrical ; and, if one 
alternating expression be divided by another, that the quotient 
is symmetrical. 

Thus, a* 4 * 5* is a symmetrical expression of the third degree, 
and a 4- 5 one of the first degree, and the quotient must be a 
symmetrical expression of the second degree, for it is unchanged 
if a and 5 be interchanged. In order to find it, put 
a* 4- 5* = (a 4- 5) {L (a* 4- 5®) 4- Ma5}. 

Since this is an identity, it is true for all values of a and 5, 
and therefore when a= 1, 5 = 0, in which case 
l = l.(L.l) or L = l. 
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Next, put a=l, 6 = 1, then 

1 + 1=2{L(1+1)4-M.1}, 

2L + M = 1 or M = -l. 

/, + 6* = (a + b) (a® - a6 + 6®). 

Aji^ain, a* — 6^ is an alternating expression of the third degree, 
and a - b one of the first degree, and, if a and b be interchanged, 
the quotient is unchanged in sign and is therefore a symmetrical 
expression of tlie second degree. In order to find it, put 

b^ ~ (a- b) {L (a® 6“) + Ma6}. 

Put a=ly 6 = 0 , then 1 = 1 . (L . 1) or L = 1. 

Next, put a = 2, 6 = 1, 

/. 2*-P = (2-l){L(4 + 1)4- M. 2}, 

5l+ 2lV! =7 or M = 1, 

/. a«-6“ = (a-6)(a^4-a6-f 63). 

In the latter case, it should be noticed that different values 
must be given to a and 6, for if both were put equal to unity, 
both sides of the equation would vanish. 

227. Though not a consequence of the Remainder Theorem, 
the following example illustrates the methods used in this 
chapter. 

Example 6. Expand (a 4- h)*. 

Since {a + 6)^ is the product of four symmetrical and homo- 
geneous expressions each of the first degree, its expansion is a 
symmetrical and homogeneous expression of the fourth degree. 
Thus, we may write 

{a -f 6)* = L {a^ 4- 6*) 4- M (a*6 -f a6®) 4- Ha^b\ 

Put a = 1, 6 = 0, then 1 = L. 

Put a = 6 = 1, then 

16 = 2L+2M4-N, 

or 2 m + N = 14. 
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Put « = 1, & = - 1, then 

0==2L-2M + N, 

2m - N = 2, 

/. 4M = 16, 2N ^ 12, 

/. M = 4, N = 6, 

/. (a + hy a* + ia^b -f + 4aP + 6^ 

228. Exam^de 7. Find the factors of 

(6 — c) + (c - a) + c" {a — 6). 

Put ft = c, then the expression becomes 
(c - a) + cr {a - c), 

which is equal to zero. 

ft — c is a factor of the expression. 

Similarly, c — a and a — ft aro factors, 

/, (ft - c) (c — a) {a - ft) is a factor. 

This expression is of the third degree in a, ft, c, and the 
given expression is also of the third degree, so that the only 
other factor is numerical. Let 

a® (ft — c) + ft* (c - a) + c* (a — ft) = L (ft c) (c — o) (a — ft). 

To find L,puta = 2, ft = l, c = 0, then 

4 + (-2)-L.1.(-2).1, 

2 = -2l or L = -l, 

/. a* (ft - c) + ft® (c - (z) + c® (a ~ ft) = - (ft — c) {c - a) (<a - ft). 

The value of L may also be determined as follows: The 
coefficient of a* ft in the given expression is + 1, and that of a® ft 
in (ft - c) (c - a) (a - ft) is - 1, for the only term containing a*ft is 
formed by the product ft (- a) (a) ; 

L = -l. 

Emmple 8. Find the factors of 

a*(ft-c) + ft®(c-a) +c*(a~ft). 



REMAINDER THEOREM 


95 


227, 228] 


Tt may be shown, as in the previous example, that 
(b-c) (c — a) (a ~ b) 

is a factor. Now, this is an alternating expression of the third 
degree in a, 6, c, and the given expression is one of the fourth 
degree; thus, the remaining factor must be a symmetrical ex- 
pression of the first degree in a, b, c, say L (a + 6 + c); or 

a* (b - c) b^ (c — a) + (a — b)= L(a + b + c) (b — c) (c - a) (a — b). 
Put a = 2, i = l, c = 0, 

8 + (-2) = L,3. 1 .(-2). 1, or L-~l, 

. a’ (6 — c) + b^ (c - a) -f c* (a — b) 

= — (5 — c) (c - a) (a - b) (« + ?>+ c). 

Example 9. Find the factors of 

a^{l) ~c) + b* {c-a)-k- c* (a ~ b). 

As before, (b — c)(c — a)(a — b) is a factor, and since this is 
an alternating expression of the third degree, and the given 
expression one of the fifth degree, the remaining factor must bo 
a symmetrical expression of the second degree, say 
L (a’ 4- 6^ -f c*) 4- M (be 4- ca + ab), 

so that 

a* (6 — c) 4- b* (c — a) c* (a — b) 

= (6 - c) (c — a) {a - h) {L (a* 4* 6® + 4- M {he 4- ca 4* ah)]. 

Put a = 2, 6=1, c = 0, then 

164-(~ 2)=l.(-2).l(r)L4-2M), 

5l 4- 2m = - 7. 

Next, put a=l, 6= — l, c = 0, then 
2l-M=-1, 

9l = - 9 or L = - 1 and M = - I, 
a^(6-c) +6^(c-a)4*c^(a-6) 

= - (6--c) (c -a)(a-6) (a* 4- 6® 4- c* 4- 6c 4- ca 4- ah). 
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Exercises 161. 


1. Prove that 

a (6 c - a)® + i (c + a - 6)® + c (a + 6 - c)’ 

(6 + c — a) (c + a ~ (a + J — c’) = 4aftc. 

2. Prove that 

(b — c)^ + (c - ay 4- (a — ft)* = 3 (6 - c) (c -a) (a — ft). 

3. Prove that 

a; 4- «)* + 1 / (« + a?)* + ;5 (a; + y)* -- 4iry2r = (y + a) (2 + ir) (x + y). 

- 4. Prove that ft + c is a factor of 

{be + ca + aft) (a 4 - ft + c) — aftc, 
and find the other factors 

* 5. Given that a 4 * ft 4- c is a factor of a* + ft* + c* — 3aftc, find 
the other factor. 

Find the factors of : 

6. (a 4- ft 4- c)* - (a 4- ft — c)*. 

7. ftc (ft — c) 4- ca ((? - a) 4 - ah {a — ft). 

8. a (ft^ - c*) 4- ft (c* - a*) + <;(«*- ft*). 

9. (y 4- a) 2/2: + (« 4- a;) 2a; 4- (a? 4- y) aw/ 4- 2a3ya. 

^10. (a;4y 4-«)*-a?*-y*-2:*. 

11, ftc (6* - c*) 4- ca (c» ~ a*) + aft (a* - ft*). 

« 12. Prove that 

a (ft - c)* + ft (c — a)* 4- c (a — 6)* = (ft — c) (c - a) (a - ft) (a + ft 4 - c). 

' 13. Prove that 

a (ft® - c*) 4- 6 (c* - a®) 4 - c (a^ - ft*) s= (ft - c) (c - a) (a ~ ft) (a 4- ft 4 c). 

* 14. Find the factors of 

(a 4 ft 4 c)* - (ft 4 c)* ~ (c 4 a)^ ~ (a 4 ft)® 4 a® 4 ft^ 4 c®. 

15. Prove that (ft - c)* 4 (c - a)* 4 (a - ft)* is divisible by 
(ft c) (c - a) (a — ft), and find the other factor. 
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16. Provo that (a: + y + e)* — is divisible by 

(y + z)(z + x){x + y), 
and find the other factor. 

17. Show that (y — 2 ) ~ x) {x — factor of 

and find the other factor. 

Find the factors of : 

18. a» - C-) + If^ (c^ - a>) + c» (a» - ,/. 

19. a (b* —c*)-hh (c* ~ a^) -4- c (a* — b*), 

20. (b^ - c^) 4- b^ (c* - a«) 4 - (a» - 6^). 

2 1 . (// ~ c'^) 4- (c^ — a*) 4 - (a* — b^), 

22. a .. c**) + (c® - a') 4- c (a» - 6«). 

23. Prove that the difference of the expressions 

a.x* + bx^ + cx -4- d and am* 4 bm^ + cm 4- d 
is divisible by a; — w, and write down the quotient 

24. Prove that (a; — 1)* is a common factor of 

na;"'*'* — (n 4- 1 ) a;" 1 and - rix 4- ?i ■— 1. 

Simplify ; 

- 6c ca ab 

On 4. 4. 

{c-a){a~h) {a-b){b-c) {b-c){c-a)' 

6’ c» 

(a — h) (a - c) ^ \b — c) (b -a) ^ (c — a) (c — b)’ 

27 1 , I , 1 _ 

a(a — b){a — c) b{b—c){b — a) c (o — a) (e —b)‘ 

28 (y” - »*) + (g* - a^) + a^.v" (ai* - y*) ^ 

y~ (y-«) + «x(z-x) + xy(x~y) 

29 (?/-g)°-*-(a-a=)‘+(«=-y)‘ 

<y - £)“ + (s - .r)> + (*- y)* ' 


D. A. II. 


7 
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30. If f{x) denote any expression involving x, and be 
divided by (x—a) (x — b), the remainder being \x + show that 

. /W-/W bf{a)-af{b) 

^-'a-b • 

2. Indeterminate Coefficients. 

229. 1/ two expressions involving x and each containing 
a finite number of terms he equal for all values of a?, the coefficients 
of the same powers of x in the two expressions are equal. 

Let acc" + + . . . + -^kx + lh^ equal to 

a* of' + -f ... + }ix" -^ Jc x 4 - 1 

for all values of x ; to show that 

as=a', 6 = 6', h-h\ k^k\ and l — l\ 

Since the expressions are equal, 

{a - a') + (6 - 6') 4- ... + (6 - 4') cc* + (A; - a; + ^ - T 

is equal to zero for all values of x. 

Put £c = 0, then Z — T = 0, or A = r. 

Dividing by a, the expression reduces to 

(a — a ) + (6 — 6') + . . . -f (4 — 4') a; + 4 - 4' 
which is equal to zero for all values of x. 

Put flc = 0, then 4 — 4' = 0 or 4 = 4'. 

Similarly, 4 = 4', . . ., 6 = 6', o = a*. 

Cor. If one expression be of lower dimensions than the 
other, then the coefficients of all higher powers of x in the other 
are equal to zero. 

230 . Example 10 . Find the values of A and B when 

A (a; - 2) 4 - B (a? 4- 3) 
is equal to 10a? for all values of a?. 
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Since A(a?--2)+ B(a?+ 3)= lOaj^ 

/. A + B = 10 and - 2A -f 3B = 0, 

/. 5b = 20 or B = 4 and A = 6. 

Another, and generally briefer, method is to put a; = ~ 3, then 
A (- 5) = — 30 or A = 6 ; 
again, put ar = 2, then 

B . 6 -- 20 or B = 4. 

Example 11. If £C^ — 2a: + 3 be a factor of a:* — 4a:® + Aa: + B, 
find A and B. 

Let a:* — 4a:® + Aa: + B = (a;® ~ 2a: + 3) ^a:® + Xa: 

= + a,-* (X - 2) + (^3 - 2\ + ® + a 

Equating the coefficients of aj®, and x in the two expres- 
aiona, we have 

X-2=0, 3-2X+ ®=-4 and 3X- y =A, 

/. X = 2, 3-4 + ^=-4, 6-^ = A, 

U O 

B = -9, A = 6 + 6 = 12. 

The values of A and B may also be found by division as 
follows : 

as® — 2a; + 3)a:^ - 4a:® -f-Aa7 + B(as®+2as-3 

a;^ ~ 2a:® -f 3a:® 

2a:® — 7a:® + Ax + B 
2x® ~ 4a:® + 6x 

-3a:* + (A- 6)x + B 
— 3a:® -f 6as — 9 
a?(A-12)-h B + 9 

Since the remainder is zero for all values of x, we have 
A«12, B«-9. 


7—2 
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Exam/ph 12 , If aa ? + 36 a:* + Sco: + cf be divisible by 
aa:* + 26 a:+c, 

the former expression is a perfect cube and the latter a perfect 
squara 

Let ax ? 4- 36 x* + 3 ca; + c? = (oa;* + 26 a? + c) ^o? + , 

then Zh and 3 c = c + , 

c c 

. ad y hd 

/. 6 = — and c = — , 
c c 

/. 6c - ad and c^ = hd . 

Equating values of d from these equations, we have 

be ? .3 

— = 7- or 6* = ac, 
a 6 

/. ax ^ 4- 26 a; 4- c is a perfect square. 

6 * 6 c 6 ® 

Again, since c = — and c? = — = - , 
a a a* ’ 


/• oo/'® 4- Zhx ? 4- 3 ca; 4 - cf 


= «(: 


^ 36 , 

or 4- “ a:* 4- 


which is a perfect cube. 


3 c d \ 
a^^a)' 

a ( a ? 4-3 - a;* 4 - 3 ^a? 4 - -3^ , 

\ a a* a V 


Exercises 162. 

1. If A (a; — 2) 4 * B (a; - 3) = 1 for all values of a:, find A and B. 

2. If ( 0 : 4 - 1) (a: 4- 2)4* A (a: 4 - 3 ) 4 - B = a;* for all values of a:, 
find A and B. 

3. If A (a; 4 - a) 4 - B (a; -f 6) ~ a: for all values of a:, find A and B. 



230] 


INDETERMINATE COEFFICIENTS 


lOi 


4 If A (a? ~ 2)^ + B (a; — 2) (a? + 3) + C (a? + 3) = 50 for all values 
of flc, find A, B and C. 

5. If 

A (a; — 2) (oj — 3) + B (aj — 3) (oj — 1) + C (a; — I ) (x — 2) = 2a; + 0 
for all values of a;, tiiid A, B and C. 

6. If (x + a)* = a;* + Aar + Bx 4 C for all values of x, find A, B 
and C 

7 Find A, B, C, so that A (rt - 1 + B (n - 2)^ C (n ~ 3)“ = 
for all values of n. 

8. Determine A, B and C so that 

(x — a) (x - 6) (x — c) + A (x — a) (x — 6) -f B (x — a) + O 
may bo identically equal to s?, 

9. Find A and B so that the coefficients of and x* in the 
product of aj^ + X -I- 1 and x* ^ Ax^ + Bx -f C may be zero. 

10. Show that 5x* + 19x+ 18 can bo put in the form 
Z (x - 2) (x - 3) -f 7/1 (x - 3) (x — 1) + n (x - 1) (x -- 2), 

and find I, m and n. 

11. What values of a will make 6x^ — 5x* - 29af* + 2x + a 
exactly divisil>le by 3x^ -f 2x — 4 ? 

1 2. Find the values of a and 6 for which x* + ox* + 6x + 3 is 
exactly divisible by x^ — 7x+ 1. 

13. Find a value of x for which the expression 

X® 4- lOx* + 30x® + 32x^ 4- 1 2x ~ 4 
is divisible by x* 4 - 3x + 1. 

14. Find b and c in order that x* 4* 1 may be divisible by 

X* 4- 6x + c. 

15. If X* 4 - ;?x 4 - g be a factor of af* 4- ox^ 4- 6x 4- c, prove that 
pq + c = aq and q^^cp bq. 
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16. Find the condition that 

adji^ - (bd + ah) — x (dc ~ bh) J 
may be exactly divisible by aa? - Z>a? — c. 

17. Find the value of c in order that 

a;* + 3a; + c and — 5x + 2c 
may have a common factor. 

18. If a be not zero, what value must a have in order that 
3^ — x — a and a'* -fa; — a may have a common factor? What is 
the u.c.F. ? 

19. The H.c.F. of + ba? 4- c and ax^ hx + d is an expres- 
sion of the first degree in x', prove that ac^ + bed 4 = 0. 

20. If sd^ + Wy + bx^y^ -f 24£t'y* + \iy* be the square of 

aod^ 4 ^xy 4 3y', 
find the values of a and 6. 

21. Find the relations between a, b, c, d in order that 

7^ 4 4 hx^ 4 cx 4 </ 

may be a perfect square. 

22. If ox* 4 4 cx 4 d be a perfect cube, then 

6* = 3ac and = 36<i. 

23. Show that there is only one value of x which makes 
x^ 4 3cx® 4 2c*x 4 5c^ equal to the cube of x 4 c and find it. 

24. Assuming 

= 1 4 a^x 4 aoX* 4 a^ar 4 ••• . 

1 4C 4X 

find, without dividing, the values of cq, ag, aj 
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231. If a and h be unequal, then 

A B _ A (a; -f 6) + B (a? -f a) 
x-^a x + h (x -fr a) {x h) 

_ (A + B) a? + A6 + Ba 
{x + «)(« + b) 

Px -f Q 

{x 4- a) (a? + 6) ’ 

where A + B = P and a 5 + Ba = Q. 

These two equations give A and B in terms of P, Q, a and 6; 
hence it is always possible to resolve a fraction of the form 

Px + Q 

{x + a) (x + b) 

into the sum of two partial fractions of the form 

and 

a; + a x -h b 

Similarly, it may be shown that, if a, b and c be all different, 
a fraction of the form 

Px^ + Gix + R 
(x + a) (x + b) (x + c) ^ 

can always be resolved into the sum of three partial fractions of 
the form 

A B , C 

, 7 and . 

x + a x-f b x + o 


* To find A and B from the equations 

A-f B=P and A6-f Ba.=:Q, 

we have Aa 4 Ba = Pa and A6 + B6= P6, 

A (a ~ 6) = Pa - Q and B (a - t) = Q ~ Pd, 

. Pa-Q , Q~P6 

or A=— — and B = r- . 

a-b a-b 

Now, if Pa - Q were equal to zero, we should have 

Aa4-Ba = A6+Ba or Aa = A6 or a=d. 

Similarly if Q- P6 were equal to zero, we should have a=d. 

Hence, since a and d are unequal, the values of A and B are always 
determinate. 
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If the numerator be of the same dimensions in x as the de- 
nominator, or of higher dimensions, the fraction can be reduced 
by division into an integral part and a fractional part of the 
above form. 


In the following examples, the factors of the denominator are 
all of the first degree in x and are all difierent. Fractions in 
which the factors of the denominator are of the second or a 
higher degree in cr, or in which one or more of the factors are- 
repeated, are beyond the scope of this book. 

^ 

232. Example W Resolve^- — into partial fractions. 

5a:-4 A B 

(«-2)(x+i] " ^^2 X + r 
/. 5a: — 4 = A (x + 1) -1- B (x — 2), (1) 

/. A + B = 5 and A — 2B = — 4, 

/. 3B = 9 or B = 3 and A = 2. 


the given fraction is equal to 


2 3 

a:-2'*'£C4-l* 


Another, and generally simpler, method of determining A and 
B is to put, first, « = 2 in equation (1), 

10 — 4 = A . 3 or A = 2, 

and next a; = — 1, 


- 5 - 4 = B (— 1 — 2) or B =s 3. 

ExamnU 14. Resolve ^ into partial fractions, 

(sc— ^j{x+o) 

Dividing the numerator by the denominator, the fraction 
reduces to 


a:* 4- 10a;- 19 
■^(x-l)(x-2)(x + 3)' 

.j. ar* + lOx- 19 A B O 

(x-l)(x-2)(x + 3)''x-l ■*'x-2'^x + 3’ 

.'. ar’ + lOx- 19-=A(x — 2)(x + 3)+B (x+ 3)(x- 1) + C (x— l)(x — 2). 
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Putting X equal successively to 1, 2 and — 3 iu this equation, 
we have 

1 4- 10- 19-A(-1). 4 or A = 2, 

4 f- 20 - 19 - B , 5 . 1 or B ^ 1, 

9 - 30 ~ 10 C ( - 4) ( - 5) or C = ~ 2. 

the given fraction is equal to 

, 2 J ^ 

x+3‘ 


Exercises 163. 


Resolve into partial fractions : 



1. 

1 

2. 

2a; — 3 

(a'-f l)(x- f 2)‘ 

{x-\){x-ty 

3 

Zx 

4. 

1 


£c* — a; — 2 * 

(x+ l)(2a;+ 1)‘ 

5. 

13a: - 1 

6. 

a;^ 4 - 2a; - 5 

(2a;+ l)(a:-2)’ 

a;^ - 3a; 4- 2 * 

7. 

3(a;-f 2) 

8. 

3a;^ 4- 1 2a; 4^ 11 

4 (jc -f 4) (a: 4- 3) ’ 

(a; + 1 ) (a; 4- 2) (a; 4- 3) * 

9. 

1 

10. 

G.r= - 22a; 4- 18 

(a;-l)(a;-2)(a:~3)* 

(a;-l)(.r-2) (.^-3)* 

11. 

17a; 

12. 

3a;® 4- a; 4- 1 

12(a:2~l)(a:-2)’ 

(a;-l)(a.*®-4)‘ 

13. 

a;* + 4x^ 4- 7a; + 5 

14. 

a;^ 

(a; 4- 1) (a; 4- 2) 

1 

CM 

1 

1^ 

1 



CHAPTER XXIIL 

INDICES. 

233. A power has been defined (art. 7) as a product con- 
sisting of the same factor repeated, and an index as a figure or 
letter which indicates the number of times the factor occurs in 
the power. Using this definition, it has been shown (art. 30) 
that, if m and n be positive integers, 

a”* X — a**'"*’**, 

and consequently that 

or according as m is > or < n. 

234. The above definition of an index applies only to the 
case in which the index is a positive integer. A fractional index 
and a negative index have not yet been defined, and we are at 
liberty to define them in any way we please, provided the new 
definition include the other as a particular case, or provided both 
satisfy a common law. We shall assume then that the Index 
Law 

a*" X a” ~ 

holds whether m and n be positive or negative, integral or frac- 
tional, and deduce from this relation the meaning : (i) of a*", 

m 

when wj is a positive integer, (ii) of when m and n are 
positive integers, i.e. when the index is a commensurable fraction^ 
(iii) of a®, and (iv) of a"*" when m is either an integer or a com- 
mensurable fraction. 
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235. To find the meaning of a”*, wheit 'in is a positive 
integer. 

By the Index Law, we have 

axa X a X ... to m factors = 

Hence, if be a positive integer, d"^ is the product of m 
factors each equal to a, 

236. Examjile 1. Find the meaning of a^. 

By the Index I^aw, we have 

ah y. ~ a\ 

- fa. 

Example 2. Find the meaning of 
By the Index Law, we have 

X X ^ S ~ a*. 

= fa^. 

Again, x = a§, 

/. ah — {a^)*‘ 


Exercises 164. 

Deduce from the Index Law the meaning of ; 

1. a^. 2. 3, a^. 4, a^. 5. ah 

6. ah, 7. ah. 8. a^. 9, ah 10. ah 

1 

237. To find the meoAiing of d^ , 

By til Index Law, we have 

111 1 . 1 , . 
r « « i. £ X r » ^-eriui 

a" X X a” X ... to n factors = a» ^ » 


A a’* = ’ija. 

Thus, = ^a, = >^a, etc. 
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m 

238. To find the meaning of a" . 

By the Index Law, we have 

fn ni m 

a” X a»x a”x ... Lo n factors — «’* » " 

= a"*. 


Again, 

1 1 1 
a” X X X 






to m factors - a'* « *» 


in 



m 1 

Thus, = ^a‘‘ = ®tc. 


239. Example 3. Simplify x ^a’ + i/i 

X -r ^a? = o* x ai* 

= o4+ii-i 


5-f- 4— 6 
-tt ~tr” 



Exercises 165. 


Express with radical signs ; 

1, o^t 2* 3» 4. 

J. 7. a*. 8. 1. 9.-4- 

J a* 


... to n terms 


.. to m terms 


5. a5. 


1 



6. 


7. 


8 . 


9. 


10 . 
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Express with fractional indices ; 


1 1 . ija. 

12 . 

^a. 

13. 


14. 


15. 

l/a\ 

16. Ja\ 

17. 

i/a\ 

18. 

1 

ija 

19. 

1 

i/a>- 

20 . 

1 


Find the 

values 

of : 








21 . 4t 

22 . 

9i 

23. 

25t 

24. 

8i 

25. 

27t 


26. let 

27. 

si 

28. 

27 S. 

29. 

lel 

30. 

32t 


Simplify, 

expressing the results with 

1 fractional 

indices ; 

31. 

a^ X ah. 

32. 

a^ X 

J. 

33. 

2 

a^ X 

J. 

34. 

a^ X 

35. 

a^ X 

36. 

a^ X 

ai X 

ai 37. 

X 

J. 

38. 

X a^. 

39. 

a X a^. 

40. 

axah xa 

i 41. 

ai- 

J. 

42. 

aUaJ. 

43. 

ai ~ a-. 

44. 

aU 

a. 

45. 

aiV- 

.at 

46. 

ah -r a^. 

47. 

a^-^ai 

48. 

a\i 


49. 

aU 

at 

50. 

5 i 
a« -1- a*». 


Simplify and express with fractional indices: 

51. Jax ^ax ija, 52. x 

53. X x 64. x -- 4- a^. 

55. ijdl X ^ ^ a A. 

240. To find the meaning of o®. 

By the Index Law, we have 

xa^ = a"*, 

/. a® = a”‘--a»*=l. 

241. To find the meaning of a”*", ivhen m is an integ&i* or a 
commensurable fraction. 

By the Index Law, we have 

a"* X a“"* = = «• = !, 



Thus, 
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242. 


Example 4. Express with positive indices 
5pF’>‘ 


Sa‘a:-‘ 

6y>6-* 




1 

h 


- A 

ar* ^ 5y® 

3a^ 

"" 5a^y*‘ 


ExM,mpU 5. 


Find the value of 


16“J* 


27?-^-16““i = 27S-- JL 

= 27*x 16? 
- 9 X 8 
= 72. 


Example^, Simplify x 3a"*6“* 4- 1. 

4ai6S X 3a“^fe-“^-6a-^6“i = 2(ai xa-^-a-S) (6^ x -r 6““i) 

= 2a^6* 

= 2o. 


Exercises 166. 


Express with positive indices : 


a-*. 

2. 

a-» 

a-J. 

6. 

2a~h 

1 

10. 




2a ~ 5 




3. 

a-i. 

4. 


7. 

3a-i. 

8. 

4 




a“* * 

11. 

**y-* 

o-»6>' 

12. 

2a»a:* 

Sip 


9 . 
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Find the values of : 


13. 

4-i. 

14. 

8-5. 

17. 

27"1. 

18. 

1 

8-5’ 

21. 

2 

64-S' 

22. 

5 

36-4 


16. 

4-8. 

16. 

25-4 

19. 

1 

2.5-8' 

20. 

1 

16-i 

23. 

44 

32 -i 

24. 

9-8 

27-8 


Simplify, expressing the results with positive indices: 


25. 

a^ X a”" 5, 

26. 

a X a” 4 . 

27. 

a* X a~*. 

28. 

a* X a - 2 . 

29. 

a X a— ? X a4. 

30. 

2a5 X 3a — 5. 

31. 

5a^ X 2 a ~ 8 . 

32. 

06 ‘ 4 X a"^ 6 . 

33. 

a^a^i X a 5a; 

34. 

2ai X 4a — 5. 

35. 

a^ 4 a - 4 

36. 

a~* 4 a“*. 

37. 

a-i^ai 

38. 

4a5 4 - 2 a “ 5. 

39. 

x^y~^ 4 

40. 

3a56'”4 - 1 . 6 a 

-56-f 




243. Example 7. Multiply 

-f 2 — 3a “ ^ by — 2 + 3a “ 
a^ 4- 2 ~ 3a ^ 

_ 2 + 3a i 
a + 2a^ — 3 

— 2a^ — 4-f 6a~i 

4-3 4- 6a"“i— 9a”^ 
a — 4 4 - 1 2a “"i — 9a~* 

Example 8. Divide 

a 4 2a^6i — 4 66 by ai — 26^. 

a^ — 26^ ) a 4 2a^6i — 4 66 ( a^ 4 4a^6i — 365 

a - 2a^ 6i 

4al6i~llai654 66 
4a86i— 8ai6^ 

- 3aM4 66 


~ 3ai6S4 66 
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Exercises 167. 

Multiply 

1. by 2. x^ -x^a^ + a^ by cc^ 4- 

3. a; -f- 1 4- a:"'^ by a; — 1 + x~\ 4. + a;i — 1 by a;^ — a;i^ — 1 . 

5. a + 2a^ -f 1 by — 2 + 

6. a — 3aS + Sai ~ 1 by — 2ai + L 
Divide 

7. x-y by 4- y^. 8. - 6 “ *5 by a- - ft 

9. a:^ 4- 1 + x'^ by a: — 1 4* a;~\ 

10. 7? — y~^ by X- +?/“■-. 

11. a 4 - 3a^fti 4 - 3a^^ft^ 4 - ft by ah ^ fti 

12. xi 4- » 4“ y'*’ ^ by x» — xiy~i 4- y””?, 

244. To provp. that (a”*)’* = loften m and n are either 
positive or negative integers or commensurahle fractions. 

Let m be either a positive or a negative integer or comnien- 
Burable fraction, 

(i) Let n be a positive integer. 

Then (a”*)** = x a"* x a*” x ... to n factors 
^ ^m4-m4-«4-...to n terrag 

= 

(ii) Let n be a positive commensurable fraction, say 
where p and q are positive integers. 

Then (a*")** = (a*”)? = ^{a^y 

= by case (i), 

tnp 

= 


ss= a’ 
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(iii) Let n be negative and either an integer or commen- 
surable fraction, say -r. 

Then = 

= ^. by case (i) or (ii), 

245. Example^. Simplify 

[(a-*)i]-4 = [a-il-« 

= a*. 

Example 10. Simplify x (a^)~* ~ 

(a*"*)* X (a^) = a~* x a“* -r a~* 

1 

s: — 

a® 

Exercises 168. 


Simplify, expressing with positive indices: 


1. 

(a^)i 

2. 



3. 

(x-*)"S. 

4. 

[(x4)i]t 


5. 


6. 

[(xi)*]-» 


7. 


8. 

(x«)J X (x^)‘. 


9. 


10. 

(a^)^ -i- (ar')i. 


11. 

(a-‘)- in- (»-•)-*. 

12. 

(x*)* X (x*)i X 

(x»)i. 

13. 

(a*)ix(a-*)“i x(a‘)-i 

14. 

1 

X 


15. 

(a*)»-*x(ai')—x («*)-». 

16. 

a’’ + (o’)*. 



D. A. IL 


8 
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246. To prove that {ab)" = a" when n is positive or 
negative, an integer or a commensurable fraction, 

(i) Let n be a positive integer. 

Then (abY = {ab) x (ah) x (ab) x , . . to n factors 
= axAxrtx6xaxZ>x ... 

= (a X a X a X ... to w factors) x (6 x 6 x 6 x ... to factors), 
=^a^b^. 

, p 

(ii) Let 71 be a positive commensurable fraction, say 
where p and q are positive integers. 

P 

Then [(ai)"’]^ = [(a^)<?]^ = (a/>)P, by art. 244, 

=zaPb^^ by case (i). 
p P. P P 

Also, = («^)® (^®)S (i)> 

:=oPbP, 

(abf^a^b^, 

(hi) Let n be negative, and either an integer or a commen- 
surable fraction, say — r. 

Then («*)" = 



Cob. 
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247. 


Example 11. 


Find the value of 



UW 125? (^T25)> 


_ 4 '^ 

= 

*" 25* 


Examjde 12. Simplify {a^b 

{a^b - i)-» - X (6 - i)- 

— a~® X 5® 

"“a** 

Example 13. Simplify 

^[a^6^^(a5c*)] ~ [a*/;* (a5c®)i]i, 

= [a-6^c^]i, 

= a^b^cK 


Find the value of : 

1- (A)‘^- 

4. 

Simplify : 

6 . {x^yf. 


9. {xiy-^)\ 



Exercises 169. 


2 . 

5. 



(nroo) ^• 

8 . 


10 . 

12. (o-^6i)S. 


8—2 
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(£)*• “■ ■ 

15. 16. 

17. (a;V)^ i)\ 18. ^(a^b^) x J{a^b). 

19. ^(a*6V)H-4/(a«/;^c»). 20. ^[a^b* ^(a^bc)]. 

21. (aH-*-5-a5)“». 22. (alr^<^f^ x 

23. {(o;^ yi)*a3“*2/“ 24. 

25. ^{a^b^c^) X X 

248. Example 14. Simplify 

a^'^b^ ab~’^ 

Vr«-W) " y(a-V- V 

ab^^ a~^b^ 

3/^0^::^) = ^ 

= a-i-l + 5-^6^“S-3 + i 

1 

^6* 

Example 15. Find the square root of 

4a^ — 4ai + 13 — Ga” i + 9a 

2a ^ ) 4a’i — 4a^ + 13 — 6a~« +9a~S( 2ai — 1 -f 3a ~ ^ 
4a'^ 

4ai ~ 1 ) - 4ai + 1 3 - 6a~ i + 9a ■ 8 
— 4ai + 1 

4a8 - 2 + 3a”"8 ) 12 - 6a”"i + 9a'~^ 

12 — 6a~i + Oa"” 8 

•*. square root is 2ai — 1 + 3a ~ 
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247, 248] 

Example 16. Find the value oia? — Gx, when * = 2^ + 2^. 

a;* - 6a: = (2^ + 2*)’ - 6 (2^ + 2-5) 

= (2^)» + 3 (2?)’ (2^) + 3 (2?) (2')» + (2^)’- 6 (2i + 2*) 

= 2’ + 3.2HJ + 3.2S+5+ 2-6(23 + 2^) 

= 4 + 3 . 2' + 3 . 2U 2 - 6 (2? + 2i) 

= 4 + 6 . 2? + 6 , 2J + 2 - 6 (28 + 2J) 

= 6. 


Ezerclsea 170. 


Simplify : 

jpo-sa 


1 . 




2. SC^. X^. +• 35^. 

IG-’aift-'N-i- 


3. I^a'x i/a>xa-^^ ai 4. ('i-— ) 

V81u-W ^ 


• ("Srj "■ (jr-j) • 

7. ’5/[a’»’-r (a’")’} 

9. 


11 


1 1 


6 . + 

a*" (xyY^ 

10. {(aU®)~ix(a-J6" 


l~j J X «^a. 

{y Cfcla ) " \A!/w)} * 
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Multiply 

13. — ah a^ly^ by + 

1 4. bci + b^ by b^ + c^. 

15. 6^ + c® — cb^ — ca^ — by + c. 

1C. - la^ -I- by -f |ai - 

17. Find the continued product of 

2a? — 3aa;^, 3a ^ + 2x “ ^ 4rt^ -f 9a ^ re?. 

18. Simplify : 

(xi + y^ + z^) (— a;- + + 2;^) (a:- - 2/^ + ?/- — z^). 

Divide 

19. + 4y by + 2 + 2a5**^^2/^' 

20. a — a; + 4a^ — 4a^ by a- + 2aJ a:i ~ a-. 

21. a? — a?6 + a^? — 2a-6^ + 6? by a? — a6^ + a- 6 — Z»?. 

22. 35^ — 5a:^ + 1 Ox^ 2/^ — 1 Oa??/ + 5a;^ 

by a; — 2a;- yJ + ?/^. 

Find the square root of : 

23. + 9a;“~8 4. 6, 24. jc® + 2a; + 3 + 2aj~* + 

25. a^+4a?-2a-12a^ + 9. 

26. 4a;®a-*- 12a;a-» + 25 - 24a;-'a + 16a;-V. 

27. a^ - 4a^6^ + 4a56i + 2ah^ - iahi + 

28. a-* + 2a-^ (2 - b-^) + 6-* + 4 (1 - 6”®). 

Simplify : 

sUsi + l 35^3S + 1 
3U1 3i-l * 


29 . 
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(1)^ 3 1 - 2 a;^y^ 

ficyi-cc^y 

3 — 3y^ + 4y^ ~ 4y 
X ~ 7a5^ + IGaji — 1 2 
3a; - 1 4x^ + 1 Gx^ 
a^-^3ahK2ad 
~ ' J^Sbl ‘ 

{x — a;“^) (a?^ + x~^) 4- {x + a;"*) (a:’ — ;c~*) 

(as + a;~^)- + (as* + £C“*) 

u i + 4asi - 2as - 12a;- + 9aj* . 

tixpress the square root or 5 in 

1 — 4a;2 + 6a; - ix^ + x? 

its simplest form, 

37. Divide the product of — — 2^>^ and 2a^ - 

by 2a§ - 3aUi - 2bk 

38. Find the coefficients of x and as* in the product of 
xi -f + 2px^ — 3p^x + 2p^x^ 4- p* and {x^ — p^)*. 

39. If as = 2^ — 2“~ J, prove that 2as* + 6a; = 3. 

40. If m = a® n = a^ and a^ — {m^n^y‘y show that xyz—X, 

41. If a=£cy^’"\ & = asp^~\ c — x^~^y prove that 

= 1 . 

112 

42. If a*=: b^ = c*, and b^=ac. prove that - + 

^ ^ X z y 

43. If x^^ 'ify prove that 

'^4. Simplify [1 - { 1 — (1 — a;*)~^ J"*] 

45. Solve the equation 2 ^ 0 ; 4- 2a5“" ^ = 5. 


30 . 

32 . 

33 . 

34 . 

35 . 

36 . 
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249. Def. 29. If a® = 7/4, then x is called the logarithm of 
m to the base a. 


Thus, since 


2* = 16, 

4 is the logarithm of 16 

to the base 2. 

4* = 64, 

3 

» »> 

64 

9t tf 

4. 

10>= 100, 

2 

» »» 

100 

n »» 

10. 

10* = 100000, 


** » 

100000 „ 

10 . 

io-‘ = A=-i. 

-1 

»» 

•1 

tt ft 

10. 

10“’='n5aiJ = ' 

001, ^3 

»» >» 

•001 

)> tf 

10. 


Exercises 171. {Vivd 

Voce,) 


State: 






1. log, 4. 

2. 

log, 8. 

3. 

logs 9- 


4. log. 25. 

6. 

log,, 10. 

6. 

logi 32. 


7. log. 16. 

8. 

log, 216. 

9. 

logio 1000. 


10. log, 36. 

11. 

log, 2. 

12. 

log, 27. 


13. log, 49, 

14. 

log, 7. 

16. 

log, 125. 


16. log, 81. 

17. 

log, 64. 

18. 

log, 256. 


19. log, 343. 

20. 

log, 81. 

21. 

log,, 100. 
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22. logjJ. 23. log,, 10000. 24. log, 729. 

28. log, 6. 26. log, j. 27. log, 64. 

28. log, 9. 29. log,,>T- 30. log,i. 

31. log,}. 32. log, 612. 33. log.jV 

34. log,, 01. 35. log,J. 36. log.y^^ ' 

37. log,, -0001. 38. logjyly. 39. log,, 000001. 

40. log, jV 

250. The logarithm of m to the base a is written logaW. 
Thus, if a* = fn, then log^ m=^x. 

From the results of the previous article, we have 
log, 16 = 4, 
log, 64= 3, 
log,, 100 = 2, 
log,, 100000 = 6, 
logw'l =-l. 
log,, -001 = - 3. 

If the base be omitted in the pre.sent chapter, it may always 
be assumed to be 10. Thus, log 100 is assumed to be log,, 100. 

Exercises 172. {Vivd Voce.) 


Transform the following into equations of the form a* = m: 


1. 

logj 8 = 3. 

2. 

log, 9 = 2. 

3. 

log, 64 = 

3. 

L 

log, 64 = 2. 

6. 

log, 64 = 6. 

6. 

log,, 10 = 


7. 

log,, 1000 = 3. 

8. 

log, 126=3. 

9. 

loga 32 = 

5. 

10. 

log. 81 = 4. 

11, 

0 

II 

1 

to 

12. 

log, J = - 

- 1. 

13. 

log,, 10000 = 4. 

14. 

l'>g2i = -2. 

15. 

l0g4i = - 

- 1. 

16. 

log,TrV = -3* 

17. 

log. A = - 4. 

18. 

log„ -001 


19. 

^ ~ 

20. 

logw’l =-!• 
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251. Example 1. Find (i) log 4 8, (ii) logs; 81, (iii) logjoo ’001. 

(i) Let log 4 8 = cc, 

then 4® = 8, 

/. (2^)®=2», 

/. 2^ = 2^ 

2a; = 3 or a?= 1‘5. 

(ii) Let log 27 81 =a;, 

then 27® = 81, 

A (3»)® = 3^ 

A 3*» = 3^ 

3a; = 4 or x= 1J= 1*3333.,., 

(iii) Let logioo ‘001 = a;, 

then 100*=’001 

A (10^)*=10“», 

A 10^ = 10-» 

/. 2a5 = ~ 3 or a; = - 1 *5. 

Exercises 173. 

Find; 

1. logalO. 2. logo 27. 3. ]ogifl64. 4. Iog,„ol0. 

5. log , 4 8. 6. log 4 j. 7. logj^. 8. logsxV 

^0. logiooT^. 

252. Construction of a simple table of logarithms. The 
general method of calculating logarithms to any base is explained 
in Chapter xxxiv. The logarithms of a few numbers may, how- 
ever, be found easily by arithmetic. In this article, logarithms to 
the base 10 will alone be considered. 

For instance, the square root of 10 may be shown to be 
3*16227766..., or, to four places of decimals, 3'1623} 
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i.e. 10^= 3-1623 or 3*1623 is J or -5000. 

Again, tho fourth root of 10, or the square root of 3 16227766, is 
1*7782794, and therefore 

log 1-7783 is i or -2500. 

In the same way, from the 8th and 16th roots of 10, we find that 
log 1-3335 is i or -1250, 
log 1*1648 is^Vor *0625. 

Now, 

loA= loi X 10* = 1-3335 X 1-1548= 1-5399, 

10* = loi X 10* = 1-7783 X M54S = 2-0535, 
and so on ; i.o. log 1 *5399 = /g- = *1875, 
log 2*0535 = yV = *3125, 

and so on. 

Proceeding in this way as far as 10^^, we obtain the following 
table of logarithms to the base 10 (a table which the reader 
should calculate for himself). 


Numbpr 

Logarithm 

1-1543 

-0625 

1*3335 

•1250 

1-5399 

•1875 

1-7783 

•2500 

2*0535 

•3125 

2-3714 

*3750 

2-7384 

•4375 

3-1623 

•5000 

3-G517 

•5G25 

4-2170 

•6250 

4*8697 

•6875 

5-6234 

•7500 

C-4938 

*8125 

7*4980 

•8750 

8*6596 

•9375 

10-0000 

1*0000 
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263. (i) logarithm of the base iteelf is unity^ and 

(ii) the logarithm of unity to any base is zero. 

Let a be the base, 

(i) Since a} = a, 

A loga a = 1. 

(ii) Since a® = 1, 

/, log« 1=0. 

254. The logarithm of the product of two or more numbers is 
equal to the sum of the logarithms of the factors. 

Let the numbers be m and n, and let x, y be their logarithms 
to the base a, so that 

m~a^y w = a*', 
mn ^ X av == 

loga mn “ X + y = log^ m 4- log^ n. 

Again, logo wnp = log^ mn -f logo P 

- loga m + log„ n + loga p, 
and similarly, for any number of factors. 

255. Example 2. Multiply 1*7783 by 2*3714 to 4 places 
of decimals (see table on p, 375). 

log (1*7783 X 2*3714) = log 1*7783 + log 2*371 4 
= *2500 
4- *3750 
= *6250 
= log 4*2170, 

1*7783 X 2*3714 = 4*2170. 

Example 3. Find the square of 1*5399 to 4 places of 
decimals. 

log (1*5399 X 1*5399) = log 1*5399 + log 1*5399 
= -1875 X 2 
= *3750 
= log 2*3714, 

the square of 1 *5399 is 2*3714. 
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256, The logarithm of the quotient of one number divided by 
another is equal to the logarithm of die former diminished by the 
logarithm of the latter. 

Let the dividend be m and the divisor w, and let a;, y be their 
logarithms to the base a, so that 

m - n-a^, 


= log„ tn - ]og„ n. 

6-4938 by 3 -65 17 to 4 places of 

log 6-4938 -log 3-6517 
•8125 
- *5025 
•2500 

log 1-7783, 

1-7783. 

power of a number is equal to the 
logarithm of the number multiplied by the index. 

Let m be the number, r the index, and let x be the logarithm 
of m to the base a, so that 

m a®, 

/. logrt nf — rx~r . log„ m. 

259. Examph 5. Find the 5th power of 1-5399 to 4 places 
of decimals. 

log (1-5399)® = 5. log 1*5399 
= *1875x5 
= •9375 
= log 8*6596, 

A (1 -5399)® = 8-6596. 


n ay 

. 1 

.. log.-=a:-y 

257. Example 4. Divide 
decimals. 

log (6-4938 ^3-0517) = 


.'. 6-4938 4.3-6517 = 
258. The logarithm of any 
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Example 6. Find the 7th root of 7’4989 to 4 places of 
decimals. 

log (7 -4989)^ 1 X log 7-4989 

= -8750+7 
= -1250 
= log 1-3335, 
y7'4989 = 1-3331 

Exercises 174. 

Find, with the aid of the table of logarithms on p. 123, the 
values of : 

1. 11548 x17783. 2. 3-1623 x 2 0535. 

3. 4*2170 X 2-3714. 4. (1-3335)'-^. 

5. (2•0535)^ 6. (17783)^ 

7. 7*4989 ^4 -8607. 8. 10- 3*6517. 

9. 6-4398 -r 1-7783. 10. The square root of 4*2170. 

11. The cube root of 5*6234. 12. The fifth root of 8-6596. 

13. (6-0234)1 

260. Def. 30. The integral part of the logarithm of a 
number is called its characteristic^ and the decimal part its 
mantissa, 

261. It has been shown that 

log 1*5399 = *1875. 

Now, 15*399= 1*5399 X 10, 

/. log 15 *399= log 1-5399 + log 10 
= ‘1875 + 1 
= 1*1875. 
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Again, 1539-9 = I 6399 x 1000, 

/. log 1539-9 = log 1*5399 + log 10» 

= ‘1875 + 3. Jog 10 
= 3-1875. 

Also, -015399 = 1 -5399 - 100, 

log -015399 = log 1 -5399 - log 10* 

= •1876- 2. log 10 
= 21875, 

where 5-1876 stands for - 2 + -1876. 

Lastly, -00015399 = 1 -5399 + 10000, 

A log -00015399 = log 1 *5399 - Jog 10" 

’i =-1875-4. log 10 

= 4-1875. 

Thus, if 1 *6399 be multiplied or divided by some power of 10 
(i.e. if the number so obtained consist of the same succession of 
significant figures), the logarithms of such numbers have the same 
mantissa as the logarithm of 1 *5399. 

Again, the characteristics of log 1-5399, log 15*399 and 
log 1539 '9 are respectively 0, 1 and 3; i.e. in each case the 
characteristic i.s one less than the number of digits in the integral 
part of the number. Also, the characteristics of log *015399 and 
log *00016399 are respectively 2 and 4; i.e. in each case the 
characteristic is negative and numerically one greater than the 
number of ciphers before the first significant ligura 

262. To prove that (i) in the logarithm of a number contain- 
ing n + 1 digits^ the characteristic is n, and (ii) in the logarithm of 
a decimal containing n ciphers before the first significant figure^ 
the characteristic is — (» + 1 ). 

Since log 1 = 0 and log 10 = 1, it follows that the logarithm 
of any number between 1 and 10 must lie between 0 and 1, 
i.e. its characteristic is zero. 
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Let N bo any number between 1 and 10, and let m be its 
logarithm, so that m is a decimal. Then, if n be any integer, 
positive or negative, 

log (N X 10’*) = log N + log lO** 

= m + n . log 10 
= m n, 

i.e. the characteristic of log(N x 10'®) is w, and, whatever be the 
value of M, the mantissa is the same, namely, m. 

(i) Now, N is a number consisting of 1 digit, N x 10 of 
2 digits, N X 10^ of 3 digits, N x 10** of n + 1 digits. 

Hence, if the integral part of a number contain n + 1 digits, 
the characteristic of its logarithm is n. 

(ii) Again, in N x 10~* there is no cipher before the first 
significant figure, in N x 10~* there is one such cipher, in N x lO”® 
there are 2 ciphers, and in N x 10""ri+n there are n ciphers. 

Hence, if a decimal contain n ciphers before the first significant 
figure, the characteristic of its logarithm is - (n 4 - 1 ). 


Exercises 175. {Vivd Voce.) 


What is the characteristic of the logarithm of : 


1 . 

27. 

2. 

352. 

3. 

9-6. 

4. 

85-27. 

5. 

673-4. 

6. 

2748-1. 

7. 

3-2. 

8. 

52730. 

9. 

•2761. 

10. 

•00452. 

11. 

•079. 

12. 

•00062. 

13. 

•8324. 

14. 

•00635. 

16, 

371-4. 

16. 

•06295. 

17. 

7015*2. 

18. 

572000. 

19. 

•2918. 

20. 

•000853. 


Given log 3 

6517 

= -6625, 

what 

are the logarithms of : 

21. 

36-617. 


22. 365-17. 

23. 

-0036517. 

24. 

36517. 


26. -36617. 
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Given log 8*6596 = *9375, what are the logarithms of : 

26. *086596. 27. 8659*6. 28. 86*596. 

29. *00086596. 30. 8659600. 

Given log 5*6234= *7500, what are the logarithms of: 

31. 5623*4. 32. *56234. 33. 56*234. 

34, *0056234. 35. 562340. 


Given log 2*0535 = *3125, what are the logarithms of *. 

36. 20*635. 37. 020535. 38. 20535. 

39. *20535. 40. -000020535. 

263. To prove that log^ m = log<j m -t> log^ b. 

Let log^ m = X* and log^, m = y, so that 
m — a^~ 

X 

ay = b, 

-=log«6. 

2/ = x^log5, 
log^ m = log« m log„ b. 

Thus, if the logarithms of m and b to the base a bo known, the 
logarithm of rn to the base h can be determined by multiplying 
the logarithm of m to the base a by the reciprocal of the 
logarithm of b to the base a. 


264. To prove that log^, a x log^ 6=1. 

This may be proved by putting w = a in the result of the 
previous article, or as follows : 

Let loge, a = x and log^ 6 = ?/, 

so that a = 6® and 6 = a*', 

and therefore a = (a*')® = a**', 

/. a^ = l, 


i,c* 


logb a X loga 6 = 1. 


D. A. 11, 


9 
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Applications of Logarithms to Arithmetig 

265. The present section contains a few illustrations of 
the application of logarithms to problems of arithmetic aud 
mensuration. They are adapted for working with tables of 
logarithms calculated to 4 decimal places. 

Example 7. Find the value of 471 x 3*7*-r8’76* to 3 places 
of decimals. 

Let w = 471 X 3*7"^ 8-76*, 

then log u = 2*6730 + *5682 x 2 - *9425 x 3 

= 2*6730 

+ 1*1364-2*8275 
= 3*8094 
^2*8275 
= *9819, 

A t4=: 9*591. 


Example 8. Find the amount of £475 in 6 years at 3 per cent, 
compound interest (to the nearest pound). 


Ini 

year, £1 

amounts to (1 + £, 

ft 

» ^(1 + 

xfu) >» 

1) 

(1 + ifr) + (1 + t?if) twit ^ 





= {1+T§ir)’£. 

*. in 2 

years £1 

>f 

91 

(1 + rhsT 

’. in 3 

» If 

9) 

» 


in 6 

f> » 

» 

>» 


• ># 

„ £476 


>9 

475 x(igf)'£. 


Let A be this amount, 

log A = log 475 + 6 (log 103 - log 100) 
= 2-6767 + (2*0128- 2) X 6 
= 2*6767 
+ 0768 
= 2*7635, 

A A = £667. 
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Example 9. The volume of a cube is 437*2 o, ine., find the 
length of an edge. 

Let u be tho length of an edge in inches, 

« = (437-2)i 
A log u = 2 '6407 X J 
« -8802, 

/• tt = 7*69 ins. 

Exercises 176. 

Find ; 

1. 53 X 64. 2. 16 X 27 X -32 (1 place). 

3. 87 X 22 -r 29. 4. 124 x 27 63 (2 places). 

6. *258 X *719 - *526 (4 places). 

6. 2413^57^132 (4 places). 

7. 17 X *25 X 27 X *018 (3 places). 

8. 2*421 X 1*907 -r- *263 (2 places). 

9. Square of 1*573 (3 places). 

10. Cube of 7*58 (1 place). 

11. 6th power of 2*17 (2 places). 

12. 9th power of 1*027 (3 places). 

13. Cube root of 357*2 (3 places). 

14. 4th root of 2719 (3 places). 

15. 10th root of 83*4 (3 places). 

16. 3*6* X 2*Px 1*2^(1 place). 

17. 26»x84^-i-9P(l place). 

18. 2-53P ^ 1*297 + 9*26* (6 places). 

19. 11^ X 21^ (2 places). 

20. 12-4i X 8-275 -r 6-195 (3 places). 

9—3 
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21. Pind the simple interest on £325 at per cent, for 3J 
years. 

22. Find the simple interest on X85 at 4 per cent, for 7 years. 

23. Find the amount at compound interest of £1 at 5 per 
cent, for 10 years. 

24. Find the compound interest on £55 at 4 per cent, 
for 8 years. 

25. In how many years will a sum of money double itself 
at 5 per cent, compound interest? 

26. In how many years will a sum of money double itself 
at 4 per cent, compound interest ? 

27. If the death-rate in a town of 8341 inhabitants bo 17*2 
per 1000 per year, how many persons die in a year ? 

28. A man invests £1340 in 3| per cent, stock at 101^; 
find his interest to the nearest pound. 

29. Find the cost of carpeting a room 24 ft. long and 19 ft. 
wide with carpet 2|ft. wide at 3s. lid. a yard. 

30. Find the volume of a rectangular solid 3 ft. 5 ins. long, 
2 ft. 11 ins. wide and 1 ft. 7 ins. higli, 

31. Find the length of the side of a square which contains 
42*72 sq. ins. 

32. Find the length of the edge of a cube which contains 
167 *4 c, ins. 

33. The area of a triangle whose sides are a, d, c and semi- 
[jerimeter s is - a) (s - h) (a — c)] ; find the area of a triangle 
whose sides are 17, 11 and 9 ins. 

34. The area of a rectangle which is twice as long as it is wide 
is 21|^ sq. ft. ; find the lengths of the sides. 

35. A plate of metal 14*4 ins. long, 4*8 ins. wide and 3*6 ins. 
thick is melted down and cast into a solid cube ; find the edge of 
the cube. 
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36. The surface of a sphere of radius r is 47rr*, where 
7r=3T42; find that of a sphere of radius 6*45 ins. 

37. Find the radius of a sphere, the surface of which contains 
32F4sq. ins. 

38. The volume of a sphere of radius r is ^7rr®, whore 
7r = 3T42; find the volume of a sphere of radius 2-135 ins. 

39. Find the radius of a spliere, the volume of which is 
1027 c. ins. 

40. Find the surface of a cube, the volume of which is 
120*4 c. ins. 

41. Find the surface of a sphere, the volume of which is 
524 c. ins. 

42. The radius of the circumcircle of a triangle, the sides of 
which are a, 6, c and the semi-perimeter s, is 

aic-f- 4^[if(s — a) (s - b) (s — c)]; 

find that of a triangle the sides of which are 14, 11 and 9 ins. 
long. 



CHAPTER XXV. 

SURDa 

266. Def. 31. A root of a number which cannot be 
expressed as a commensurable fraction is called a surd or 
irrational quantity. 

Thus, ^3, and ^10 are surds, but ^4, ^27 and ^16 are 
not surds, for they can be expressed as rational quantities. 

Dep. 32. Surds are of the same order when the same roots 
are taken. 

Thus ^8 and ^^24 are surds of the same order. 

Dep. 33. A quadratic surd or surd of the second order is 
one in which the square root of a number is taken; a cubic 
surd or surd of the third order one in which the cube root is 
taken ; and a surd of the nth order one in which the nth root is 
taken. 

Thus, is a quadratic surd, ,^12 a cubic surd, and ^10 a 
surd of the fourth order. 

Dep. 34, Similar or like surds are those which contain the 
same irrational factor. 

Thus, and 5^2 are similar surds; so also are 3^4 
and 8®/4. 
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Every quadratic surd possesses two values, equal numerically, 
but opposite in sign. Thus, the square root of 5 is either + 
or - Jb, We shall, however, contine ourselves throughout this 
chapter and the next to the principal or positive root only, and 
consider that ^2, for instance, is + 1*414... . 

267. The following properties of surds result from first 
principles or from the theory of indices ; 

(i) A rational quantity may be expressed in the form of 
a surd, e.g. 

2-V4 = ^8 = 4/16-... 

(ii) Sum or difference of surds of the same order. We 

have 

3,y2 + 2./2 =» 6.y2, 4 ^ 3-^3 = 373 , ajx±bjx = {a±h)jx. 

(iii) Product or quotient of surds of the same order. 

1 i I I I /a\l . 

Since a» x 6“ = (oi)" and — ^ follows that 

73 xn /2 = 76. 78-5-72 = ,y| = 74-2, 473x372 = 1276, 

273^472 = iy|, 7<»x76 = 7a6, = 

So also 

V2 = 716x^2 = ^32, 373 = 727x73 = 781. 

(iv) Product or quotient of surds of difterent orders. 
We have 

72 X 73 = 72» X 73^= 78 X 79= 772, 

«/6*</10-y25*V10-7l5-73’ 

!5^a X 76 = ”7““ 

(v) Simplification of surds. We have 

732 = 716x72=472, 

781 = 727 X 73 = 373, 

7W = JW >« 7(«i) = o^hJ{ab). 
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Exercises 177. (Vivd Voce.) 


Express in the form of quadratic surds : 


1. 4. 

2. 7. 3. 9. 

4. 12. 

Express in the form of cubic surds : 


5, 2. 

6. 3. 7. 5. 

8. 10. 

Express as single surds : 


9. 272 + 72. 

10. 373-273. 

11. 573+773. 

12. 475-275. 

13. 75x72. 

14. 77x73. 

15. 75 X 70. 

16. 75 X 72. 

17. 76+72. 

18. 710+75. 

10. 7^ -4^3. 

20. 712 + 74. 

Simplify : 



21. 78. 

22. 

712. 

23. 71 8. 

24. 

732. 

25. 71 6. 

26. 

754. 

27. 724. 

28. 


29. 7(x»y"). 

30. 

7W- 

31. (72 + 1) (72-1). 32. 

(2 + 72) (3-72). 

33. (3 + 73) (3 

-73). 34. 

(5 -76) (5 + 76). 

35. (7 -75) (7 

+ 75). 



268. Example 1. Simplify ; 

(i) V 63-732 + V 98 -V 28 ; (ii) ^15 x .^ 45 - 5 - ^ 12 ; 

(iii) X .^ 4 , 

(i) V63 - ^32 + ^08 - V28 =. 3^7 + 

= 77 + 372. 

(ii) 715x745+712 = 75x73x375 + 273 

= 5x3x73+273 

= 7^. 
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(iii) ^8x y4 = V64x y4=^/256 

= 716 
= 4. 

Example 2. Arrange in descending order of magnitude 
73 and 76 . 

72 = 78, 73 = 79, 76 = 76, 

order is IjZ, 76 . 

Exercises 178. 

Simplify : 

1. 7126 O. 2. 27720 . 3. 78 + 7 I 8 - 75 O. 

4. 712-78 + 7 I 8 - 73 . 6. 793 + 732 - 7200 . 

c. 724 + 754-796 + 76. 

7. 7128 - 2750 + 772 - 71 8 . 

8 . 773-7147 + 750+3712-3718. 

9- 7W + 7(18a;) + 7(50x). 

10. a 7(»’i«) + + cj{c^x). 

1 1. 67(a»i) + 7(a»6’) - - J{a%. 

12 . 76x712x718. 13 . 5732x748x2754. 

14. 77x714x728x7216. 

1 5 . 728 X 735 X 74 5 - 71 47 X 775. 

16. 712x750+724. 17. 798+712 + 754. 

18 . 72x74. 19 . 74 x 78 . 

20 . 73x 73x 79. 21 . 72 x 72 x 72 . 

22. Which is the greater 273 or 372 7 

23. Which is the greater 375 or 473 7 

24. Which is the greater 372 or 27? 7 
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25. Which is the greater Jh or ^ 1 0 ? 

26. Arrange in ascending order of magnitude 

5^3, 6^2, 475. 

27. Arrange in descending order of magnitude 

5, 277, 4^3. 

269. Example 3. Express with rational denominators : 

(1) (») 

(m ^ + _ 4(V5 + 72) 

' ’ Jb-Ji ~ {Jb - j2fQb + Ji) 5-2 

= 4(n/5 + n/2). 

1 v/3 + I + V2 ^ ^3 + ^2 + ! 

' ' 73-72 + 1 (73 + i')^'-Q 2)» ■3+T+27;r-2 

_ 73 + 72 + 1 (73+ 72 + 1 ) (73-1) 

2(73 + 1) 2(3-1) 

_3 + 76 + 73-73-72-1 

4 

= i(2-72 + 76). 


Exercises 179. 


Express with rational denominators : 

J_ A 10 2 

72’ 73’ 75- 72-r 

6 , 1 


1 _L 

*• Ick 1 


4. 


7 . 


77 + 2 - 

77 + 72 

7W2’ 


75 + 72 ’ 
273 + 372 
6 + 276 “ • 


6 . 


9 . 


75-1 

3+75 

75 + 2 * 

375 ~ 472 
275 - 372 ■ 


8 . 
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10 . 

12. 

13. 

14 . 
16. 
18. 

19. 

20 . 


11 ,,56 

^2-1 /2+r 4 + V 3 ^ 4 -V 3 - 

V3ir 

372 473 76 

73 + 76 76 + 72 '^ 72 +73' 

573-372+27 6 1 

376 + 572 • 1+~7.3 + 72- 

1 2 

76+73-72’ 76+72-r 

3 + 275 

1-73+75’ 

1 1 1 
1 + 72 + 73 i + 72 - 73 r- 72 + 73 

1 

■^-1 + 72 + 73* 

73__ 73 . 73 

73 + 75 + 77 75 + 77 - 73 77 + 73 - 75 

^ 

73+75-n/7’ 


270. quadratic surd cannot he equal to the sum or 
difference of a rational quantity and a quadratic surd. 

If possible, let fa — x± fy 

where x is rational and fa and fy are surds. 

/. a^a^ ^y±2xfy. 


i.e. a quadratic surd is equal to a rational quantity, which is 
impossible ; 

a quadratic surd is not equal to the sum or difference of 
% rational quantity and a quadratic surd. 
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271 . If O' Jh = a? + where a and x are rational and 
Jh and Jy are surds^ then a~x and Jb = Jy, 

Let a = a: + m, 

then x-¥7n + Jb^x + Jy 

or m + Jh^ Jy, 

which is impossiblcj, unless wi = 0, in which case a-x and thcro* 
fore Jb - Jy, 

272 . Jf J(a 4- Jh) ^ Jx-¥ Jy, 

then \/(« - Jy^ 

Sinco J{a 4 - Jb) Jx-^ Jij, 

a-hjh^x + y + 27 (ar?/), 

/. a~x-¥y and Jb^2J(xy), 
a- Jb = x + y-2J{xy), 

/. J{0'-Jb)=Jx-Jy. 

273 . Example 4, Find the square root of 

(i) 30 4-1075, (ii) 57 - 12715 . 

(i) Let 7(3^ + ^ + Jy> 

304-1075 = 0 : 4 - 2 / 4 - 27 ( 3 ;?/), 

a; 4 - 2 / = 30 and 2J{xy) -^\0J^, 

A {x - yY = (a: 4 - yY - ^xy ~ 900 — 500 - 400, 

A x-y^20, 

2.r-50 and 2y=l0, or x-25 and y - 5, 

A 7(30 + 1075 ) = 5 4- 75 . 

(ii) Let J(57-l2Jlb)=^Jx-Jy, 

A 57-127l5 = x4-2/~27(.r7y), 

A a;4-y = 57 and 27 ( 3 ;y) = 127^5, 

A (a; — 2 /)- = (a: 4 - 2 /)* — 4x7/ = 3249 ~ 21G0 = 1089, 
x-y~33, 

A 2aj=90 and 2?/ =24, or x=45 and 2 / = 12, 

A 7(57 - 12715 ) = 7^5 - 712 = 375 - 273 . 
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Example 5. Simplify : 

^i) ^/ 2 + ^3 sj i — 4^3 f 

(ii) 1 + VI 2 - V2 - ^3 - 75-2^0. 

(i) Let V(" - 4 = V® - Vy- 

so that a; + y = T, 2^(xy) = 4jS and (x-y)’= 49 - 48= 1, 

2ic ~ 8, 2y~6 or a? = 4, y — 

A \/ 2 + /,yi3 + VT — 4^3 = n/ 2 + ^3 4- 2 — ^3 — 

3= 2 

(ii) Let J{o Jx--- Jy, 

so that a; 4- 7/ = 5, 2j(xy) - 2^6 and (a; - y)^ = 25 - 24 = 1, 

2a; =- 6, 2// = 4 or a; = 3, y = 2, 

A 1 4 ^12 -V2-n/3- 7(5-276) 

= 1 + 273 - 72 ^ 73-73 + 72 

= 1 . 

Exercises 180. 

Find the square root of : 

1 . 4 + 712 . 2. 7 + 2710 . 3. 28 - 5712 . 

4. 49 - 207 G. 5. 57 + 2872 . 6. 69 + 2875. 

7. 27 - 1275 . 8. 120 + 7273 . 9. 103 - 20721 . 

10. 3-75. 11. 9-777. 

Simplify ; 

12. V(19 + 8V3)+V(l‘J-S>/^)- 13. 



15. 1 + V8 + V2 - V27 - V12 + n/76 - V(10 + ^V^)- 

16. ^/(3+.^/5)+^/(3-V6)• 
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17. Prove that 

^/(9 + 6^12) + 7(9^6 ~ 6^12) = 24/216. 

18. Simplify 

19. Find the square root of 2--x — 2ji—x. 

20. Find the square root of 3a; — 1 + + a; — 6). 

274. If in + Jn he a root of the equation + ia; + c = 0, 
where a, h, c are rational^ then m — Jn is also a root of the 
equation. 

Since m + Jn is a root of the equation -hhx + c = 0, 
a (m + Jny + 6 (m + Jn) + c = 0, 

/. am^ + an + 2am Jn + hm + hjn + 0 = 0, 

/. am* + a?n- 6w + c + Jn (2am + 6) = 0, 

/. am* + an + hm + c = 0 and Jn (2am + 6) = 0, 

,*• am* 4- an + hm + c — Jn (2am + 5) = 0, 

/. a (m* — 2m Jn + 1 \) + h (m — Jn) + c = 0, 
a(m — Jny + 6 (m «- Jn) + c = 0, 

/, m — Jn is also a root of the equation acc* + 6a; + c = 0. 

Exercises 181. 

1 . Simplify 

3720-727 + 6775-43/3375, 

given 75-2'236, 73 = 1-732. 

2. Simplify 

/ Jx 1 - Jx \ / Jx 1 - Jx \ 

\l + Jx Jx ) ' Xl’^^jx Jx )* 

3 . If «+l=V3, 

a ^ 

a* + A = 0. 


prove that 
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4. Find the value of 


/X -f ay X 

\x — a) 3a* 

when a; = a(l -f 2^3). 

5. Find the value of + 3xy-\-y^ 

Jb + 2 Jb — 2 

^hen “^ = 7^2* 2' = 75T2- 

6. Find the value of xy + y^) -i-ia? — xy + y^) 

, 73 + 1 73-1 

«rhen *=73n- *'=7r7T- 

7. Find the value of 27a5 + 48x* — 8^::^ 

when a = ;^ (^721 - 3). 

8. If s = V(l+y^) + yV(l +«;*), 

prove that ^(1 + z^) xy ^ + a^) J(l + y®). 


9. 

10 . 

11 . 


Prove that - 73 + n /3 + 8 7'7 + 473 = 2 . 


Simplify 


_ 73 + 5/^— _ 

72 + 73 72 - 72 -"73 ■ 


Find the product of 


•J^'¥tJ3y n/2 + \/2 4- ^3, 2 +n/2+ n/2+^3, 


^ —V -f V 


12. Divide 15 (a~ 6) + 16^(a6) by 3Ja’^bJh. 

13. Find the square root of 6 + 2^2 + 2J3 + 2^6. 

14. If 2 + ^3 be a root of a;® — 4;c + w = 0, find m. 

15. If ^(x 4* a + 6) + ^{x + c + d) ^(x + a - c) -f ^(x ~ 6 + rf) 

then 5 + c = 0. 

Solve the equations : 

16. X* 4 - 2x® - 3x - 6 = 0, given one root J3. 

17. x*~ 6 x®4-7x4- 4 = 0, „ „ „ ^2 4-1. 

18. a?* — 3x* — 7x* 4" 7x 4 * 2 = 0, ,, „ ^5 4-2. 



CHAPTER XXVI 

IRRATIONAL EQUATIONS. 

276. Def- 35. An irrational equation is one which 
contains one or more irrational terms. 

We shall suppose : 

(i) That all such irrational terms are real, i.e. that in the 
term Jx only positive values of x are admissible, and, in — a;), 
only negative values of x or positive values ;:f> 3 ; 

(ii) That the positive value of the square root is taken, 
Le. that ^9 = + 3, and that, when a; = 1, J{x -f 3) = 2. 

Exercises 182. 

Find the square of : 

1. .y® -f 5. 2. - 3. 3. 6 - Jx. 

4. V(x + l)-f2. 5. V(^~l)-3. G. 

7. Z^^Jx. 8. l-2v'(a;-l). 

9. N/2(a:+l) + 6. 10. 7-73(^^2). 

11. J{x^\) + Jx. 12. Jx-J{x-\). 

13. V(» + 2) + V(*+l)- 14. V{2a: + 3)- V(x-2). 

15. V(4x + 5) + V(2a:-3). 16. 2V(a:+ 1)- 1). 

17. 3V*-V(a:-1). 18. 37(2a:+ 1) + 2 1). 
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276. Example 1. Solve the equation 
X + n/o; - 3 = 9. 

X + nAc — 3 = 9, 

/. v/a: — 3 s= 9 — aj. 

Squaring both sides, 

/. a; — 3 = 81 — 1 8rc + a:’, 
ic* — 19aj + 84 — 0, 

A (a;- 7)(x-12) = 0, 
the roots of which are 7 and 12. 

If a; = 7, then x + \/aj — 3 := 7 + 2 = 9. 

If a; = 12, then a;+ = 12 + 3 = 15. 

A the required root is 7. 

The double value of x thus found is due to tlie squaring of 
both sides of the equation 

s/a: — 3 = 9 — ax 

The same result, namely, a:’ — 19a: + 84 =0, would also have been 
obtained if the equation had been 

“ s/a: - 3 = 9 — a:, 

or a:- s/a;-“3 = 9, 

a root of wliich is clearly 12. 

Example 2. Solve the equation 

s/icVB + ^a: = 1. 
s/a;+ 6 + 1, 

sFx + 5 == 1 — Jx, 

Squaring both sides, 


D. A. IL 


a; + 5 = l + 03 — 
4 = ^2 Joe, 
.-. 2=-Vax 


10 
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Squaring both sides, 4 = a;. 

Putting as = 4 in the given equation, we have 
Jx + f) -4- Jx= ^9 + ^4 = 3 -f- 2 = 5. 

the given equation is not satisfied by any value of a?, the 
reason being that x must be positive in order that Jx may be 
real, so that 

\/a: + 5 > > 1 . 

Examjple 3. Solve the equation V-r + 5 — Jx = 1 . 

Jx^b — Jx — 1. 

/. 5=1+ Jx. 

Squaring both sides, 

a; + 5= !+« + 2^£c, 

A 4 = 2^^, 

/. 2 = Jx. 

Squaring both sides, A. — x. 

Putting x = 4 in the given equation, we have 

VST5-7a; = 79-^4 = 3-2 = l. 

/. the required root is 4. 

Example 4. Solve the equation sjx \ 1 + N/2a; + 3 = 5. 

•Jx^ i + Ay2a; + 3 = 5. 

Squaring both sides, 

a; + 1 + 2.r + 3 + 2 \/(.r + 1 ) {2x + 3) = 25, 

/. 2N/(^rri7(2^^“3) = 21 - 3a:. 

Squaring both sides, 

4 (2a:^ + 5a:+ 3) = 441 - 126a:+ 9a:®, 
a;® -146a: + 429 = 0, 

/. (a?- 3) (a: — 143) = 0, 
the roots of which are 3 and 143. 
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aj=3, sj 2x + 3= ^4 + /^y9 — o. 

If a; =143, ^/^TT + x/2^'3 - ^144 
the required root is 5. 

Example 6. Solve the equation J 2 (2a;- 3) = Jx -\- 1 + j3x-2. 
J¥{2x-^3) = J~xT\ + J3x - 2 . 

/. 4a; - C) = a; + 1 + 3a;- 2 + 2^/(a; + 17(35^ 2“), 

-5 = 2 \/3^ + a; — 2, 

/. 25 = 4 (3a;* + a;- 2), 

12x-* + 4a;-33 = 0, 

/. (2a;-3)(6a;+ 11) = 0, 
the roots of which are and - 1^. 

If a; = 1|, then J 2 (2a;— 3) = 0 
and Jx + 1 -f VSa? — 2 = J2 J + s/2 

If a; = — 1|^, then \/2 (2a; — 3) is imaginary. 

.*• the given equation has no root. 

Exampile 6. Solve the equation J x b — J 2x— sf2x + 1 — Jx. 

Jx-^- b — J2x ~ 4=s/2a;-h 1- Jx^ 
a; + 5 + 2a; - 4 - 2j(x -f 5) {2a;- 4) = 2a; + 1 -f a; - 2 J (2x ^1) x, 
/. s/(a; -f 5) (2a; — 4) = \/(2a; + 1 ) a;, 

/, 2a;* + 6a; - 20 = 2a;* + a;, 

5a; =20, 

05 = 4 . 

If a? = 4, then \/a;-»- 5- s/2a;-4= J^ - ^4 = 3 — 2*1, 
and \/2a; Hh 1 - ^^a; = ^9 - ^4 = 3 - 2 = 1. 

the required root is 4. 


10—2 
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Exercises 183. 


Solve the equations ; 


1. 

X 4- .^a; = 6. 2. a; - 

\/^ — 

6. 3. 

\/a: 4- 5 4- a: = 

4. 

\/2 - a; 4- a; = 0. 

5. 

X — Jx 4- 11 = 1. 

6. 

2a: 4- \/a' 4* 1 = 8. 

7. 

Jx + 7 = 

= ./a: + 1. 

8. 

Jx — 24: = ^a; — 2. 

9. 

\/a;4- 9 = 

-.2jx-Z. 

10. 

x/.T 4- 7 = 3^a; — 6. 

11. 

Jx+ 4 4 

- v^a; — 4 = 4, 

12. 

\/ai - 5 4 - \/a; 4- 7 = 6. 

13. 

N/2a: 4* 6 

- Va:— 1 = 2. 

14. 

V9a:-8 = 3V£cT4-2. 

16. 

\/a!:4- 4 4* N/as — 3 = ^7. 


Jx-^ 2 + n/o:- 3 = \/3a; + 4. 

Jx — 2 + \/cc + 8 = + 30 . 

N/2a;--l + \/3a;+l = J^x + 4. 
n/o; + 7 + tj2x — 9 + \/5a; + 4 =s 0. 
n/2 {2x— 1) = \/a; 4- 2 + JZx-^\. 

V3^T4 - = VioTSTi). 


16. 

17. 

18. 

19. 

20. 

21 . 

22. ^/8 + a; = 2\/3 + a; ~ Jx, 

23. ^/a;4- 4 + 2\/x’ - 4 = \/4a; + 5. 

24. (ac~l)N/4^=2. 

ne /l + a; /l— a? 3 

v r^~ V t + x ~2' 

26. V2a; 4- 3 — \/3a; — 5 = \/ 4a7 — 3 — \/^aj + L 

27. »Jx’\- Jx + 5 = + 12 + Va: - 3. 

28. Va; + 9 + sJx + \ = \/a; + 16 + ,ya?. 

29. n/oj — i 4- >/aj— 6 = n/oj + G + \/a5 ~ 9. 

30. V(a5- 1) (aj — 2^ 4- >/(aj — 4) (a; — 6) = ^^8. 

\/a?4-a 4- \/aj 4- = s/a^b. 

Ja — x 


32. 

33. 


Ja + x— Ja-^x 


= 6 . 
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277. Example 7. Solve the equatioa 

a?-5x+ 16-6s/x»-5a:+ 10 = 0. 

Put Ja? — 6x+ 10 = y, 

SO that — 5a; + 1 6 = y* + 6, 

and the equation becomes 

y* + 6 - 5y = 0 

or (y-2)(y-3) = 0, 

the roots of which are 2 and 3. 

(i) — 5a; + 10 = 2, 

A a;*— 5a; + 10 = 4, 

a;* — 5a; + 6 = 0, 

A (a;-2)(a;-3) = 0. 

(ii) ^/!B>-5x+10 = 3, 

A a;* - 5x+ 10 = 9, 

a;* — 5a; + 1 =0, 

/. the roots are 2, 3, — - and , 


Example 8. Solve the equation 

2a;* + 8a; — >/a;* + 4a; - 4 = 9. 

Put Vac* + 4a; — 4 = y, 

so that 2a;* + 8a; — 8 = 2y* and 2a;* + 8x - 9 = 2y* — 1| 
and the equation becomes 

2y*~l^y = 0 

or (y-l)(2y + l) = 0, 

the roots of which are 1 and — 

(i) \/a;* + 4a;-4 = l, 

A a;*+ 4a; — 4= 1, 

A a;* + 4a; - 5 = 0, 

A (a;-l)(a; + 5)=0. 
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(ii) The roots corresponding to 

+ 407 — 4 = — J 

do not satisfy the given equation, for hero the negative value of 
the square root is taken. 

.*. the roots are 1 and — 5 

Exercises 184. 

Solve the equations : 

1. x-2 - lOx + 31 - 5 x/u72-10^ + 25 = 0. 

2. + 5x ~ 872:^2 + 5:^+ 2 + 17 - 0. 

3. 2:c (cc — 1) + 2>/2a;*-~ 7a; + G = 5a; ~ G. 

4. — 2a; 4- 6>/a;^ — 2a; = 21, 

5. a;^ + 3 = 2N/a;--2a; + 2 + 2a;. 

C. - 5a; + 2 + 5a; + 22 = 0. 

7. 5a;^ + lla;~ 12V(a; + 4) (5a; - 9) = 3G. 

8. a:^+ 3a; 4- 4\/a;^ + 3a’~ 3 = 48. 

9. a;^ -f 4a; 4 - 2jx' -f 4x + 1 1 = 13. 

10. a;*4- 7a; — 3 = N/2a:’ 4 * 14a; + 2. 

11. (a; 4- 1 )^ = a; + 3a;^Tl. 

13. Ga-* - 10a; 4- G - 5 n/^ ~ 5a; 4- 2 = 0. 

13. 2a;®— 3a; 4- Va;* — 2a;-4 = a; + 9. 

14. a; 4 * Va;® - aa;4- 6® = — 4* 6. 

a 

• Tlie values of a; arising from the value - J of y are - 2 ± J ^33, and it 
will be found that these satisfy the equation 

4 - 8 T 4- 4- 4a: - 4 = 9. 
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MISCELLANEOUS EXERCISES. 


Exercises 185. 


1. Write down all the numbers between 20 and 50 which are 
included in the general expression Qn + 5. 

^ 2. Divide {x + yY + (.t;^ — y“f + {x - yY by 3a:* + y*. 

3. Find the factors of x^ "2/* ~ ~ VY- 

4. Find the factors of as® — 14^;^ + 49a:;* — 36, 


5. If X 4- ~ = 2/i express ^ ^ ^ terms of y. 

6. Prove that if the square of any odd number be divided by 
8, the remainder is 1. 

7. If a + 6 = X, c - 5 = 2 ^, express a* — 6* in terms of x and y. 
Hence, find the value of 5002* - 4998*. 

8. Find the square root of (x -t 1) (x + 2) {x + 3) (x + 4) 4 1. 

9. What value of x will make the product of 3 ~ 8x and 
3x + 4 equal to the product of 6x 4 1 1 and 3 — 4x ? 

10. If 4 1 -itx* vanish when x = a, show that it vanishes 

also when x is equal to - or - a or — - . 

^ a a 


11 . 


12 . 


Divide x* - ar ~ 4x*? 4 6x — 2x^ by x^ - 4x4 ^ 2. 


Simplify 


{a? y {h^-f ^ (a -y(i>^y 


Exercises 186. 

1. What is the nature of the roots of the equations 

(i) x*-12x 436 = 0, (ii) 2x*45x = 0, (iii) 2x*--3x44 = 01 

2. Prove, without solving, that the positive root of the 
quation x* — 8x ~ 8 = 0 is greater than 8. 
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8. One root of the equation = m is 4; what is the 

other root, and what is the value of m ? 

4. If the roots of the equation 4ic* + (2 + m)a:+25=0 be 
equal, find the value of m. 

5. Find the sum of the cubes of the roots of the equation 

2a;^ — a: — 2 = 0. 

6. If a, yS be the roots of the equation + 7a; — 1 = 0, find 
the equation whose roots are a + ^ and • 

7. Find the equation whose roots are the squares of the 
roots of the equation — 10a; + 2 = 0. 

8. If one root of the equation 3a;^ + 4a; + = 0 be double 

the other, find the value of m. 

9. Find the equation whose roots are each equal to the sum 
of the reciprocals of the roots of the equation + 6a; + c = 0. 

10. If a, be the roots of the equation aa;^ -f 6x + c = 0, find 

the equation whose roots are ^ — - and 

^ 1+a 1+/? 

11. The diflference of the roots of an equation is 3 and the 
product of the roots is 54 ; find the equation. 

12. Find the maximum value of 23 — 4a;^ — 12a;, and the 
minimum value of a;*— 10a; + 27. 

Exercises 187. 

1. What is the remainder when + 3a;* — 20a; + 5 is divided 
by (i) a; - 4, (ii) a; + 4 ? 

2. If a;* — aa; + 4 be divisible by a; — 2, what is the value of a? 

3. Find the factors of a;* + 2a;® — 7a; + 4. 

4. Prove that ax^ + ^cx^ + ca^ + bx + ais divisible by a; + 1, 

5. Show that (2a; -y — z) (2y — » - a;) - 9xy is divisible by 
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6. Fiud the f<actors of 

{y + (y + (« + ») (z-xY + (x + y) (a?- 2/)*. 

(6 - c) 4- (c ~ a) 4- (a - b) 


7. Simplify 


(6 - c) 4- (c - a j -i- (a - 5}* 


8. Prove tliat 


a* {h^ ^ c^) 4. h* (c» - a^) 4- c* {a^ - 6 ») 

(6 — c) 4 - 6^ (c - a) + {a - 5) 

9. If log 108 = 2*0334 and log 24 = 1*3802, find log 2 and 


: (5 4- c) (c + a) (a + 5). 


log 3. 

1 0 ~ 3 J 

10. Resolve — j^T n partial fractions. 

(ar- ^){x- 1 ) 

11. If a;* 4-^a; 4 - g bo divisible by ar + ox 4 - 6, find the values of 
p and q in terms of a and b. 

1 2. If one root of the equation x* — 3a;* — 5a;^ 4 - 9a; — 2 ~ 0 be 
2 4 - find all the roots. 


Exercises 188. 


Solve the equations : 

'• I4=<4. 

2. aa^ - c*a; = a*a? ~ ac\ 3, a:;* — 20af® 4-64 = 0. 

4. (a;®4-a;)^ ~ 26(£c®4'a;) 4- 120 = 0. 

5. (a; 4 - 1) (a;- 2) ( 054 - 5)(a;- 6) = 60. 

6. - 3a; 4 - y = 67, a; — 2y = 1. 

7. a; 4- y = 3, a;* 4- y* = 65. 


8 . 


9. 


10. 

11 . 


12 . 


3a,*® 4- a;y = 6, Aixy — ^ = 3. 
a;*4-a;y 4-2/* = 741, a;®-a:^ 4- y’* 19. 

3 ^ -1 

r+ jx • 

\/2a! + 9 - ^*-4 = Jx + 1. 
a;® - 3a? 4 - 6 = ZJ{a? — 3a; 4- 4). 
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RATIO, PROPORTION AND VARIATION. 

1. Ratio. 

278. Def. 36. The ratio of one quantity a to another h is 
the quotient of a by h. 

The ratio of a to 6 is written a : 6. The quantities a, b are 
called the terms of the ratio, the former being called the ante- 
cedent, and the latter the consequent, of the ratio. 

From the above definition, it follows that the ratio a ; 6 is 

measured by the fraction % . Also, since 7 = ^ , we have 
h b bin 

a : b = am : bm ; 

i.e. if both terms of a ratio be multiplied or divided by the same 
number, the ratio is unaltered. 

Thus, xl2:|xl2 = 8:9. 

279. Example 1. Find the value or values of the ratio 

a; : y, if (i) 3a; = 5y, (ii) 2a;^ - 7xy + = 0. 

(i) 3a; = 5y. 

Divide both sides by 3y, 

X 5 K o 

- ~ ^ or a;:y=5 :3. 

y 3 


then 
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or 


23^ —lxy + 3y* = 0. 

(2* -y){x~ Zy) = 0 

(s--D(i -’)"»■ 

/. the values of the ratio x :y are ^ and 3. 

Example 2. What number must be added to each term of 
the ratio 3 : 7 to make the ratio equal to 2 : 3 ^ 

Let X be the number ; 

, 3 + x 2 

7~a.= 3- 
/. 9 -H3a;= 14 + 2a:, 
a; = 5. 

Example 3. Two numbers are in the ratio of 3:t5; if 6 
be added to each term, the ratio becomes 5:7; what are the 
numbers ? 

Let the numbers be 3a; and bx ; 

3a; 4- 6 _ 6 

7» 


then 


5a; + 6 
/. 21a; 4- 42 = 25a; + 30, 
.% — 4a; = — 1 2, 

.*• a; = 3, 

the numbers are 9 and 15. 


Example 4. At present A*s age is to B’s in the ratio of 
3:2; in 15 years' time they will bo in the ratio of 4:3; find 
their ages. 

Let A^s age be 3a; years and B's 2a; years. 


Then 


3a;+15 4 

2a;+15 -S* 


/, 9a;+45 = 8a;+60, 
a; = 15, 

A's ago is 45 years and B’s 30 years. 
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Exercises 189. 


1. If 3x = 6y, what is the ratio of a; to j; ? 

2. If 6a; = 9y, what is the ratio of a: to y 1 

3. If \ , what is the ratio of a: to w t 

4* - y 3 ’ 

3^ -j* 3 

4. If ^ =:- = T » what is the ratio of a; to v ? 

5ic + 2y 4 ’ ^ 

6, Find the ratio of a; to y from the equation 
~ bxy + 2y® = 0. 

6. Find the ratio of a; to y from the equation 

2ic*-9a;y + 10y* = 0. 

7. Find the v'alue of the ratio if a; : y = 3 : 2. 

2a?~y 

8. If o ; 5 = 5 : 4, find the value of the ratio a® ~ ; a® + 6^ 

•C *4* 

9. Find the value of + when a? : o = Jb, 

X — a X + a ^ 


10. What number must be added to each terra of the ratio 
3 : 5 to make it equal to 3:4? 

11. What number must be taken from each term of the 
ratio 17:19 to make it equal to 2 : 3 ? 

12. Find a number which, when subtracted from each term 
of the ratio 9:13, will make it equal to 13:9. 

13. Two numbers are in the ratio 7 : 4 and their difference is 
27 ; find the numbers. 


14. Find two numbers in the ratio 7:11, such that, if 3 be 
added to each, they may be in the ratio 2 : 3. 

15. Two numbers are in the ratio 2 : 3, and, if 9 be added to 
each, they are in the ratio 3:4; find the numbers. 
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16. Two numbers are in the ratio 3 : 5, but if 10 be taken 
from the greater and added to the smaller, the ratio is reversed ; 
find the numbers. 

17. Find two numbers which differ by 7 whose ratio becomes 
1 ; 2 when 6 is subtracted from each. 

18. Find two numbers whose difference is 7, and which are 
such that the ratio of their sum to the sum of their squares 
is 1 : 25. 

19. At present the ratio of B^s age to A’s age is 5 : 2, but, in 
30 years' time, the ratio will be 35:23; find their ages. 

20. The perimeter of a right-angled triangle is six times as 
long as the shortest side; what is the ratio of the two sides 
containing it? 

280. Dep. 37. A ratio is said to be one of greater in- 
equality^ of equality^ or of less inequality^ according as the 
antecedent is greater than, equal to, or less than, the consequent. 

Thus, 7 : 5 is a ratio of greater inequality, 5 : 5 one of equality, 
and 3 : 5 one of less inequality. 


281. If the same qucmtity he added to both terms of a ratio, 
the ratio is increased or diminished according as it is one of less or 
greater inequality. 

Let a : 5 be the ratio and x the quantity added to both its 


terms; then 



bx — ax 


x(b — a) 

b{h + xy 


Hence, a + a? ; 5 -»■ a; is greater or less than a : h according as 5 — a 
is positive or negative, i.e. as a is <or> h, i.e. as the ratio is 
one of less or greater inequality. 
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282. If the same quantity he suhtracied from both terms of a 
ratio, the ratio is increased or diminished according as it is one of 
greater or less inequality. 

Ijet a : ^ be the ratio and x the quantity subtracted from 
both its terms ; then 

a—x a h(a — x) — a {h — x) 
b-x h h{h~x) * 

ax — bx 

x{a-‘b) 
b{h — x)' 

Hence, \l x<h, a — a : 6 — a; is greater or less than a : h according 
as a — 6 is positive or negative, i.e. according as a is greater 
or less than b, i.e. as the ratio is one of greater or less inequality. 

* 283. ff ax + by + ca: = 0 and ax + Vy -f * dz = 0, then 

X y z 

he - dc ca* - ca ah' — ab * 

oa: + + C 2 J = 0, 

ax 4- dy + c'z = 0, 

{ac — ac) X + (be - b'c) y-0, 

/. X (ca* — ca) - y(bc* — b'c), 

. y 

he' -b'c ca* --da* 

Again, (ah* — ab) x + (b'c — bd) z ~ 0, 

/• (ab* - a'b) x = (bd - b'c) s, 

, X _ z 

•• bd^c'^^h^'b^ 

. ^ ^ y _ ^ 

•• bd ca! -^da^ ab' -a'b* 
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*284. Example 5. Solve the equations 

a; 4- + 2 = 0, 2x + y 4- 45? = 0, 4 + 5:* = 1 4. 

ic + y + 2? = 0, 

2x 4 y + 45? - 0, 

• ^ ^ ^ ^ 

‘*4-1 2-4 1-2* 

, X y z 
•* 3 = = ^ = 

a; =: 3m, y = — 2m, z-~m. 
Substituting in the 3rd equation, we hav^e 
4 4m^ 4 m® = 14, 

/. m* = 1 or m = 4 1. 

the solutions are 

37= 31 a; = -.31 

y = - 2 [ and y = 2 1 . 

z^^l) 2?= ij 

♦Exercises 190. 

Find the ratios of x, y, z from the equations : 

1. a:4y 4 52:=0, a; — y42 = 0. 

2. 2x - y - 2 ? = 0, 5x — y — 3z = 0, 

3. a: 4 3y - 55: = 4a; - 2y - 72? - 3a; - y -> 3a. 

^ a; 4 y 2a; - 3y a; 4 2y 4 5?5 

-^=—f-= 9 • 

5. a; 4 y 4 s = 0, a^x 4 6*y 4 c®» = 0. 

Solve the equations : 


6 . 
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7. 3a;«-2y’-7a:+4;! = 2. 

4: 5 6 

_ x-l 2/-3 2 J -6 

-y-=v=— 

9. 3aj + 2/ - ^ a: - 5y + 2 = 0, £c® + 2^® = 3. 

10. 2a; + y = 22 J, 92:~7a; = C)y, a;* + 2 /® + = 216. 

*285- If the ratios be all equals then each 

equal to 


/pa^ + gc" + re” + ...\^ 
+ qd^ + r/^ + . . ./ 


so that 


ace 

3=5=^=...=^ 

a-hm, c~dm^ e— y5n, ..., 

- 5”m”, c** = e” = . . . , 

, — ph'^m^^ qd — qd'^m^, re” = , 

/?a” + 5 'c” + re” + ... = (p6” + + 3^^ + . . .) 

1 

, /;?a” + qc^ 4- re” + . . . \ ” 

^ \p6” + 4- ^ 4- .. ./ 


Second proof Let 


ace 


so that 


b~d~f 

a = huy c = e = ... , 


’/)a” 4- ^c” 4- re” 4- ... \ ” /pV^m^ 4- qdT'm^ 4- rf^m^ 4- . . .\” 


p6” + qdl" 4- rf^ 4- 




^6” 4* qd^ 4- rf^ 


4- . . .^” 


e= Wl. 
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then 


ace pa + qc + re -h ... 

~h d f pb qd ^ rf ^ 

Cor. 2. If also ^ = 7 = r = ... = 1, 

a_^c_e_ a + c4*e+.,. 
b d f 


Cor. 3. If ratios ^ - be unequal, ^ being the 


greatest and j tlie least, then 


Since 


a 4- c 4- 6 4- . 

.. 4- /c 


a 

and 

h 

h + d + J" ■ 

... 

+/ 

is < 


^T 

a a 

c 

a 

e 

a 


k 

a 

T>^V 

5"" 

6 

’ 7 

" b 

» • • 

* 7 


•• 

a 

‘"6 


e < 

a 

6 

./, •• 

., k 


a 

’V 


... + ^ ^ (i + ^^ +/+ , 

a + c + e+ ...+^ a 
b d^f .,.’>^1^ ~b* 


■ 0 , 


Similarly, it may be shown that 

a+c+e+...+^ A 

6'+^-r7+T:r-f7'" V 

*286. Example 6. If 

3a: + 2y _ a? + 2;/ 

3 

then each ratio is equal to g . 

^x-\-2y x-¥2y _p (3a: 4- 2y) -i- (a; 4- 2?/) 

3 2 3/) 4* 2^ 

« gg 2 (p -f 

3p 4- 2^ 


D. A. II. 


11 
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Let p and q be chosen so that 

3;? + v = 7, io + $'=3, 

or 2p = 4 or p = 2, 5 ^ = 1. 

7x 4" Gy 


each ratio is equal to 


8 


♦Exercises 19L 

1. Divide a into two parts in the ratio of h to o. 

^ a c .wia + nc na-¥mc 

2 . If r > -, I prove that , > or < -7 : , according as 

h d ^ mb ’¥7id no md ^ 

in is > or <n, all the letters denoting positive quantities, 

3. If a; : y = a : a - 5, show that the ratio of rr* — ccy + y* to 
a’~ a6 + 6^ can be expressed in terms of the ratio of a? to a alone. 

4 . If * + y + * = 0 , and (1 + 1 ) » + (1 + 1 ) y + (1 + * = 0 . 

find the ratio x\y\z. 

5. Show that the ratio a\h is the square of the ratio 
o + c : 6 + c if ah, 

6. What value must be given to the integer x so that ^2 
shall lie between and ^-^4 ^ 

X a: + 1 

7 . If , show that Z + m + n = 0 . 

6 — c c — a a-b 

8. If 

6 +c-a c+a—o a+o— e 
{b --c) x-^ (c — a) y+ (a - b)z = 0. 


then 
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9. If ? ~ be unequal, then is intermediate 

h d f ^ lb-\-md + nf 

between the greatest and least of these fractions. 


h'~d'^r 

prove that each of these ratios is equal to 
30a + 15c 4 - 5c 
306 + 15 c^ + “57‘ 

11. If^^ — ^ — S 5 = ? — find the value of either 
a — c a + c 

fraction in terms of c. 


12. If 


prove that each 


13. If 


then each 


a + 6 6 + c cHhc? 

a~h h—c c—d' 
a + d 

a —21) ’{‘2c — d* 
Zx’k’iy-bz 5aj + 6?/ ~ 7» 

3 - g I 

lla;*f 16y — 21af 
“ 5 • 


, ^ __ 6aj + cy c« + av ax •¥ by , , 

14 . jf ^ 5 = — ^ and no numerator 

6+c— a c+a— 6 a+6— c 

denominator vanishes, show that either x = y or a = b — c. 


15. If then will each of these 

cy - az by -ax a: + * 

X 

fractions®-, unless 6 + c = 0. 

y 

16, Prove that if the three fractions 

2x — Zy %-y x^Zz 
32; + y ’ z — x^ 2y—Zx 

be all equal, each is also equal to - , and hence show that either 

y 

x~y or % = x-¥y. 

11—2 



[OTiAP. XXVTT 


164 

17. If 
prove that 
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P ^ ^ ^ 

— he — ca c^ — ah' 

a h c 

jr — qr q^ — rp r® — pq * 


18. If 


then 


a? ^ y ^ g 

a + 26 4- c ^a-\-h~c 4a — 46 + c ’ 

a h c 

x-*r%j ■\-z y — z 4a; — 47/ + 5* 


19. If 


7/C — 2 B c A - 0*0 

yc — zb za — xc * 


show til at each is equal to 


xB ~ yA 
xh — ya * 


20. Having given 

2a — 5-tf 2b- c- a 
a + a — 6-c £C4-6-c-a^ 


show that each fraction is equal to ^ and also to 


2c — a — b 
X + c — a — b' 


21. If 


ad —be ac- hd 

a — b — c-¥d a — h- d-^c^ 


then each is equal to 


a -f 6 + 

4 


22. A woman buys apples at a; a penny and as many pears at 
y a penny ; she sells them all at (a; + y) for 2d. and loses 4 per 
cent. ; find the ratio of x to y, 

23. If ax + by cz =: 0 and a*x + 6®?/ + = 0, show that 

a^x + b^y + c*» cannot vanish unless two of the quantities a, 6, c 
be equal. 
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2. Proportiom. 


287. Dep. 38. Quantities are said to be in proportion if the 
ratios of successive pairs be equal. 

Thus, «, by c, d are in proportion if 


a:b ~c:d, i.e. if 


c 


and a, 6 , c, cZ, e, f are in proportion if 


, j . . a c (5 

a:b = c-.d = e:f, i.e. 


Def. 39. If four quantities a, 6, c, d be in proportion, the 
quantities a and d are called the extreinesy and 6 and c the 
means) also the quantity d is called the fourth proportional 
to a, hy c. 


Def. 40. Quantities are said to be in continued proportion if 
the ratios of the lirst to the second, the second to the third, etc., 
be all equal. 

Thus, a, 6, c are in continued proportion if 


\ I . ,.ob h 

a :b = b:c, i.e. if -v = ~ • 
o c 


Dep. 41. If three quantities a, b, c be in continued proportion, 
the quantity b is called the mean proportional between a and c ; 
and also the quantity c is called the third proportional to a and b. 


288. Jf four quantities be in proportion^ the product of the 
extremes is eqtial to the product of the means; and conversely » 

(i) Let a, 5, c, d be four quantities in proportion; 
a c 

then j = 5 . 

Multiply both sides by 6 d, 

then ofl? = 6 c. 
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(ii) L^t 

Divide both sides by hd^ 
then 


ad ~ he. 


a 0 


i.e. a, 5, c, d are in proportion. 

CoK. If three quantities a, 6, c be in continued proportion, 
then b^ = ac ; also, if — ac, then a, b, c are in continued pro- 
portion, 

289. If a :b = c:dy then 

(i) a:c=^b :d; (ii) b:a = di€ ; (iii) a-^b :b =^o-^d:d; 
(iv) a-b :b = c-d :d; (v) a + b:a-b = c + d:c~d. 

Since a:b^ c id^ 

ad^bc. 


(i) Divide both sides by cd. 


^ ^ • IL J 

^ , i.e. a :c=^ bid, 
c d 


(ii) Also 


6 ^ ' d^ 


b_d 
a 0 


, i.e. bia — diCt 


(iii) 

a + h o + d 

i-e. a+b:b = c + d-.d. 


(iv) 


a-b 


b 

c - d 

'^IT 


d 


i.e. a-b :b==c--d id. 
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a + h a — h G-¥d c--d 

T“ " "dT " ’ 

. a+h c+d . 1111 

• . r = 5 , i.e. a + o:a-b = c + d:c — d, 

a- 0 c—d 


290. Example 7. What number must be subtracted from 
each of the numbers 8 , 10 , 13, 17, so that the remainders may 
be in proportion? 

Let X be the number, 

then 8 -ic ! 10 -05= 13 -rr : 17 -ar, 

/. (8 -a;) (17 -a;) = (10 -a:) (13-05), 

/. 136-25a; + a;2= 130-23a; + x*, 

.*• — 2 a 5 = — 6 , 

/. a? =3. 


and 


Example 8 . If a : 6 = c : c?, then a® + 5* : t - c* + : - 7 . 

0 a 

Let ^ ^ so that a = 5m, c = dm, 

, 0 } + 5^ 5^m’ + 5^ 5* (m® + 1 ) m* + 1 

5 5 

4- d^ _ d^{m^ + \) _ m" + J ^ 




d^m^ 

~T 


d'^m^ 


a« + 5*:^=c» + c^:3. 
5 d 


Example 9. If a : 5 = 5 : c, then o’* + o5 : 5^ = 5^ + 5c ; c’ 

Let %^^-m, so that a = 5m, 5 = cm, 

5 c 

_ a* + a5 5*m* + 5®7n « 

- = m* + nif 


and 


5*'» 5» 

h^-^bc ^ c^rr^ + c*m 
<f* c’ 


= m*^ + 


a* + a5 : 5^ = 5® + 5c : c®. 
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Example 10. If 2a + 6 ; 2a - 6 = 2c + c/ : 2c - c/, then a:h~c:d. 
Since 2a + 6 : 2a ~ 6 = 2c + c? : 2c - c?, 

/. (2a + 6)(2c-6f) = (2a-6)(2c + d:), 

/. 4ac 26c — 2ad — 6c/ = 4ac — 26c + 2ad — hd, 

46c = 4ac/, 
be ~ ady 
/. a:b-c id. 

Exercises 192. 

1. Find a fourth proportional to (i) 3, 4, 9; (ii) 16, 12, 4; 
(hi) 15, 12, 8; (iv) a^ a^6, a6. 

2. Find a third proportional to 25, 20; (ii) 6, 10; 
(iii) 4^, 6; (iv) (a-6)% a* -61 

3. Find a mean proportional to (i) 3, 12; (ii) 9, IG; 
(iii) 9, 6 J ; (iv) a% ab\ 

4. Find X when : 

(i)x;7 = 4:8; (ii) 5 :a?= 6 : 5 ; (iii) 12 : 5 : 2. 

5. If 2ir + 1 : a; + 4 = 3 : 2, find a:. 

6. If a; + 1, ac + 3, a; + 7 be in continued proportion, 6nd x. 

7. What number added to the numbers 6, 8, 10, 13 will 
make the sums proportional? 

8. What number subtracted from each of the numbers 10, 
11, 14, 16 will make the remainders proportionals? 

If a : 6 = c : </, prove that 

9. 3a + 4c : 5a + 4c = 36 + 4c/ : 56 + id, 

10. a* -f c* : 6’ + c/® = ac : bd, 

11. a" + 6^:a3-6» = c* + c/»:c3-c/». ' 

12. a6 : cc/ = a’* 4- 6^ ; c* + d\ 

13. a : c = 4/o‘+6* : 
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14. aV : --= tt’ + c” : + d\ 

1 5. 3a» + al) + 26" : 3rt= - 26" = 3c® + cd+2d^: 3c* - 2d*. 

16. a" + c" : 6" + d‘ = : Ji* + d\ 

If a:b~h :Cj prove that 

17. a — h:b — c = b:c, 

18. a: c — b^ : b^ + c\ 

19. + a6 + : 5® + 6c + c- = a : c. 

If a : 6 = c ; (f = c -.yj prove that 

20 . a^:b^ = ce-d/. 

21 . a^h' a-h — c-^d:c-d^e+f\e-f, 

22. acc : bdf^ 4 - c^ + e* : 6® + + f\ 

23. If a: b = b : c = c: dj prove that 

a:d-a^:h^ and a + 6 : c + c? = a® : 6®. 

24 . If 2a + 36 : 2c + Zd -- 3a — 46 : 3c — 4cf, prove that 

a.h^c'.d. 

25. If 10a + 6 : 10c -f <f = 12a + 6 ; 12c + c?, show that 

a\b ==c:d, 

26. If (a -h 6 4- c 4- <f)(a - 6 — c + J) = (a- 6 + c-c;^)(a + 6~c— (f), 
prove that a : 6 = c : <f . 

27. If a 4- 6 ~ 2c : a - 6 + 2c = 2a -f 26 ~ c : 2a - 26 + c, then 
will either a = 0 or c = 0. 

28. If x + y\x-y^x + z:x-z., then either a; = 0 or y ~ z. 

29. Find a number such that its excess over 8 bears the 
same ratio to its excess over 9 as the number itself does to its 
excess over 2. 

30. Find three numbers in continued proportion whose sum 
is 7, and such that the extremes together exceed by 25 the 
double of the mean. 
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291. Example 11. If ma + nc\ pa + qc~ rnb + nd: pb + qd^ 
tlien either a\b~c\d or m\n — p\q. 

Since ma + nc : q)a + 5^0 = mb nd\ pb qd, 

.*. {ma + nc) (pb + qd) = (pa + qc) (mb + nd), 

/• mpab + npbc + mqad + nqcd = mpah + mqbc + npad + nqcd^ 

be (np - mq) = ad (np - mq)^ 

(be - ad) (np - mq) = 0 , 
either ad -be or mq-np^ 
either a\h=^c\d or m\n—p\q. 


Example 12. A cask, holding 10 gallons, is filled with wine 
and water in the ratio of 3 : 2 ; if a certain number of gallons be 
drawn off and replaced by water, the ratio of wine to water in 
the new mixture is 2 ; 3 ; how many gallons were drawn off? 

3a; 

Let X gallons of the first mixture be drawn off, then -p 

u 

2 a; 

gallons of wine and gallons of water are drawn off. These 

are replaced by x gallons of water ; so that number of gallons of 

3 3a; 

wine in the new mixture is g . 10 ~ ~ , and number of gfUlons of 

water is ■=- . 10 — + ic, 

5 5 ’ 

... 6-^:4 + ^=. 2 : 3 , 

5 5 

/. 30~3a;:20 + 3a; = 2:3, 

/. 3(30- 3a;) =2 (20 + 3a;), 

/• — 9a; — 6 a; = 40 — 90, 

— 15a; - — 50, 

a; = 3J: 

gallons are drawn off* from the first mixture. 
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Exercises 193. 

1. If a ; 6 = (a + £c)* : (6 + x)\ prove that « ab, 

2. If a-H6:6 + c = c + a:<f + a, prove that either a » c or 

ci' + 6 + c + cf = 0. 

3. li a :h = x — 2y :y 2xy prove that x: y = a ■¥ 2b : 2a, 

4. If (a® + + c^) + z^) — (ax + by + czy\ show that 

x: a - y :b =^z: c, 

6. If ay bx : c — cx — az :b =^bz ^ cy : ay then either x, y, z 
are proportional to a, 6, c or a® + 6* + = 0, 

6. Find a: if 2®':22* = 8:1. 

7. If a5:3 = y:4 = «:6, prove that each of these ratios is 
equal to 3a3® - a^y + y^z : 4 (cc^ + y^) + z\ 

8. If four quantities be proportional, and the second be a 
mean proportional between the third and fourth, then the third 
is a mean proportional between the first and second. 

9. If a, yS be the roots of the equation (x + a) (x + b) = c\ 
prove that a + a:a + 6 = ^-f6:/3 + a. 

10. Find three numbers in continued proportion, whose sum 
is 13, and sum of their squares 91. 

11. If 7 ^^ic^ + y\ prove that 

y-z+aJ:»--£C + y = a;-y + z;ic + y + «. 

12. If a, by c, d be in proportion, prove that the sum of the 
extremes is greater than the sum of the means. 

13. If a-»-5:c-<-(i = a:c, and a > 6, then a - c> 6 - c?. 

14. If a, h, Cy d be unequal, show that a + 6, 6 + c, c-fd, 
cannot be in continued proportion. 

15. The length and breadth of a room are as 3:2, and if 
3 ft. be added to each the new area of the floor is to the old as 
35 : 27 ; find the dimensions of the room. 



172 


ELEMENTARY ALGEBRA 


[chap. XXVII 


16. A cask is tilled with wine and water mixed together in 
tlie ratio of 5 : 3 ; if 16 gallons of the mixture be drawn ott* and 
the cask tilied up with water, the ratio becomes 3:5; how many 
gallons does the cask hold t 

17. Two casks, A and B, contain mixtures of wine and water, 
A in the ratio of 8 ; 3, and B in the ratio of 5:1; in what ratio 
must liquid be drawn from each cask to give a mixture in the 
ratio of 4 : 1 ? 

18. Two casks, A and B, are filled with two kinds of sherry, 
mixed, in the cask A in the ratio 2 : 7, and in the cask B in the 
ratio 1:5; what quantity must be taken from each to form a 
mixture which shall consist of 2 gallons of the first kind and 
9 gallons of the second kind? 

3. Vakiation. 

292. Dep. 42. A quantity x is said to vary directly (or to 
vary) as another quantity y, when the ratio of the measure of x 
to the measure of y is constant. 

Dep. 43. A quantity x is said to va't'^f inversely as another 
quantity y, when x varies as the reciprocal of y. 

Thus, the area of a field mowed in a given time varies as the 
number of men employed ; while the time required to mow a 
field of given area varies inversely as the number of men 
employed. 

The symbol « is used to denote “varies as.” 

293. If X vary as y, then, x is equal to y multiplied hy 
a constant quantity ; and^ conversely^ if x — my^ where m is a 
constant quantity y then x varies as y, 

(i) Since x varies as y, 

the ratio a; : y is constant ; let it equal 
. * 

. . ~ = m, 

y 

/. X = my. 
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(ii) Conversely, if a; — my^ where m is constant, 

X 

- -m. 

y 

i.e. the ratio x \ y is constant, 

xc^y. 

294. Def. 44. A quantity x is said to vary jointly as two 
other quantities y and z when x varies as the product yz, 

Def. 45. A quantity x is said to vary directly as y and 

inversely as z wlien x varies as 

Tf a man walk with uniform velocity of v miles an hour, the 
number of miles (.<?) tliat he walks in i hours is given by the 
equation b = vt^ from which we have 

8 

t 

Thus, the distance he walks varies jointly as his velocity and the 
time for which he walks ; while his velocity varies directly as the 
distance and inversely as the time. 

295. If X vary aa y when z is constant, and vary as z 
when y is constant, then x varies as yz when both y and z vary. 

Let x = m,yz\ then we have to show that m does not change 
when y and z change. 

Since xccy, when z is constant, 

mz is constant with respect to y. 

But % does not change when y changes, 

m is constant with respect to y. 

Again, since xeez, when y is constant, 

my is constant with respect to z, 
m is constant with respect to « as well aa with respect to y, 
aocys. 
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296. Example 13. If y oc cc®, and if t/ = 32 when aj = 4, find 
the value of y when £c = 5. 

Since y oc a;®, 

y==mx^f where m is constant. 

Since y = 32, when a; = 4, 

32 = w.l6, or w = 2, 
y = 2a:^. 

Hence, when a; = 5, 

y = 2 . 25 = 50. 

Example 14. If xocy^z* and yocs^x^, then x varies as a 
certain power of y only. 

Since xccy^z* and y cc 

and y = n9^x^^ where m and n are constants. 



X oc yt. 

Example 15. If aj vary as the sum of two quantities, one 
of which varies as t and the other as and if a; = 104 when 
< = 2, and x = 500 when < = 5, find x when i — 10. 

Let aj = where m and n are constants ; 

then 104 = 2 w + 4n, 

and 500 = 5m + 25n, 

m+2w = 52 and m + 5w = 100, 

•*. 3n = 48 or w=16 and m = 52 — 32 = 20, 

/. rr= 20« -f 164*. 

Hence, if 4 = 10, a? = 200 + 1600 = 1800. 
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Example 16. A man spends on charitable objects an amount 
which varies as the square of his income ; if he spend £35 more 
when his income is £1200 than when it is £900, find his 
charitable expenditure in each case. 

Let his income be £>Xy and his charitable expenditure with 
this income £mcc^, where m is constant, then 

m(1200)" = m(900)^+35, 

. 35 

•• ^ (1200 -900) (1200 + 900)* 

35 11 

■“ 300 . 2100 ““ 60 . 300 “ 18000 ' 


Hence, if his income be £1200, his charitable expenditure is 

£ or £80. If his income be £900, his charitable 

ioOOO 

. p 900 x 900 

expenditure is or £45. 

loUUO 

Example 17. If a + b oc a-h when a and h both vary, then 
a® + 5® oc ah. 

Let a + 5 = m (a - 6), where m is constant, then 
a® + 2ah + 5® = m® (a® - 2ah + 6®), 

(a® + 5®) (m® - 1 ) = 2ah (m® + 1 ), 

o’ + 6»= 

wt® - 1 

/. a* + 5® oc ab. 


Exercises 194. 

1. If 2 / oc 0 ?, and y = 4 when a; = 2, find the value of y when 
« = 5. 

2. If y vary inversely as .r, and y = 6 when as == 2, find the 
value of y when x = 20. 

3. If a; oc yzy and a? = 24 when y » 3, « = 2, find the value 
of X when y = ^, » = 
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4, If o: <x yz, and 05 = 12 when y = 2, 2 = 3, find the value of 
y when a;= 18, 2 = 9. 

5. If X vary directly as y and inversely as and if a: = 8 
when y = 4, a = 3, find the value of x when y = 5, a = 2, 


6. If a? oc ^ and if a: = 10 when = 2, a - 25, ^ = 1, find the 

t* 

value of X when y = 2, a = 1 2, i = 2. 

7. If tccpv^, and < = 224 when jo = 28 and r= 16, what is 
the value of t when ^ = 32, d = 25 ? 

8. li xocy + z, and if 1, 2, 3 be simultaneous values of 
X, y^ z ; find the value of a when a; = 1, y = 4. 

9. If a oc (a? 2) (y 4- 3) and be equal to 4 when a; = ^ , 2/ = t > 
find the value of a when x = 5, y — Z, 

10. If the square of x vary as the cube of y, and x-2 when 
y = 3, find the relation between x and y, 

11. If the cube of x vary as the square of y + I, and a; = 4 
when 1 / = 3, find the relation between x and y, 

12. If y* oc d* - and a; = 0 when y = b, express y in terms 
of X, 


13. If £B vary inversely as y, and y vary inversely as 2 , show 
that xocz. 

14. If a; oc p and w cc ^ , and a* oc y, show that x oc Jy. 

15. If A oc B^, while B oc and C cc D®, find the relation 
between A and D. 

16. If - - - vary inversely as a; — y, prove that £c® 4 - y^ oc xy, 

X y 


17. The time required to mow a field varies directly as its 
area and inversely as the number of men employed ; if 10 men 
mow a field of 15 acres in 3 days, how many men will be 
required to mow a field of 12 acres in 4 days) 
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18. The volume of a cylinder varies as the area of the base 
and the height jointly ; if the volume of one cylinder be to that of 
a second as 11:8, and the height of the first to that of the second 
as 3 : 4, and if the base of the first have an area of 16-5 sq. yds., 
what is the area of the base of the second ? 

19. The volume of a right circular cone varies jointly as its 
height and the square of the radius of its base ; if the volume of 
a cone 7 ft. high with a base of radius 3 ft. be 66 c. ft., find that 
of a cone twice as high standing on a base with radius half as 
large as the other. 

20. The volume of a sphere varies as the cube of its radius ; 
find the radius of a single sphere formed by melting together 
three spheres of radii 6, 8 and 10 ins. 

21. A hollow sphere of metal weighs J of a solid sphere of 
the same substance and radius; compare the inner and outer 
radii. 

22. The space described by a moving point varies as the sum 
of two quantities, one of which varies as the time and the other 
as the square of the time ; in 5 seconds it describes 500 ft., and 
in 6 seconds 672 ft.; how far will it go in 10 seconds? 

23. If cc vary as the sum of two quantities, and a? vary as 
the sum of their squares, then will also vary as their product. 

24. If x, y, z be variable, but their sum constant, and if 
{x-y z){x + y -z) vary as yz^ prove that y ■¥z — x varies as yz. 

25. If z vary as (a: + a) (2/ + h) and be equal to J (a + hf when 
x^b, y = a, show that 2 = 2 (a + 6)* when a; = a + 26, y = 2a + 6. 

26. If a; vary as the sum of the cubes of y and z, the sum of 
which is constant, find the value of x when 3/ = 2, it being given 
that a; = 3 when y = 3, 2 = 3. 

27. If 2 be equal to the sum of two quantities, one of which 
is constant and the other varies jointly as x and y, and if y = 5 
when aj and z each equal 2, and a3 = 9 when y and z each equal 10, 
find the value of z when x and y each equal 5. 


n. A. II. 


12 



178 


ELEMENTARV ALGEBRA [CHAP. XXVII 


28. If y be the sum of two numbers, of which the first varies 
directly, and the second inversely, as x, and if y = 7 when a: = 2 

0 

and 2/ = ~ 1 when a = 1, show that 7/ = 5x — . 

X 

29. The pressure of wind on a plane surface varies jointly as 
the area of the surface and the square of the wind’s velocity ; the 
pressure on a sq. ft. is 1 lb. when the wind is moving at the rate 
of 15 miles an hour; find the velocity of the wind when the 
pressure on a sq. yd. is 16 lbs. 

30. Determine the resistance of the air to a projectile 16 ins. 
in diameter at a velocity of 1500 ft. per sec., supposing the 
resistance of the air to vary as the square of the diameter and 
the cube of the velocity ; given that the resistance of the air to a 
projectile 1 in. in diameter at a velocity of 1000 ft. per sec. is 
2^ lbs. weight. 



CHAPTER XXVIIL 

SERIES : ARITHMETICAL AND GEOMETRICAL 
PROGRESSIONS. 

297. Dep. 46. An expression in which each term is formed 
by means of a definite law from one or more of the preceding 
terms is called a series. 

In some cases, a series is also called a progression, 

Dep. 47. An infinite series is one in which the number of 
terms is infinite. 

In this chapter, we shall consider two important series known 
as arithmetical and geometrical progressions ; in the next chapter 
a third series known as harmonical progression and a few simple 
series formed according to difl’erent laws. 

1. Aeithmetical Progression. 

298. Dep, 48. An arithmetical progression is a series in 
which each term is formed from the preceding by adding to it a 
constant quantity. 

This quantity is called the common difference^ and it is 
obtained by subtracting any term of the series from the next 
succeeding term. 


12—2 
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An arithmetical progression is generally denoted, for brevity, 
by A.P. 

The following are examples of series in a.p. : 

1, 2, 3, 4, 5, 

1, 3, 5, 7, 9, 

9, 6, 3, 0, -3, 

n, li, 0, -lA, 

the common diflerences of these series being respectively, 1, 2, 
— 3 and — 1^. 

^’^99. To find the nth term of an A.P., of which the first term 
is a and the common difference d. 

The first term being a, the second term is a 4* o?, the third 
a + 2d, the fourth a + Sd, etc. 

Now, the coefficient of d in the first term is 0, and in each 
succeeding term increases by 1, so that the coefficient of d in any 
term is one less than the number of the term, i.e. the coefficient 
of d in the wth term is n - 1, 

the nth term is a 4 - (w — 1) 

300. Example 1. Find 

(i) the 20th term of the series 1, 3, 5, 

(ii) the 100th term of the series 9, 6, 3, .... 

(i) Here a=l, cf=3--l = 2, 

A thg^ 20th term is 1 + (20 - 1) . 2 = 1 + 38 = 39. 

(ii) Here a = 9, — 3, 

/. the 100th term is 

9 + (100 - 1) (~ 3) = 9 - 99 . 3 = 9 - 297 = - 288. 

301. If the last of a series of n te^ms in a.p. be denoted 
by we have 

^ == a + (7* — 1) (f. 
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Thus, if any three of the four quantities a, c?, I, n be known, 
the fourth can be found from this equation. In Example 1, 
a, d and n are given or can be found by inspection, and I is 
determined from the equation. 

The following examples illustrate cases in which a different 
set of three quantities is given. 

Example 2. Which term of the series 3, 6, 9, ... is 999 1 

Let 999 be the nth term, 
then (since a = 3, c? = 3, Z = 999), 

999 = 3 4-(n-l)3 = 37^ 
n = 333. 

Eocample 3. If 14 be the first term and — 30 the 23rd term 
of an A.P., what is the common difference? 

Let d be the common difference, 
then -30 = 14^-(23-l)c^, 

.*. 22d: = -44, 

<£ = -2. 

Example 4. If the 8th term of an a.p. be 50 and the 21st 
term be 115, find the 50th term. 

Let a be the first term and d the common difference, then 
(since the 8th term is a + 7c?, etc.), 

a4.7cZ = 50 and ct -f 20c?= 115, 

13cZ=65 or rf = 5, 
a = 60 -35 = 15. 

the 50th term = 16 + 49 . 5 = 15 + 245 

= 260. 

Example 5. How many numbers between 1000 and 2000 are 
divisible by 7 ? 

Let n be the number of such numbers. I 
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^The first number above 1000 that is divisible by 7 is 1001, 
and the last number less than 2000 that is divisible by 7 is 
1995. 

/. 1995 = 1001 + (n- 1)7, 

7w = 1995 -1001 +7 = 2002-1001 
= 1001 , 
n = 143. 

302. If the last term of an a.p. be Z, and the common 
difierence cZ, it is evident that the second term from the end is 
Z-d, the third term from the end Z— 2cZ, and, as in art. 299, 
that the nth term from the end is Z — (n — 1) d. 

Example 6. Find the 14th term froni the end of the series 
2, 6, 10,... 86. 

The 14th term from the end = 86 — (14 — 1) . 4 = 86 — 13 . 4 

= 86-52 = 34. 


Exercises 195. 

^ind the following terms : 


1. 

10th term of the series 3, 

5, 

7, .. 

2. 

21st 


n 99 10> 

14, 

18, .. 

3. 

15 th 

n 

99 99 1 ^» 

12, 

10, .. 

4. 

32nd 


99 n ~ 4:, 

- 2 
*^9 

0, .. 

5, 

100th 

>> 

>» >’ If 

6, 

9, .. 

6. 

48th 

)) 

99 II 2, 


3, .. 

7. 

18th 


f) If 3, 

If. 

h •• 

8. 

20th 

99 

„ „ 38, 

36, 

34, .. 

9. 

45th 

99 

99 f> 

9, 

9j, •• 

10. 

60th 


,, „ 71 


Ilf, .. 
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301, 302] 



the nth term of the following series : 


11. 

1, 2, 3, .... 

12. 

2 

4, 6 

13. 

1, 3, 5 

14. 

4, 

7, 10, .... 

15. 

20, 18, 16, .... 

16. 

3a 

— 26, 40 — 36, 5a -46, 


„„^hich term of the series : 

17. 7, 10, 13, ... is 431 18. 84, 80, 76, ... is 01 

19. 5, 10, 15, ... is 10000001 

20. 19^, 18, 16J, ... is -181 

21. 75, 72, 69, ... is 9, and which is —91 

22. If the first term of an A. p. be 14 and the 20th term 128, 
what is the common difference 1 


23. If the first term of an a.p. be 68 and the 26th term - 17, 
what is the common difference 1 


24. If the second term of an a. p. be — 1 9 and the 50th term 
101, what is the common diflferencel 

25. What is the first term of an a.p. in which the 14th term 
is 51 and the common difference 31 

26. What is the first term of an a. p. in which the 43rd term 
is 51 and the 44th term 45 1 

27. The second term of an a. P. is 14 and the 12th term is 
44 ; find the 22nd term. 

28. The 11th term of an a.p. is 42 and the 22nd term is 
- 42 ; find the 35th term. 

29. The 15th term of an a. p. is - 40 and the 31st term is 40; 
find the 23rd term. 

30. The 12th term of an a.p. is 13 J and the 17th term is 
17^ ; find the 8th term. 

31. The 6th term of an a.p. ia^Omnd the 13th term is — 4; 

which term is — 40 1 ' 
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32. The 11th term of an a.p. is —8 and the 29th term is 4; 
which term is 18 ? 

33. How many odd numbers are there between 80 and 220 ? 

34. How many numbers divisible by 3 are there between 40 
and 3401 

35. How many numbers divisible by 8 are there between 
900 and 17001 

36. The sum of the 10th and 32nd terms of an a.p, is 176, 
and the 13th term is 48 ; find the 20th term. 

37. The sum of the 10th and 25th terms of an A. p. is 47, 
and the sum of the 5th and 16th terms is 33 ; find the first term 
and the common difference. 

38. The sum of the 10th and the 24th terms of an a. p. is 34, 
and the difference between the 8th and 22nd terms is 21 ; find 
the series. 

39. Find the 15th term from the end of the series 7, 10, 13, 
103. 

40. Find the sum of the 12th term from the beginning and 

the 12th term from the end of the series 48, 46 45, 3. 

41. If 7 and 43 be the first and last of 13 numbers in a.p., 
find the middle term. 

42. If 16 and 76 be the first and last of 16 numbers in a.p., 
find the two middle terma 

43. The 15th, 45th and nth terms of an a.p. are 33, 153 and 
217 respectively ; find n. 

44. Show that (a — ^>)®, + b\ and (a + by are in A. p. 

45. If 3a + 25, a + 45 and a; + 65 be in a. p., find the value of ax 

303. To find the mm of n terms of an a.p. of which the first 
term is a and the common difference cL 

Let s be the sum of n terms, 

then « = a + (a + c?) + (a + 2d) + ... + (a + r - 1 . d) + ... 

4- (Z — 2d) + (I d) + If 
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also 8 — l-^{l-~d) + {I- 2d) + ... + (l — r— \ ,d)^ ... 

+ (a + 2d) + (a + 0 ?) + a. 

2^ = (a + (a + Z) 4- (a + /) + ... to 91 terms = n (a + Z) ; 

But ^=a + (9^— l)(i, 

« = ^‘{2a+(«-l)d}. 

z 

304. Example 7. Find the sum of the series: 

(i) 14 + 17 + 20 + ... to 40 terms, 

(ii) 98 + 94 + 90 + ... to 50 terms. 

(i) <? = igP- {2 . 1 4 + (40 - 1) . 3} = 20 (28 + 1 17) 

= 20.145 = 2900. 

(ii) s = {2 . 98 + (50 ~ 1) (~ 4)} = (196 - 196) = 0. 

Example 8. Find the sum ; (i) of the first n numbers, (ii) of 
the first n odd numbers. 

(i) s = ^{2. l + (n-l). l} = in(n+l). 

(ii) . = |{2.1 + (n-l).2}=^.2». = «* 

• • ? ? T 

! I s : 



The last case is illustrated in the accompanying diagram, 
which shows that l+3+5 + 7 + 9 = 5*. 
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Example 9. How many terms of the aeries 21 18 + 15 + 

have their sum equal to 66 ? 

Let n be the number of terms ; 
then 66 = ^{2.21 +(n-l)(-3)}, 

132=:n(42-3n+3), 

3/1^- 45n + 132 ~ 0, 
n*- 15ri+ 44 = 0, 

/. (n-4)(n-ll) = 0, 
n = 4 or 11. 

The first four terms of the series are 21, 18, 15, 12, the sum 
of which is 66. The next 7 terms are 9, 6, 3, 0, — 3, ~ 6, — 9, the 
sum of which is 0. Thus, the sum of 4 terms, and the sum of 1 1 
terms, both amount to 66. 

Example 10. Find the sum of all the numbers less than 1000 
which are divisible by 3. 

Let n be the number of such numbers, the first of which is 3 
and the last 999 ; 

then 999 = 3 + (n — 1) . 3 = 3n, 
n = 333. 

/. I, = 3 38 |2 . 3 + (333 - 1) . 3} (6 + 996) 

= 333 (3 + 498) = 333. 501 
« 166833. 


Exercises 196. 

Find the sum of the series whose first and last terms and 
number of terms are: \y f 

1. 14, 50; 10. 2. 31, 75; 40. 3. 2, 100; 50. 

4. 5, 71 ; 36. 5. 48J, 20 ; 18. 6. ^ 5|, ~ 13^ ; 24. 



304] 


ARITHMETICAL PROGliESSlON 


187 


Find the sum of tlie series : 

7. 1 + 2 + 3+ ... to 100 terms. 

8. 1 + 3 + 5 + ... to 40 terms. 

9. 10 + 14 + 18+ ... to 24 terms. 

10. GO + 57 + 54 + ... to 41 terms. 

11. 104 + 109 + 114 + ... to 70 terms. 

12. 5 + 11 + 17 + ... to 23 terms. 

13. 8 + 4 + 0 + ... to 32 terms. 

14. 101 + 99 + 97 + ... to 101 terms. 

15. 2 + 3^ + 5 + ... to 51 terms. 

16. —9 — 7^ — 6 — ... to 13 terms. 

17. 3]^ + 2|^ + 1^+ ... to 15 terms. 

18. 16^ + 14 + 1 li + ... to 14 terms. 

19. 8 + 7^+6|+ ... to 19 terms. 

20. — 4i — 4J^ ~ 5J^— ... to 17 terms. 

21. 1 + 1 - ^ to 9 terms. 

22. 13’1 + 11’4 + 9 7 + ... to 15 terms. 

23. Find the sum (i) of 5 terms, (ii) of 16 terms, of the 
series 20, 18, 16, .... 

Sum to n terms the series : 

24. 2~|~3-Y--- 

25. U + lU + 2}? + .... 

26. (p+ 1) 4-(;) + 3) + (p+ 5) + .... 

27. (a) + (26) + (45-a) + (66-2a) + .... 

28. + 

n n n 

29. (a + hf + (a^ + h^) + (a-^by 4- .... 

30. Show that 

3 . (1 + 3 + 5 + ... + 99) = 101 + 103 + 105 + ... + 199. 
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31. How many terms of the series 24 + 28 32 + ... amount 

to 1240? 

32. How many terms of the series 32 + 28 + 24 + ... amount 
to 120/ 

33. How many terms of the series -16-14-12-... 
amount to 0? 

34. How many terms of the series 23 + 19 + 154-... must be 
taken in order tliat the sum may be 12 ? 

35. How many terms of the series 1 + 1| + 2J + ... must be 
taken to make 61^? 

36. The first term of an a.p. is 1^ and the 6th term is - 1^ ; 
find the sum of 1 2 terms. 

37. The third term of an a.p. is 17 and the 13th term is 87 ; 
find the sum of 19 terms, 

38. The sum of 12 tenns of an a.p. is 522, and the common 
difference is — 1 ; find the first term. 

39. The sum of 7 terms in a. p. is 28 and the common differ- 
ence is 3 ; find the series, 

40. If the first term of an a. p. be 2 and the sum of 8 terms 
100, find the common difference. 

41. If the 4th term of an a. p. be 35 and the sum of 12 terms 
be 570, find the common diflerence. 

42. The sum of 5 terms in a.p. is 10, and the sum of 17 
terms is — 17 ; find the series. 

43. The sum of 20 terms of an a. p. is 365, and the sum of 
30 terms is 772^ ; find the sum of 15 terms. 

44. The first and third terms of an a.p. are 22 and 14 ; how 
many terms must be taken so that the sum may be 64 ? 

45. In an a. p., the first term is 3 and th^ last term 27, also 
the sum of the terms is 495 ; how many terms are there ? 

46. Find the sum of aU the odd numbers less than 1000. 
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47. Find the sum of all the numbers between 100 and 200 
that are divisible by 3. 

48. Find the sum of all the numbers between 1000 and 
3000 that are divisible by 7. 

49. Find the sum of all the numbers less than 1000 whose 
units’ digit is 5. 

50. Find the sum of all the numbers less than 200 which are 
odd multiples of 7. 

305. Def. 49. If three terms be in a. p., the middle term is 
called the arithmetic mean between the first and third. 

Dep. 50. If any number of terms be in a.p., the intermediate 
terms aie called the arithmetic means between the first and last, 

306. If k he the arithmetic mean, between two quantities 
X and y, then A = ^ (x + y). 

Since os, A, y are in a. p. 

/. A - x = 2/ - A ; 

2A = a; + y or A = ,} {x + y), 

307. Examine 11. Insert 12 arithmetic means between 15 
and 54. 

Let d be the common difference, then, since there are 12 
means and two end terms, 54 is the 14th term of the a.p. of 
which the first is 15 and the common difference d. 

54 = 15 + (14~1)^^, 

13(/=39 or d=3, 

•*. the means are 18, 21, 24, ..., 51. 

Exercises 197. 

Find the arithmetic means of the following quantities : 

1. 7, 21. 2. 16, 24. 3. 15, 30. 

4, 42, 85. 5. 2a - 6, 4a + 66. 6. 7a? + 4y, 3a?- 6y. 
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7. If O, A, B, C bo four points in order on a straight line 
such that B bisects AC, and if OA be 6 ins., and OC 24 ins., long, 
find OB. 

8. Insert 6 arithmetic mean.s between 1 and 29. 

9. Insert 10 arithmetic means between 13 and 291. 

10. Insert 7 arithmetic means between 3 and 18. 

11. Insert 3 arithmetic means between and — 

12. Insert 9 arithmetic means between 4a + bb and 5b - 6o. 

13. Insert 24 arithmetic means between 15 and 165, and 
find their sum. 

14. Insert 100 arithmetic means between 48 and —255, and 
find their sum. 

15. a, 5, c are three numbers in a. p. ; if a; be the arithmetic 
mean of a and 6 , and y that of 6 and c, show that a, x, 6 , y, c are 
in a. p. 

308. If the number of terras in an a. p. be odd, the equa- 
tions may bo simplified by taking a for the middle term. Thus, 
the sum of 3 terms a — cZ, a, a + d is 3a, and the sum of their 
squares (a — (a -t- dy is 3a* + 2d*, the terms in d and ad 

disappearing. 

^j^xample 12. The sum of 3 numbers in a.p, is 27, and the 
sum of their squares is 275; find the numbers. 

Let the numbers be a — d, a, a + d, 
then (a — d) -f a + (a + d) = 27, 

and (a - d)* + a* -f (a d)* = 275 ; 

A 3a =27, 

3a* + 2d* = 275; 

A a = 9and 3 . 81 + 2d*= 275, 

A 2d*=275-243 = 32, 

A d=±4, 


and 
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the numbers are 5, 9, 13 ; the value ~ 4 for d giving the same 
numbers in the opposite order. 

Example 13. The first, middle and last terms of an odd 
number of terms in .v.p. are also in a. p. 

Let a be the middle term, d the common difference, and 
2m + 1 the number of terms ; then, since there are m terras on 
each side of the middle term, the middle term is the (m l)th. 

the first term ~a — md^ and the last term = a -f md. 

Now, a — (a — md) — md and (a + md) — a = md, 

the first, middle and last terms are in a.p., the common 
difference being md. 

Example 14. Sum to n terms the series whose nth term is 
Sn -- 5. 

The first term (which is obtained by putting n- l)is 3,1 — 5 
or — 2. 

/. the sum of n terms = ~ 2 3n — 5) = ^-n (3w ~ 7). 

Or thus : Sum to n terms 

= (3.1-5) + (3.2-5)+(3.3~5) + „. + (3.n-5) 

s = j 3(1 + 24-3 + .,# 4 ' Vt) — 5 ?^ 

s= 3 . ^ . n (n + 1) — 5w = (3n - 7). 

Example 15. Find the series whose sum to n terms is 
av? — hn. 

Let X be the first term and y the common difference, 

sum to n terms {2aj + (w - 1) y} = - y) 

— an^—hn, 

*. \y^a and x-\y--h^ 
y^^a and x = a — bf 
A the senes is ~ 6, 5a — 6, 
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^ Example 16. The series of natural numbers, beginning with 
unity, is divided into groups of which the first contains 1, the 
second 2, the third 3, and so on; prove that the sum of the 
numbers in the nth group is (n^+ 1). 

The number of terms in the first n — 1 groups is 
1 -f 2 4- 3 + ... + n — 1 or |^(n — l)n, 

< 12 , 

the first term in the ntli group is — — — + 1. 
the sum of the numbers in the nth group 

-iKt* 

= ~ 2 -f-n — 1) 

= I n (7i* +1). 


Exercises 198. 

1. If a, 6, c be in a, p., then ma, mby me are also in a. p. 

2. If a, by c be in A- p., show that 2a — 36, 26 — 3c and 36 ~ 4c 

are also in a, p. 

3. If a, 6, c be in a. p., then 6 -f c, c + a, a + 6 are also in a. p. 

4. If a, 6, c, d be in A, p., then a + 0 ? = 6 + c. 

5. If the third term of an a,p. be 5 and the 15th (and last) 
bo — 13, find the middle term. 

6. The sum of 21 terms in a,p. is 63 ; find the 11th term. 

7. Prove that if any even number of terms of the series 
1, 3, 6 , ... be taken, the sum of the second half is three times the 
sum of the first half. 

8. The sum of the 5th and 15th tenns of an a.p. is equal to 
the sum of the first and last terms ; how many terms are there ? 
If it be further known that the middle term is 16, what is the 
sum of the a. f. 1 
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9. Show that the sum of the cubes of four numbers in a. p. 
is always divisible by the sum of the numbers. 

10. The sum of 10 terms of an a. p. is 285, and the sum of the 
next 10 terms is 585 ; find the sum of the next group of 10 terms. 

11. If 7t, the number of terms of an a. p., be odd, the sum of 
•the terms is n times the middle term. 

12. If a ; 6 = 6 : c, then log a, log 6, log c are in a. p. 

13. Sum the series whose rth term is 3r + 2 to terms. 

14. The sum of the first 3 terms of an a. p. is 9, and the sum 

of the next 3 terms is 27 ; find the series. 

15. Tlie sum of 5 numbers in a.p. is 10, and the sum of 
their squares is 60 ; find the numbers. 

16. Show that the sum of the first n odd numbers is to tl^ 
sum of the first even numbers as n to n + 1. 

17. Insert 4 arithmetic means between a and 6, and show 
that the sum of their squares is equal to |(3a®+ 4ab + 36^). 

18. 300 trees are planted regularly in rows in the shape of 
an isosceles triangle, and the numbers in successive rows diminish 
by one ; how many trees are there in the row which forms the 
base of the triangle ? 

19. Find the sum of all the numbers in the first thousand 
which are not divisible by 3. 

20. If a, 6, c, d be in a. p. prove that ad < be. 

21. The last term of an a.p. is 10 times the first, and the last 
but one is equal to the sum of the fourth and fifth ; find the 
number of terms, and show that the common ditferenco is equal 
to the first term. 

22. The first and last of 46 terms are ~ 6 and 25 respectively ; 
find the two middle terms, 

23. The middle term of an a.p. of 21 terms is 13, and the 
sum of the terms that follow it is 12 times the sum of the terms 
that precede it ; find the series. 


D. A. II. 


13 
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24. A man arranges to pay off a debt of £3600 by 40 annual 
instalments, which form an arithmetic series; when 30 of the 
instalments are paid, he dies, leaving a third of the debt unpaid ; 
find the value of the first and second instalments. 

25. The {n + l)th term of a series is p ~ gn ; prove that the 
sum of the first 2w + 1 terms is {p~qn) (2n + 1). 

26. If the sum of terms of an a.p. be equal to the sura of 

rig terms, show that the number depends only on the ratio 

of the first term to the common difference. 

27. The nth term of an a. p. is (3n — 1); find the first terra, 
the common difference and the sum of n terms. 

28. Find the sum of the square roots of all odd numbers 
between 100 and 10000 which are perfect squares. 

29. The sum of n terms of an a.p. is always n (n + 2); find 
the common difierence. 

30. The sum of n terms of an a.p. is always n-w*; find the 
wth term. 

31. The sum of n terms of an a, p. is n (a — hf -{■ n^ab; find 
the series. 

32. If, in an a.p. the joth term be q and the gth terra be p, 
prove that the {p 4- 5 ')th term vanishes. 

33. If the wth term of an a. p. be p and the nth term be 
find the sum of m — n terms. 

34. If the With term of an a.p. be n, and the nth term be m, 
how many terms must be taken so as to give the sum 

+ n) (m + w — 1) ? 

35. Find the condition that in an a.p. the sum of any two 
terms whatever may form a term of the same series. 

36. If T— j j ^ 

o+c c+a a+b 


in A.P. 
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37. 


Show that the sums of successive groups of n terms of 


an A. p. are in a.p. 


38. Find the sum of all the numbers in the first thousand 
which are not divisible by either 2 or 5. 

39. The common difference of 4 numbers in A.P. is 2 and 
their product is 156009 ; find them. 

40. Two arithmetical progressions, each of n terms, have for 
their first term and common difference a, h and b, a respectively, 
where a and b are the roots of the equation a:^ — px + q=^0; prove 
that the sums of the series are the roots of the equation in x 

4ar*— 2n (n 'h 1) px + {2 (n — 1) p® -f (7i — 3)* q) = 0. 

41. If three positive integers a, 6, c be respectively the joth, 
r/th, rth, terms of an A. P., then will^, q, r be the ath, 6th, cth terms 
of another a. p. ; find the relation between the common difierences 
of the two seriea 


42. The sum of the first x integers is a number composed of 
three equal figures ; find x. 

43. If S,j be the sum of the first n terms of an a.p. of 
common diflerence 6, show that S,^ — 2S„+i -f = 6. 

44. If S„, S^n, Ssn be the sums of any a. p. to n, 2n, 3n terras, 
respectively, prove that S3,, = 3 (S^n — S„). 

45. If 82 j S3, ... be the sums of m arithmetic series, each 
to n terms, the first terms being 1, 2, 3, ... respectively, and the 
common differences 1, 3, 6 , ... respectively, show that 

+ Sj + S3 + ... + (mn +1). 

46. If the sura of the first p terms of an a,p. be zero, the 

sum of the next q terms is ^ 

p—l 

47. unequal fractions, prove that cannot be 
their arithmetic mean unless 6 = 

48. If the roots of the equation (6 ~ c) as® + (c — a) ir + (a — 6) = 0 
be equal, show that a, 6, c are in a.p. 


13—2 
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2. Geometrical Progf{ession. 

309. Def. 51. A geometrical progression is a scries in 
which each term is formed from the preceding by multiplying it 
by a constant quantity. 

This quantity is called the common ratio or common factor^ 
and it is obtained by dividing any term of the series by the next 
preceding term. 

A geometrical progression is generally denoted, for brevity, 
by G. P. 

The following are examples of scries in G. p. : 

1, 2, 4, 8, 16, 

1, 3, 9, 27, 81, ..., 

32, 16, 8, 4, 2, ..., 

27, -18, 12, -8, 5^, 

the common ratio of these series being respectively 2, 3, J and — 

310. To find the nth term of a G.P. of which the first term 
is a and the common ratio r. 

The first term being a, the second term is ar, the third ar^, 
the fourth ar®, etc. 

Now, the index of r in the lirst term is 0, and in each succeed- 
ing term increases by 1 j 

/. the index of r in any term is one less than the number of the 
term, Le. the index of r in the wth term is 7i - 1. 

the nth term is ar””h 

311. Eoiximple 17. Find (i) the 9th term of the series 1, 2, 

4, 8, ; (ii) the 8th term of the series 27, - 18, 12, -8, 

(i) Here a = 1, r = f = 2, 

the 9th terra is 1 . 2®= 16® = 256. 

-18 
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the 8 th term is 

^ ]j ; ^ - -g X" - ^ 8 r* 

312, If we denote the last term of a series of n terms in g.p. 
by ly we have the equation I = ar^'^K 

Thus, if any three of the four quantities a, r, ly n be known, 
the fourth is given by this equation. In Example 17, a, r and n 
are given or can be found by inspection, and I is determined 
from the equation. 

The following examples illustrate cases in which a different set 
of three quantities is given. 

Example 18. If 18 be the first term and § the fourth term of 
a G. p., find the common ratio. 

Let r be the common ratio, 
then | = 18.r*. 



Examph 19. If 40 be the third term and 160 the fifth term 
of a a. p., find the series. 

Let a be the first term and r the common ratio, 
then = 40, 

and a?'^= 160. 

r*=:160^-40 = 4, 

/. ^ = + 2 , 

and a = 40 4 = 10, 

the scries is 10, +20, 40, + 80, 160, + 

Example 20. Which term of the series 5, 10, 20,,.. is 320? 
Let 320 be the Tith term, 
then 320 = 5 . 2"-^ 

2 ”--^ = 64 = 2 «, 

n - 1 = 6, 

?i = 7. 


and 
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313. If the last term of a g.p. be and the common ratio r, 

it is evident that the second term from the end is the third 

r 

from the end is ~ , and, as in art. 310, that the nth term from the 
end is 


Exercises 199. 

Find the following terms : 

1. 10th term of the series 1, 2, 4, .... 

2. 8th term of the series 2, 6, 18, .... 

3. 10th term of the series 1, .... 

4. dth term of the series 3G, 12, 4, , 

5. 9th term of the series 40, - 20, 10, ... . 

6. 7th terra of the series 9, 6, 4, ... . 

7. 6th terra of the series 1, |, .... 

8. 11th term of the series 4, 6, 9, ... , 

9. 6th term of the series 40, -30, 22J, ... . 

10. 7 th term of the series 100, 80, 64, 

11. 12th term of the series 1 ^ 2x -i- 4x^ -j- -h ... • 

Find the nth term of the following series : 

^12. {a^hf, (a + 6)^,... 

13. 1, 2x, 35c*, 4x*, — 

14. 1 H-a?, 2 + a:®, 3 -f-ic*, .... 

15. The 6th term of a g.p. is |, and the 9th term is ; find 
the first two terms of the series. 

16. The 7th and 8th terms of a g.p. are 4 and -8; find the 
3rd and 4th terms. 
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17. The 4th term of a g.p. is 64, and the 5th term is 128 ; 
find the series. 

18. The third term of a q.p, is 45, and the 5th term is 405 ; 
find the 8th term. 

19. Which term of the series 625, 125, 25, ... is 

20. Which term of the series 36, 24, 16, ... is 4|-2? 

314. To find the sum of n terms of a n.p. of which the first 
term is a and the common ratio r. 

Let 8 be the sura of n terms, 
then « = a + ar -h ar^ + . . . -i- ar"”* -j- ar”“^ 

and sr s ar + 4. . .. + ar”‘^ + a?** ; 


8- 8r = a ar^. 


/. ^ (1 - r) = a(l -r”), 


a( l -r^) 
I ~ r 


or 


a(r«-l) 


316. Example 21. Find the sum of the series: 

(i) 1 + 2 -f 4 -h 8 + . . . to 8 terms. 

(ii) 9 — 6 + 4 — 2| + ... to 6 terms. 

( i ) «=— 1 ?^^^= 2'-1 = 266-1 = 256 , 

Jj — I 


(H) 




' AV) 


^ T^ir-'-rr 

— 4.25 


Example 22. In the series 1, ..., find the 

sum of (i) 2 terms, (ii) 5 terms, and (iii) 10 terms. 

. 1 
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1 - 


(ii) 


1 - 


10 ’ 10 

= -00001) = 1-1111. 

10 
1 


1 

10 '" 10 

(iii) , = — = IT - -0000000001 ) = 1 •] m 1 1 1 1 1. 

1 J 


1- 


10 


Thus, as tlie number of terms increases, the sum approaches 
more and more nearly to or 1*1. 

316. To find the limit of the mm of an infinite number of 
terms of a Q,v. of which the first term is a and the common ratio r, 
r being less than unity. 

Let B be the nunil)er of terms, 


then 


rt ( 1 - r”) 
I —r 


^ ^ n 

fir’' • 


Now, r being less than 1, it follows that r” decreases as n 
increases. Let a 

?•” = f 

l-r 

then log a - log (1 — ?*) + n log r = log e, 

• „ _ log e - log a -f log (1 - r) _ 

• • n — - , 

logr 

made less than any quantity c, however small, 

by making n greater than the value given by the above equation, 

that is, the limit of the sum of an infinite number of terms is , 

1 — 7 * 

317. Example 23. Find the sum of an infinite number of 
terms of the series : 

(i) 8,4, 2,1,.... (ii) 81,-27, 9,-3, .... 


(i) ..jlj.io. (ii, 


81 . 3 243 


= 60 i. 
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Exercises 200. 


Find the sum of the series : 

1. 1 + 2 + 4 + ... to8 tenns. 

2. 2 + 6 + 18+.. .to 7 terms. 

3. 8 + 4 + 2 + ... to 10 terms. 

4. 81 + 27 + 9 + ... to 9 terms. 

5. 2 ~ 1 + ^ — ... to 8 terms. 

^ tV TW + ... to G terms. 
iV 4 terms. 

8. 1 - I + yV ~ It + ••• ^ terms. 

7 f -H 1 + ... to 8 terms. 

10. 1 ^ + 1 J + I + ... to 10 terms. 

Find the .sum of n terms of the seric^s; 


12. 2-i+i-,V + .... 

I + i + i! -t ••• • 


11. l^ + 4i + 13i + ..,. 

13. 3 “ I “ • • • • 

1 5. X + 2ir^ + + ... , 

IG. Sum tlie series (1 05) + (1*05)* + (1-05)'* + ... + (1 *05)”, it 
being given that (1*05)^*= 1*70580 nearly. 

h 

729 

18. Sum to n terms {a + hf + (a’ - l)^) + (a - + ... . 

Find the sum to infinity of the scries ; 


17. Sum to 2n terms + ^ 


19. 

^ ^ i • 

20. 

1- 

-i+i-., 

21. 

^ i + -y + ••• 

22. 

3- 

-2H-- 

23. 

48- 36 + 27 -.... 

24. 

3~ 

- TJ + - 


25. 

26. 


9-6 + 7-2 + 6-4 + , 


v2+i+_ 

^2-1^2- 


1 


V2 ^ 2 • 
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27. Find the sum of 5 terms in g.p., the second term being 5 
and the fifth 625. 

28. The first term of a g.p. is a and the second 6; find the 
sum of n terms. 


318. Dep. 52. If three terms be in g.p., the middle term is 
called the geometric mean between the first and third. 

Dep. 53. If any number of terms be in g.p., the intermediate 
terms are called the geometric means between the first and last. 

319. If Q he the geometric mean between two quantities % and 
y, thm G = N/xy. 

Since a;, G, y are in g.p., 

. 9 ^ 2 / 

**05 G* 

/• G = 

Cor, Thus, the mean proportional between any two numbers 
is also their geometric mean and vice versa. 

^20. Excmiple 24. Insert 3 geometric means between 3 
and 48. 

Let r be the common ratio, then, since there are 3 means and 
2 end terms, 48 is the 5th term of the g.p. of which the first term 
is 3 and the common ratio r ; 

48 = 3.r*. 

= 16 or r* = 4y 
/. r = ±2; 

/. the means are 6, 12 and 24, or - 6, 12 and - 24. 

Example 25. The arithmetic mean between two numbers is 
6J, and the geometric mean is 6 ; find the numbers. 
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Let X and y be the numbers, 
then = ^>1 and = 6. 

fl3 + y=13 and a^-36, 

the roots of which are 


X - i 

2/r= 9 

the numbers are 4 and 9. 




Exercises 201. 

Find the geometric means of : 

1. 4, 16. 2. 9, 16. 3. 4, 25. 

4. 5. 6£r^y®, 

6. Insert 2 geometric means between 1 and - 1. 

7. Insert 5 geometric means between 4 and 256. 

8. Insert 4 geometric means between 9 and 

9. Insert 5 geometric means between ^ and lOJ^. 

10. Insert 3 geometric means between 4|-J^| and 2. 

11. Insert 3 geometric means between a* and 

1 2. Find the geometric mean between a + 6 and a^—a^h — ab^ + 5®. 

1 3. Find the geometric mean between the joth and ^'th terms 
of a G.P. 

14. Insert 5 geometric means between 5 and 320, and find 
their sum. 

15. Tlie product of two numbers and their geometric mean is 
216, find the geometric mean. 

16. Show that the geometric mean of the 1st and 9th terms 
of the arithmetic series 4, 8, 12, ... is | of the geometric mean of 
the 2nd and 8th terms. 
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17. The arithmetic mean between two numbers is 0, and 
the geometric mean is 4 ; find the numbers. 

18. The geometric mean of two numbers is greater than one 
of them by 8, and less than the other by 24; find the numbers. 


321. If the number of terms in a g.p. be odd, the equations 
may sometimes be simplified by taking a for the middle term. 

Thus, the product of the three terms a and ar is aP. 

/ 

^ Examph 26. The sum of tliree numbers in g.p. is 43 J, and 
their product is 1000 ; find the numbers. 


Let the numbers be - 
r 


a and ar, 


then 


a 

- -ha -har- 
r 


43i 


and a . ar = a® = 1000. 

r 


a =10, 



1 +r-f 7’^ = 

3r2-10r + 3 = 0, 

A (r~3)(3r-l) = 0, 
the roots of wliich are 3 and 

/. the numbers are 3J, 10 and 30. 

Example 27. Tlie firat, middle and last terms of an odd 
number of terms in g.p. are also in g.p. 

Let a be the middle term, r the common ratio, and 2m ■¥ 1 the 
number of terms ; then, since there are m terms on each side of 
the middle term, the middle term is the (m + l)th. 



320, 321J 
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a 

Now, 

and a? ”* ~ a = r'". 

/. the first, middle and last terms are in g.p., the common 
ratio being r'". 

Example 28. Find an infinite g.p. in which each term is 
10 times the sum of all the terms tliat follow it. 

Let a be any term, and r the common ratio. Then, since the 
next term after a is ur, the sum of the terms that follow a is 
ar 

\—r' 

a = 10. -z . 

1 — r 

1 — r = lOr, 

• ' ^ 3 r* 

the series beginning with a is a, ••• • 

Example 29. Sum to n terms the scries whose nth term is 
I 

2»-i* 

Let 8 be the sum of n terms, 
then s~l + 2 + 3-*-.,. + 7^ — (1 + 1 + 1 + ... ton terms) 

111 1 

1 ■+ 

= 9 « (» + 1 ) - « + 7 - 

1 


n — 1 + • 


1 - 

= in(n-l) + 2--L. 


2 


Example 30. Show that the product of any odd number (n) 
of consecutive terms of a g.p. is equal to the nth term power of 
the middle term. 
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Let a be the middle term and r the common ratio, and let 
n = 2m + 1, where m is zero or a positive integer, so that the 
middle term is the (m-^l)th, and therefore the first term is 

~ and the lost ar”*; then, the product of the series of terms 


a CL a 

* ^ • ^m-i **• ~ 

= = a”. 


ar . . , . . ar^ 


Exercises 202. 

1. Find the sum to n terms of the scries whose rth term is 

2. Sum to 12 terms 

(200 + 2) + (205 - 4) + (210 + 8) + (215 - 16) + (220 + 32) + , 

3. Sum a: -f a, ic* + 3a, 5a, ... to 7i terms. 

4. Sum to n terms 

(1 4- 2) -f (2 + 2>) + (3 + 2^) + (4 + 2*) + ... . 

5. Sura to n terms the series whose nth term is 1 + 2n + 3”. 

6. Find the condition that the sum of an infinite number of 
terms of the series 

h f b y 

a-b^ \a-b) 

may be obtained. 

7. What is the number which must be added to each of the 
numbers 20, 50 and 100, so that the results may be in g.p, 1 

8. K a, hj e, d be four quantities in g.p., then ad = be, 

9. Two terms are taken equidistant from the beginning and 
end of a geometric series ; prove that their product is constant. 

10. Show that in every g.p. in which the common ratio is 3, 
the arithmetic mean between the 2nd and 4th terms is 5 times 
the 2nd term. 



321] 


GEOMETRICAL PROGRESSION 


207 


11. If a, 6, c be positive quantities in g.p,, prove that 
a^^c^>2b\ 

12. The difference of two numbers is 32, and the arithmetic 
mean exceeds the geometric mean by 8 ; find the numbers. 

13. Find an infinite g.p. in which each term is n times the 
sum of all that follow it. 

14. The first two terms of an infinite g.p. are together equal 
to 1, and every term is twice the sum of all the terms that follow 
it ; find the series. 

15. The sum of three numbers in g.p. is 126, and their 
i)roduct is 13824; find the numbers. 

16. Divide 183 into three parts in g.p., such that the sum of 
the first and third is 2^ times the second. 

17. The continued product of three numbers in g.p. is 512, 
and the sum of the products of them in pairs is 224 ; find the 
numbers. 

18. If a, a?, y, 5 be in A.P., and c*, x, y, d* in g.p., show that 
a + b cd (c + d). 

19. If a, 5, c, d bo in g.p., prove that a + cf > 6 -t- c, unless 
a + 6 be negative. 

20. If a, 6, c be in a.p. and sc, y, z in g.p., then 

21. How many terms of the series 1 + f + (|)*+... must be 
taken so that the sum may exceed 396? (log 2 = *30103). 

22. If r be positive, and 

(l+r4*7^ + ...toc3o)(l + jo-f ... to 00 ) = (1 ... tooo ), 
show that p must be negative and that r must be less than or 
vic5e versA 

23. If 1 + ... to cjo, y = 1+6 + 5^+... to oo , 

xy 

prove that 1 -f oft + a^b^ + ... to a? = — ^ . 

^ a7+y— 1 
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24. Ill any o.p. of an odd number of terms, prove that the 
sum of the extremes is numerically greater than twice the middle 
term. 

25. The sum of an a.p. of 11 terms is equal to the square of 
the 6th term, and the 4th, 7th and 11th terms are in g.p. ; find 
the series. 

26. If A bo the arithmetic mean, and G the geometric mean 
between x and y, find the ratio of a; to y, if A : G = 13 : 5. 

27. Find two numbers whose difierenco is 12, and of which 
the arithmetic mean bears to the geometric mean the ratio 5 : 4. 

28. Between each two consecutive terms of a series con- 
sisting of the squares of numbers in a. r. a geometric mean is 
inserted ; show that each term in the original series is an 
arithmetic mean between the inserted terms adjacent to it. 

29. The sum of the first and fourth terms of a o.p. is 13, and 
of tlie first four terms 25 ; find the series. 

30. Find the least number of terms for which the sum of 

1 + + + exceeds 3996 (log 2 = -30103). 

31. If S„ be the sura of 7i terms of the series a, ar, ar\ ... 
find the value of Sj + S.^ + S, 4 - ... + S„. 

32. If P be the product of n terms in o.p. of which the first 
is a and the last show that P^ = (a/)^ 

33. hind m and n in terms of a and 5, so that 

m + n 

may be the arithmetic mean between m and n and the geometric 
mean between a and b. 

34. If 8 be the sum of an odd number of terras of a series in 
G.P., and s' the sum of the series in which the signs of alternate 
terms are changed ; prove that the sum of the squares of the 
terms will be equal to ± S8\ the upper or lower sign being taken 
according as the signs of the even or odd terms are changed. 

35. If I, m, n, r be in o.p., prove that 

(^ + m + n -f ry = (J + my + (n + ? -i- 2 (m + ii)\ 



♦CHAPTER XXIX 

SERIES, CONT.; HARMONJCAL PROGRESSION AND 
MISCELLANEOUS SERIES. 

8. Harmonioal Progresstox. 

322. Def. 54. A hannonical progression is a series in which 
every three consecutive terms, a, c are such that 

a : c = a — b : b - c. 

A harnionical progression is generally denoted, for brevity, 
by H.P. 

323. The reciprocals of quantities in ii.P. are in a.p. 

Let a, 6, c be three quantities in h.p., 

then a :c = a- b :b -- c, 

a(b^c) = c {a- 6). 

Dividing both sides by abc, we get 

1 ^ 1 
c h b 

.111 

i.e. - , T , - are in a.p. 
abc 

324. No formula can be given for the sum of any number 
of terms in h.p. If, however, the common difference of the cor- 
responding A.P. be very small compared with the first term of the 
A.P., it will be seen (art. 391, Example 10) that an expression for 
the sum can be determined. 

D. A. II. 


14 
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325. Example 1. The numbers 1, | are in H.P., find the 

4th and 5th terms of the h.p. 

The numbers 1, f , f are in a.p. 

the common difference of the corresponding a.p. is 
/. the 4th and 5th terms of tlie a.p. are ^ and -J, 
the 4th and 5th terms of the n.i\ are i and 

Example ^ The first two terms of an ii.p. are a and 5, find 
the nth term. 

The common difference of the corresponding a.p. is t~- 

6 a 

a — b 


the nth term of the a.p. is 

1 a - h b (n - \ ) (a — h) 

- -f (n - 1) ' 

a ' ' 


ab 


ah 


(w — 1) a (n ~ 2) 5 
ab 


the nth term of the ii.r. is 
ab 

(n — 1) a ~ (n - 2) 6’ 


Exercises 203. 

1 . Find the third term of an ii.p. of which the first two are 
2 and 1^. 

2. Find the 5th and 7th terms of the ir.p. of which J and | 
are the first and third. 

3. Find the 5th term of the h.p. 2, 3, ... . 

4. Continue the u.p. 15, 20, 30, for two terms. 

5. Continue the h*p. 2|, IJ, for two terms on both 
sides. 
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Which term of the ii.p. ^ is - 

7. Which term of the h.p. 2, 1 ^ is | ] 

8. The 1st term of an h.p. is 1 and the 6th term is 
the 3rd term. 

9. The 4th term of an h.p. is 1 and tlie 10th term is ^ ; find 
the first three terms, 

10. The 3rd term of an h.p. is 2 and the 8th term is § ; find 
the 10th term. 

11. The 7th and 8th terms of an ii.p. are ^ and ^ i the 
sum of the first three terms. 

Find the h.p. of which 17^ is the first and 1^®^ the 
9th term. 

320. Dep. 55. If three terms be in h.p., the middle term is 
called the harmonic mean between the first and third. 

Dbp. 66. If any number of terms be in h.p., the intermediate 
terms are called the hai'mmiic means between the first and last. 

327. If H be the harmonic mean between two quantities x and 
y, then H 

x + y 

Since a;, H, y are in n.p. 

.Ill 

. . , - are in A.P, 

a H 2/ 

I .? /->■« 

H 2 v.r y) ixy ' 

H=-^. 

x + y 

328. Ifk,G and H be the arithmetic^ geometric cmd harmonic 
means between two quantities^ then (i) G is tlie geometric mean of A 
<md H, and (ii) A, G and H are in descending order of magnitude. 


14—2 
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If X and y be the two quantities, 
then 


2xy 




(i) = = = 


a? + y 


A, G, H are in g.p. 


(ii) A - G = - Jx^ 

’=l{x + y-2jxy) 

= \ ijy)\ which is positive. 

A A>G. 

Also AH = G*, 

/. H<G, 

/. A, G, H are in descending order of magnituda 


329. Example 3. Insert 3 harmonic means between | 
and S . 

Let d be the common difference of tlie corresponding A.P., of 
which the first term is 1-J^ and the 5th is 
then | = 1| + 4(Z, 


4 ^_ 2_6 8 


/. the arithmetic means are 
/• the harmonic means are 


Example *4? If G be the geometric mean between two 
quantities, x and y, show that the ratio of the arithmetic and 
harmonic means of x and G is equal to the ratio of the arithmetic 
and harmonic means of G and y. 


Let a, h be the arithmetic and harmonic means of x and G, 
a\ K those of G and y, then 
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also 


a 

h 


a; 4- G 2 £i?G _ G)“ 

2 a; + G ~ 4a;G 


y? 4- 2a;G + G* 
4xG 


y? 4 2xG 4 __ a; 4 2G 4 y 

4a:Q "" 4G 


Similarly, 


a' y 4 2G 4 a: 
X'"" 4G 


.*• a;A = a';//. 


Exercises 204. 

Find the harmonic means of : 

1. 4, 6, 2. 10, 20. 3. 1, 9. 

4. 5, 5. 14, 10. 

6. Insert two harmonic means between ^ and 1. 

7. Insert two harmonic means between 2 and 3. 

8. Insert three harmonic means between 6 and 11, 

9. Insert five harmonic means between 2 and 

Find the sum of the first and last of five harmonic means 
inserted between 2^ and 1. 

vH'. Find the first and last of n harmonic means inserted 
between x and y. 

12. The harmonic mean between two numbers, one of which 
is double the other, is 2| ; find the numbers. 

13. The arithmetic mean between two numbers is 4 and the 
harmonic mean is 3 ; find the numbers. 

14. The geometric mean between two numbers is 4 and the 
harmonic mean is ; find the numbera 

Ck5. Find two numbers whose arithmetic mean exceeds their 
geometric mean by 2, and whose harmonic mean is one-fifth of the 
larger number. 
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330. Example 5. If the mth term of a harmonic series be 
u, ami the ?ith term be m, prove that the rth term is . 

Let a, d be the first term and common difference of the 
corresponding a.p. ; then 

^ (m—l) d and ^ = a + (n~l)cZ. 

n ^ ' in ^ ' 


(in — 7i)d~ — 
u 


1 m — n 
m in n * 




JL^ 

inn * 


, 1 m — 1 1 

n inn inn* 

. rth term of the A. p. is 


1 r-~ 1 _ r 

mn inn inn * 


rth term of the h.p. is 


mn 

r 


Example 6. To each of three terms of a geometiic series, the 

second of the three is added ; show that the sums are in H. p. 

«. 

Let a, 6, c be an}^ three terms in q.p. so that 6^=ac; then 
« + 5, 26, 6 -f c are the required sums. 


Now, 


2 (a + 6) (6 + c) 2 a6 -H 6® -f ac + he 
(a + 6) + (6 + c) * a + 26 -f c 

_ 2 a6 + 26* + 6c 
a + 26 + c 

= 26. 


26 is the harmonic mean of a + 6 and 6 + a 
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Exercises 205. 

1. Continue for two terms each of the series: (i) — 2; 

2. Show that the numbers 1, — 2, 4 may be arranged in a. p., 
G.p. and 11. p. 

3. Find the equation whose roots are the arithmetic and 
harmonic means of the roots of the equation x^-px^q~0. 

4. The arithmetic mean between two numbers is GJ and the 
geometric mean is 6 ; find the harmonic mean. 

5. TJie arithmetic mean between two numbers is 17, and the 
harmonic mean is 13 j y; find the geometric mean. 

If the arithmetic mean between two numbers be 1, show 
that the harmonic mean is the square of the geometric mean. 

7. AVhat number must be taken from each of the numbers 
13, If), 19, so that the remainders may be in ii.p. 1 

8. if X’® = j/* = s:*, and x, y, s be in G.P., then will a, c bo 
in H.p. 

9. If a be the arithmetic mean between b and c, b the 
geometric mean between a and c, prove that c is the harmonic 
mean between a and b. 

10. If the mth term of an ii.p. bo n, and the nth term bo m, 

prove that the (m + ?i)th term is . 

m -f n 

11. If the arithmetic mean of two numbers exceed the 
geometric mean by and the geometric mean exceed the 
harmonic mean by 2, find the numbers. 

12. If X, yy z be in ii.p., find in its simplest form the 

V y 

geometric mean between x — ^ and z — ~ . 

13. If a, by Cy d be in ii.p., show that a + cZ> 6 + c. 
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14. If P, Q, R be the joth, ^th, rth terms of an H.P., then 
QR (g — r) + RP (r - /)) + PQ (jo - g) = 0. 

]5. If a, 6, c be in ii.p., then 2a — 6, 2G~b are in g.p. 

16. If a, b, c be in n.p., then a, a-c, a — b and c, c — a, 
c-hy are also in H .p. 

17. If by c be in ii.r., then ^ are also 

in H.P, 

18. If A be the rth term when 2n—l arithmetic means are 
inserted between a and 6, and H the rth term when the same 

A b 

number of harmonic means is inserted, prove that ^ + pj 
independent of the values of n and r. 

19. If a, by Cj d be in a.p., a, e, fy d in g.p., and a, gy hy d in 
H. p., prove that ad--^ef ^hh~ eg, 

20. If the arithmetic, geometric and harmonic means between 
two quantities be A, G, H and if X be the arithmetic mean between 
G and H, Y the geometric mean between H and A, and Z the 
harmonic mean between A and G, prove that X, Y, Z are in g.p. 

21. Between two quantities A and B a harmonic mean H is 
inserted ; between A and H, and between H and B geometric 
means Gj and Gg are inserted, and it is found that Gj, H and G, 
are in a.p. ; find the ratio of A to B. 

22. If £c — a, y — a, z — ahQ in g.p., prove that twice y-a is 
the harmonic mean between y — x and y — z, 

23. Three numbers in h.p. are such that the product of the 
first two is equal to the third, and the sum of the squares of 
the first two is less than three times the third by 5; find the 
numbers. 

24. If 2p and 3g be the ;?th and gth terms of an n.p,, prove 
that the {p -f g)th term is 6 (jp - q), 

25. If i 4 - i s= -i: — + -L- then either 5 = a + c or a, 5, c are 

a c b-a b-c * 


m H.p. 
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4. Miscellaneous Seuies. 

^ ‘ 331. To find the sum of the squares of the first n integers. 
Let S = P+2*+3=*+...+nl 
Since (n + 1 = n* + + 3n + 1, 

we have (n + 1)® - n* = 3n® + 3n + 1. 

Also, putting in succession n — 1 for ti, we get 

n® - (w “ 1 )* = 3 (n — 1)® + 3 (n- 1) + 1, 

(ti - 1 )® - (n - 2)® - 3 (n - 2)® + 3 {n - 2) + 1, 

3®-2®=3.2» + 3.2=^ + l, 

2®-l®=3. P + 3. 1 + 1. 

by addition, 

(n + l)®-P=3S + 3(l + 2 + 3 + ...+n)+7L 

/. w® + 3?i® + 3n = 3S + 3 . ^ ^ ^ + n, 

6S = 2n® + 6n® + 6n - 3n® - 3n — 2n 
= 2n® + 371® + n — n (2n® + 3n + 1). 
/. S = |7i(n+ 1)(27?. + 1). 

332. To find the sum of the cubes of the first n integers. 
Let S = 1® + 2® + 3* + ... + n®. 

Since (n + 1)^ = + Iti® + Gti® + 4/1 + 1, 

we have (w + 1 )^ — = 4n® + G/i® + 4n + 1 . 

Also, putting in succession n — 1 for w, we get 

n' - (7^ - ly = 4 (71 - 1)» + G (7^ - 1)® + 4 (7^ - 1) + 1, 

(n- 1)^- (n - 2)* = 4 ( 71 - 2)®+ 6 (w - 2)® + 4 ( 71 - 2) + 1, 

3^-2< = 4.2®+6.2® + 4.2 + l, 
2"~P=4.1® + G.P + 4.1 + 1; 
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by addition, 

(n-h 1 )‘ — = 4S + n (?i + 1) (2n + 1) + 2w (?^ + 1) + w, 

4S = ‘Ji* -f 4ri* + C/r + 4:71 — 27i^ — 3/i^ — 71 — 2n?— 2n — 7h 
= n* 4 - 271^ + 71* 

= 7i* {n+\y, 

s = ^7i*(7i + i)* = {U(/i + l)p. 

Hence, tlie sum of the cubes of the tlrsb n integei-s is equal to 
the square of the sum of the lirst 7i integers. 


333. Example 7. Find the sum of the squares of the iirst 
71 odd numbers. 

Let S-P + 3* + 5^4-... + (2n-~-l)* 

Then S = P + 2*+ 3*4- 4*+ ... + (27 j- l)‘-^4-(2n)* 

~ {2* + 4* 4 . 6* 4 -... 4 - (271)*} 

= P + 2* 4- 3* 4- 4* + ... 4 . (276 - 1 )* + {2ny 

*-4(P + 2’-4-3^4-...4-76*) 

= J . 2 n (271 4- 1 ) (4/6 4 - 1 ) - I /6 (76 4 * 1 ) (2/6 + 1 ) 

— J /6 ( 2/6 4 - 1 ) (4/6 4 - 1 — 2 . 76 4- 1 ) 

= 176(276 4- 1) (2/6 - 1) 

= Jn (4?r-l). 


334 . E'o find the su7n of 71 t€r7ns of the series 

a 4- (a 4- 6) r 4- (a 4 2b) r* 4 - (a 4 - 36) /-'* 4 - ... . 
Let S = a 4 - (a 4- 6 ) r 4 - (c6 4* 26) 7-* 4 - ... 4- (a 4- 76 — 1 . 6 ) 
then 


Sr = 


ar 4- (a 4- 6) P 4- ... 4- (a 4- 76 — 2 . 6) 

4 - (rt 4 - 76 — i . 6) 7-”. 


S ( 1 ~ r) = c6 4 - 6r 4 - 6P 4 - . . . 4- 6P‘ (a 4 76 — 1 . 6) t-* 

6r (1 — 

=:a4 — \ E 

1 - r 


- — (a 4 76 — 1 . 6) P 


a (1 — r) 4 6r (1 — P"*^) — (a 4 76 — 1 . 6) r” 4 (<x 4 76 — 1 .6) 
' 1 — r 

. ^ a — (a-6)r-(a4 nb) P 4 (a 4 76 — 1 . 6) 

.. s- . 
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If r be less than 1, the sum of an infinite number of terms is 
therefore 

a — (a - 6) r 

— 

335. To find the sum of n terms of the series 
1.2.3 + 2.3.4 + 3.4.5-f .... 

Let 

S = 1.2.3 + 2.3.4 + 3.4.5 + ... + n(7i + l)(n+ 2) 
and 

s' = 1 . 2. 3, 4 + 2. 3. 4. 5 + ... + n (n + 1) (?^ + 2) (ri + 3), 
also 

s' = 1 . 2 . 3 . 4 + ... + (ri — 1) ri (n + 1) (//. 4- 2) 

\ n{n-^\) (yi + 2) (n + 3). 

by subtraction, 

0- 1,2, 3.4 + 2.3.4.(r>-l) + 3.4.5.(6-2) + ... 

+ n (n 4 - 1 ) (n + 2) (rt 4- 3 - n - 1 ) 
— n (n 4* 1) (n 4- 2) {71 4- 3) 

= 4(1, 2. 3 + 2. 3. 4 + 3. 4. 54-... 4- n. ^JTl . rM-' 2 ) 

— n (?i + 1) ft + 2) (it + 3) 

= 4S — n (n + 1) (71 + 2) (n + 3). 

S = (71 + 1) (7i + 2) (rt + 3). 


336. To Jmd the sum of n terms of the se7'ics 

1 1*1 1 
1 . 2. 3 2 . 3T4‘*' 3.175 4 TsTg 
Let 

o 111 1 

^ ‘ i.2.3'‘' 73. 4“^ 3r4.5'^"’'^«(n +!)(« + 2)’ 


also 



_L ^ 

2 . 3“^ 3.4“^ 


S' = 


1 

1 . 2 '^ ' 2 . 3 '^ 


1 1 

^ n (n+ 1) ^ ft + 1) (71 + 2) * 

1 

^ ?l (7i + 1 ) 

1 

* (?i+ 1) (n + 2) * 
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by subtraction, 


2 Vl.2 2 . 3 ; V2.3 3 . 4 ; - 

^ 

. n -f 1 w + 1 . n + 2/ (n + 1 ) (n + 2) 


1 3-1 4-2 

2 i.2.3 2.3.4 


w + 2 — n 


n (w + 1 ) (w + 2 ) (n + 1) (n + 2) 


2 (n + l)(n + 2)’ 

■ s-^ P— i__l 

• 2 12 (n+l)(n + 2)r 

Hence, the sum of an infinite number of terms is 


337. Example 8. Find the sum of n terms 

1.2 + 2.34-3.4 + ... + n(7t+l). 

Let S = 1.2 + 2.3+3.4 + ... + n(7i + l). 

Now, since n (w + 1) = n* + n, it follows that 

1.2 = P+1, 2.3 = 2*+2, 3.4 = 3» + 3, etc. 

•% S = (P+ l) + (22 + 2) + (32+3) + ... + (n» + n) 

= (P + 2^* + 3^ + ... + + (1 + 2 + 3 + ... + n) 

= (n + 1) (2n + 1) + (w + 1) 

= (n + 1) (2n +1+3) 

= Jn (7^ + 1) (n + 2). 

Example 9. Find the sum of 

111 1 

1.2‘^2.3'^3.4'''"''^M(n+l)’ 
111 1 

1. 2 ■^•2. 3 ■*■3. 4 (» + !)• 


Let 
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Now, since — r , it follows that 

w (n + 1) n n + 1 

1 1 1 1 1 1 

^ 2 3 2 3* 3 4'~3”^4^ 

n + 1 ' 

Example 10. Find the series whose sum to n terms is 7^*. 

The rth term = (sum of r terms) - (sum of r - 1 terms) 
==r^^(r~l)s = 3r®-<3r+ 1. 

/. 1st term = 3 — 3 + 1=== 1, 

2nd term = 3. 4-3. 2 + 1 = 7, 

3rd terra = 3.9 — 3.3 + 1 = 19. 

/. the series is 1, 7, 19, ..., (3/^ — 3r + 1),.... 

Exercises 206, 

Find the sum of ; 

1. 22 + 4» + 6"+...+(2n)^ 2. 2» + 4» + 6^+ ... + (2n)*. 

3. P + 3* + 5»+,..+(2n-l)«. 

4. 8 terms of the series of which the nth term is n (2 — 3n). 

5. 1 + 2a; + 3x^ + . . . + na;’‘“\ proving that when a; = 1 + - , the 

n 

sum of the series is n*. 

--^ 1 ^ 1.1 71+1 

6. 1 + 2. g + 3 . — + 4. ^3 + ... + +...t0Q0. 

7. 1.3 + 3.5 + 6.7 + ... toTi terms. 

8. 1 + 3 + 6 + ., . + ^71 (ti + 1 ). 

1 1 1 

1.2.3.4’^2;3.4.5'*'3.4.5:6 


1.2 12 



1 


+ . . . to 7^ terms. 
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10 . 

11 . 

12 . 

13 . 

14 . 


1 


3. 4 *^4 


1 

1 

3. 5"^ 5 

TT'"- 

1 

1 

2 . 5 3 

76-^- 

1 

4 . 

3.5"^** 

• (2w 

1 

1 

2 . 4 3 



15. 1 -f 3 + 7 -h ... -f (?r-n + 1). 

16. 1.2 + 3 4 + 5 . 6 + ... to n terms. 


17. 1. 3 + 2. 4 + 3. 5 + 4. 6 + .,. to n terms. 

18, 1.5 + 2. 6 + 3.7 + ... ton terms. 


19. 2. P + 4. 3^ + 6. 5^ + ... to n terms. 

20. P.2 + 2^3 + ...+n*{n + l). 

21. 1 . 2^ + 2 . 3^ + 3 . 4* + ... to n terms. 

22. 2.4 + 5.9 + 8.14 + ... tow terms. 

23. 1.2. 3 + 2. 3. 5+3. 4. 7 + 4. 5. 9 + 


to n terms. 


24. The sum of n terms of a series is n. 2**, find the rth terra. 


25. 


Sum to n terms the series whose rth term is 


2r-l 
" 2 " • 


26. Sura to w terms the series whose rth term is 
r (r + 1) (r + 3). 

27. Prove that the sum of n terms of the two series whose 
rth terras are 4P - 3P - 1 and 8r® + 2r — 1 , respectively, are to 
one another as w — 1 to 2w (w being >1). 

28. Sum to n terras 

w + 2 (w — 1) + 3 (w - 2) + 4 (w - 3) + ... + r (?i - r + 1) + ... . 
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29. Find the sum of 

1 . 2ri t 2 . 3 (vi ~ 1) + 3 . 4 (72 - 2) + ... 4 . n (n + 1). 

30. Find the sum of the 4th powers of the first n integers. 

31. Sum to infinity 1 + 3a; + 5a;^ + 4 - ... (a? being < 1 ). 

32. Find the value of + 5 , + ... -f where is the sum 
of r terms of an a . p ., whose first term is a and common 
difierence 6. 

33. If «(,, tti, (Zj, ... be in A.P., show that 

cto -f ajX + ... 4- 

may always be written in the form 

A 4 Bx + 4 

and find the values of A, B, P, Q when do, a, and 71 are given. 

34. Sum the infinite series 

l4r4(l 4a)r^4(l4rt4a^)r^4.... 

35. If 7 / = a; 4 4.r^ 4 4 lOx* 4 ... to a? , (x < 1), find x in 

terms of y, 

36. Sum to 72 terms P 4 4 3V 4 4V 4 



CHAPTER XXX. 

MATHEMATICAL INDUCTION. 

338. Formulae involving a quantity which is known to be 
a positive integer may often be proved simply by the method of 
mathematical induction. The method, which is illustrated in the 
following examples, consists in showing : (i) that the formula 
holds true for the smallest possible value of the integer ; and 
(ii) that, assuming it to hold true for some value n of the integer, 
it also holds true for the next higher value, n + 1, of the integer. 
Thus, knowing that the formula is true when n is, say, 1, it is also 
true when 71 is 1 4- 1 or 2, therefore when is 2 + 1 or 3, therefore 
when n is 4, and therefore when n is any integer. For instance, 
in the second of the following examples, it is shown that, if ar" - 
be divisible by x-a, then is also divisible by x—a. 

But a;** — a” is obviously divisible by a; a when n = 1, therefore 
it is divisible when n = 2, therefore when n=3, and therefore 
when n has any integral value. 

In some cases, a formula is only true when n is either odd or 
even, and in such cases the next higher value of n is -f 2. Thus, 
if + a** be divisible by a; + a, it can be shown that x^^ + is 
divisible by sc + a, but that -f is not so divisible. Now, 
sc** 4 * a” is obviously divisible by sc -f a when ti = 1, therefore it is 
divisible when w = 3, therefore when n = 5, and so on; thus 4 a** 
is divisible by a; 4 - a when n is an odd number. 
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339. Example 1 . Prove, by ind uction, that the su m of n terms 

in G.P. is — — where a is the fii*st term and r the common 
r — 1 


Assume tliat 


a ^ ar + ar 


o n 1 “1) 

r ~ J 


a -- 1 ) 

a + ar -f- ar- -f . . . + ar” ^ + ar” = _ ^ + ar” 

r — 1 

_ a (r” - 1 + r”+* - r”) 
r - 1 

_ g (r”-^^ -- 1) 
r — 1 

Thus, if the formula hold true for n terms, it also holds true for 
a + 1 terms. 


But it is obvdoiisly true when n=l, therefore when n = 2, 
therefore when ii - 3, and so on; and therefore universally. 

Example 2. Prove, by induction, that is divisible by 

a? -a, when n is any integer. 

Assume that x” ~ a” is divisible by a? — a, 
then a;" = a; ~ a") + .ra” - 

= X (x” — a”) + a** (j? ~ a). 

/• is also divisible by a: — a. 

But is divisible by x — a when n=l, therefore when 

n = 2, therefore when n = 3, and so on; and therefore x"~a** is 
divisible by x — a, when n is any integer. 


Example 3. Prove, by induction, that 9”-~8a+ 1 is divisible 
by 64. 

Assume that 9” - Sn - 1 = M (64), where M (64) denotes some 
multiple of 64, 

D. A. n. 


15 
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then 9"+^ - 8 + 1) - 1 = 9 (9« - 8/1 - 1) + 72n 4 9 ~ 8 (7^ + 1) - 1 

= 9. M (64) + 6471 
- M (64). 

Thus, if the result hold true for n, it also holds true for n + 1. 

flut it is obviously true when n = 2, therefore when n = 3, 
therefore when n = 4, and therefore universally. 

Exercises 207. 

Prove, by induction, that 

1. The sum of the first n integers is Jti (ti 4- 1). 

2. The sum of the first n odd numbers is n\ 

3. The sum of terms in a.p. is ~ {2a 4 - (ti — 1) d}, 

4. The sura of the cubes of the first n integers is equal to the 
square of the sum of the integers. 

5. 1 . 2 * 6 4- 2 . 3 . 4 4- 3. 4. 5 + ... to n terms 

= •j:7^ (ti 4- 1) {n 4- 2) (n + 3). 

6. 4- a" is divisible by a; 4 - a, if n be odd. 

7. — a” is divisible by a? 4- a, if 7^ be even. 

8. (5 — c) 4 (c — a) 4- (a — 6) is divisible by {h - c) (c - a) 

(a^b). 

9. (P 4- P) + (2» 4 20 4 (3» 4 3^) + ... to n terms = (n 4 1)^ 

1@. (<^1 4 #2 4 ... 4 a^y = Oi® 4 4 ... 4 

4 2«i«a + 4 ... 4 2a^an 4 2a2a^ 4 ... 4 2a,|_ia„. 

11 . n{n+l) ( 271 4 1 ) is divisible by 6 . 

12. 3^+*- 8/1—9 is divisible by 64 when w is a positive 
integer. 

13. (3/14 1). 7** — 1 is divisible by 9 when w is a positive 
integer. 



CHAPTER XXXL 

PERMUTATIONS AND COMBINATIONS. 

\ 340, Dep. 57. The different orders in which a group of 

things can. be arranged, either all together or a certain number 
together, are called their 'permutations. 

Thus, the different permutations of the letters <2, 5, c one at 
a time are a, Z>, c; two at a time, 06, oc, 6a, 6c, ca, c6; all 
together, a6c, ac6, 6ac, 6ca, ca6, c6a. 

The number of permutations of n things taken r at a time is 
denoted by „P,.. Thus gpj = 3, jPg =: 6, gP, = 6. 

341. Example 1. In how many ways can a chairman and 
a secretary be elected from a committee of five, all the members 
being supposed equally eligible for the posts 1 

Let the different members be represented by the letters 
a, 6, c, df e. 

The chairman may be chosen in 5 different ways. 

If a be elected chairman, there are 4 men, 6, c, c?, c, left from 
whom the %cretary may be chosen, i.e. the secretary may be 
chosen in 4 ways. Similarly, if 6 be chosen chairman, the 
secretary may be chosen in 4 ways. Thus, for each choice of 
chairman, the secretary may be elected in 4 ways. 

the total number of ways of choosing both chairman and 
secretary is 5 x 4 or 20. 


15-^2 
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Examjile 2. In liow many different ways can a peal of 
5 bells be rung? 

Tlie first bell may be rung in 5 ways. 

With each way of ringing the first bell, the second may bo 
rung in 4 ways. 

number of ways of ringing the first two bells is 5.4. 

With each way of ringing the first two bells, the third may 
be rung in 3 ways. 

number of ways of ringing the first three bells is 5. 4. 3. 

With each way of ringing the first three bells, the fourth may 
be rung in 2 ways. 

.'. number of ways of ringing the first four bells is 5 . 4 . 3 . 2. 

With each way of ringing the first four bells, the fifth or last 
may be rung in only 1 way. 

number of ways of ringing the 5 bells is 5 . 4 . 3 . 2 . 1. 


Exercises 208. 

1. In how many ways can a cricket eleven choose a captain 
and deputy captain ? 

2. Find the number of peimutations of the letters of the 
word advise taken (i) 3 Jit a time, (ii) all together. 

3. How many changes can bo rung with 5 out of 8 bells, 
and Jjow many with the whole peal ? 

4. In how many ways can the letters a, 6, c, c/, e be arranged 
two at a time ; and in how many of these will a sta||d first ] 

5. In how many ways can the letters a, 6, c, d, e, f be 
arranged 3 at a time ; and in how many of these will (i) a, and 
(ii) oft, stand first ? 

6. Find the number of permutations taken all together of 
the letters of the word chance. 
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V 342 . To find the number oj permutations of n different things 
taken r at a time. 

First method. The first thing may be taken in n ways. 

With each way of taking the first thing, the second may be 
taken in n — 1 ways ; 

the number of ways of taking the first two tilings is 
n (n » 1). 

With each way of taking the first two things, the third may 
be taken in u — 2 ways ; 

the number of ways of taking the first three things is 
(n - 1) (yi - 2). 

Now, for each additional thing taken, the number of things 
that renuiin is diminished by one. Thus, the second term of the 
last factor is always one less than the number of things taken ; 
so that, when r tilings are taken, the second term of the last 
factor is r - 1. 

P = n (n ~ 1) (n — 2) ... (a — r — 1) 

^ = n (n — 1) (w - 2) ... (71 - r -h 1). 

Second method. Let the n diflerent things be represented by 
the letters Oj, a^, 03, ..., a„, and let the required number of 
permutations be so that the number of permutations of 
n things taken r-1 at a time is ^P^-i. 

Take any permutation of r — 1 letters, say a^a^a^ ... lo 

it add one of the remaining n — (r-1) or n~r + l letters a,., 
^r+i» •••» III f^bis way, we obtain permutations of r letters 
in each of which ... a^^^ stands first, and the number of such 

permutatioqH is — r+ 1 . If we do the same to each of tlie 

n^r-i permutations of n things taken r — 1 at a time, the total 
number of permutations so formed will be ,^P,.^i x (ti ~ r + 1). 
But, as in these different permutations, each letter occupies 
in its turn every place in the series, the number of permuta- 
tions so formed must be 

»Pr = «Pr-J ><(»-»•+ !)• 
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Since this equation is true for all values of r not greater 
than n, it is true when r — 1 is substituted for r, i.e. 

= n^r-a X (?i — r - 2) or n^r-a ^ - r -f 2). 

Similarly, 

«Pr -2 = nPr-8 X (n - r - 3) or „P ,._3 X (n - r *f 3), 
and so on, until finally, 

nPj = nPj >^(n- 2), 

ijPj = X (w 1) 7t X (n — 1 )- 

Hence, 

»^r • • n^r-j • n^a 

= nPr->i-«Pr-a-»Pr-8*-- n^a- X (n - r ■+• 1) (n - r + 2) ... (n~l).w. 
nPr - “ 1) - 2) ... (n-r+ 1). 

343. 2b find the number of pernmtations of n different things 
token all together. 

We have 

„P,. ^7i{n — 1) (n - 2) ... (w — r 1). 

»Pn = « (« - 1) {n - 2) ... {n-n+l) 

= M(r»-l)(n-2)...3.2. 1. 

344. Def. 58. The continued product of the first n numbers 
is called factorial 91 , and is denoted by the symbol or 71 1 

Exercises 209. 

and 1^. 

Prove that 

2. [8 = 8 [7 and 1 10 = 90 [8. 

4. ^ |n — 1 and {n - 1) : 

5. ^ = |7^ + 1 — [n, 

7. If [n = 56 j n — 2, find n, 

8, Prove that ]^n = 2" [^. 1.3.5... {2n — 1). 


1. Find 1 3, [4 


I n — 1 = 


3. (8 -r [5 = 336. 

1 

in-2' 


6 . 


1 


\n j n — 2 1 — 1 ' 
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345. Examjjle 4. Find the number of permutations taken 
all together of the letters of the word essence. 

Let X be the required number of permutations. 

Take any one of these x permutations, say 
essence, 

and in it change the three letters e into three new letters 
dillerent from one another and from ail Iho rest, say a, 6, so 
that the permutation becomes 

a s 8 6 n c d. 

From this one permutation, the number of permutations that 
can be fornmd by interchanging the three letters a, d in all 
possible ways is 

from all the x permutations, the number of permutations 
that can be formed by interchanging the three letters a, 6, d in 
ail possible ways is a; x [^. 

Take any one of these a; x permutations, say 
a s 8 b n c d, 

and in it change the two letters a into two new letters dififerent 
from one another and from all the rest, say so that the 
permutation becomes 

o.fg b n c d. 

From this one permutation, the number of permutations tl»at 
can be formed by interchanging the two letters /, g in all possible 
ways is ; 

froin all the ^ x permutations, the number of permuta- 
tions that can be formed by interchanging the two letters /, g 
in all possible ways is a? x x 

But the seven letters are now all different, and, as in the 
different rearrangements each letter occupies in its turn every 
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place in tlie series, the number of permutations so formed must 
be [7. 

L^= [7- 
17 


•• •‘-[3 [ 2 * 

'' 346. To find the Jiumher of •permutations of n letters taken 

alt together, there being p letters a, q letters 6 , r letters c, etc. 

Let X be th(^ required number of permutations. 

In any one of these x permutations, say 

aaa ... ahbb ... bccc ... edef ...^ 


let the p letters a be changed into p nc'w letters different from 
one another and from ali the rest, say aj, a^j ...» so that 
the permutation becomes 

ajUgaa ... a^hhh ... bccc ... edef .... 

From this one permutation, the number of permutations that 
can be formed by interchanging the letters in 

all possible ways is [p ; 

from all the x permutations, the number of permutations 
that can be formed by interchanging the p letters a^, ag, Og, 
in all possible ways is x x 

In any one of these a? x [p permutations, say 
a^a^a ^ ... a^bhh ... bccc ... edef 

let the q letters h be changed into q new letters different from 
one another and from all the rest, say frj, 63 , 63 , so that 

the permutation becomes 

... a^byh^b^ ... b^cce .. edef.... 

From this one permutation, the number of permutations that 
can be formed by interchanging the q letters 61 , ^ 3 , in 

all possible ways is j ^ ; 
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/. from all the x x permutations, the number of permuta- 
tions that can be formed by interchanging the q letters 63 , 
63 , bq in all i»ossible ways is rc x j/) x [j/. 

Similarly, the number of permutations that can be formed by 
changing the r letters c into r new letters differerit from one 
another and from all the rest is xx^px x and so on. 

But the n letters are now all different and, as in the different 
rearrangements each letter occupies every place in the series, the 
number of permutations so formed must be |^. 

x X X [ (/ X [r X ~ jn. 


347. Example 5. Ifow many permutations can be formed 
of the letters of the word severe all together, each of which 
begins with s and ends witli el 

Excluding these letters, there are 4 others, of which 2 are e 
and the others different 

The number of permutations of these 4 letters is |_4 [2 

or 12 . 

the number of permutations which begin with s and end 
with 6 is 12 . 

Example 6 . How many different permutations can be formed 
of the word sexfere all together, in which the letters v and r do 
not come together 1 

Excluding the letters v and r, there are 4 others, of which 
3 are e. 

Let the letters v and r be supposed joined together in the 
order vr. Then the number of letters may be regarded as 5, of 
which 3 are e and the others are different. Tlie number of 
permutations of these 5 letters all together is or 5.4 

or 20 . 
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In any one of these 20 permutations, the letters v and r may 
be rearranged in 2 ways. 

the total number of ways in which v and r come together 
is 20 . 2 or 40. 

But the total number of ways in which the 6 letters may be 
arranged is | 6 -f- 1 3 or 6 . 5 . 4 or 120. 

the total number of ways in which v and r do not come 
together is 120 - 40 = 80. 


Exercises 210. 

1. Bind the values of gPa, gP^^, laP^ and ^jP^. 

2. Show that 10P4 = 8P4 x 3. 

3. If ,jPa = 110, find w. 

4. If = 20w, find 71. 

5. If ^jPj : n+jPg = 5:12, find r^. 

Find the number of permutations taken all together of the 
letters of the words: 

6 . Magnitude. 7. Manna. 

8 . Humourous. 9. Trinitarian. 

10. Find the number of permutations taken all together of 
the letters of the word monotone ; how many of these will begin 
and end with n ? 

11. Find the number of permutations taken all together of 
the letters of the word orchid] how many of these will begin 
with 0, and how many will begin with o and end with d1 

12. Find the number of permutations 4 at a time that can 
be formed with the letters of the word portal ] how many of 
these will begin and end with vowels ? 
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13. How many numbers gi-eater than 1000 can be formed 
with the digits 1, 2, 3, 4, and how mauy of these will be greater 
than 3000 ? 

14. How many numbers greater than 1000000 can be formed 
with the digits 3, 3, o, 5, 7, 7, 7 ? 

15. How many numbers greater than 10000 can be formed 
with the digits 1, 2, 3, 4, 0^ 

16. In how many different ways can 4 Englishmen and 

4 Americans be arranged at a round table so that no two of tine 
same nation sit together ? 

17. In how many ways can a party of 6 ladies and 6 gentle- 
men be seated at a round table, so that no two ladies sit 
together ? 

18. In how many diffTerent ways can the letters a, 6, c, d be 
arranged without letting b and c come together ? 

19. Find the number of ways in which 8 books can be 
arranged on one shelf so that two particular books shall never 
come together. 

20. In how many different ways can 4 flags of each of 

6 different colours be hoisted in a vertical line? 

21. In how many ways can a man distribute 5 votes 

among 5 candidates, it being allowable to give more tlian one 

vote to each ? 

22. In how many ways may 3 different books be given to 

5 persons, (i) if no person may have more than one book, (ii) if 
he may liave more tiian one ? 

23. In how many ways can 6 men and 5 women sit in a 
row, so that men and women are seated alternately ? 

24. Find the number of ways in which n differently coloured 
beads can be (i) arranged in a line, (ii) formed into a circle on a 
table, and (iii) formed into a necklace. 

25. If there be n objects, of which r are alike and the rest 
unlike, prove that the number of ways in which they can be 
arranged in a row is (r + 1) (r + 2) ... 
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\ 348, DiiP. 59. The different sets which can be formed 
from a group of things, either all together or a certain number 
together, are called their co7nhinations. 

Thus ah and ha, though different permutations, form only one 
combination. The different combinations of the letters a, b, c, 
one at a time, are a, c \ two at a time, are be, ca, ub; all 
together, abc. 

The number of combinations of n things taken r at a time is 
denoted by Thus 

jCj = 3, 3 C 2 = 3, 303 = 1 . 

•V^349. To find the number of combinatiom of n different 
things taken r at a time. 

First method. Let ,^0,. denote the number of combinations 
of 71 things taken r at a time. 

Take any combination of r things. The number of permuta- 
tions that can be formed by arranging these r things in all 
possible orders is |r. 

the number of permutations that can bo formed from all 
the combinations is 

,Cr X [r. 

But all the groups of r letters arranged in all possible orders 
are the same as all the ])ermutations of n things taken r at a 
time. I 

«CrX [l=»Pr. 

. »Pr n(n-l)(ji-2)... (n-r+1) 

fi (n — 1 ) (??. - 2) . . . (n - r 4- 1 ) . (n - r) . . . 3 . 2 . 1 
[r , (n - r) . . . 3 . 2 . 1 

1 ^ 
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Second method (without assuming the formula for the number 
of pormntationa of n things taken rat a time). Tjet denote 
the number of combinations of n diflbrent things, each containing 
r-l things. Tf to each of these combinations be added one of 
the remaining — (r-1) things, we obtain w — r-fl different 
combinations eacli containing r tilings. But each combination 
so obtained will be obtained r times over by the addition of each 
of its r things to a previous group of r-l things*. Thus the 
total number of combinations of n things taken r at a time is 


Thus 


-r 4 - 1 


Since this equation is true for all values of r not greater than w, 
it is true when r~ 1 is substituted for r, i.e. 

^ ^ n - r + 2 


Similarly = „C^_, x , 

and so on, until finally, 

Ji 


Hence, by multiplication, 

„Cr = „Ci X 


n— 1 

“T" 


n — 2 n — r-f 1 

3 *** r 


^ ri (n - 1) (n~ 2) ... (?i ~ r + 1) 

Lr ■ 

Cor. 1. The number of combinations of n things taken r at 
a time so as always to include a particular thing is n-i^r-u fo** 
there are r — 1 things to be chosen to make up r and n — 1 things 
to choose from. 

* For example, the combination ahed will be obtained by adding a to 
b:dy h to acd, c to abd and d to ahc. 
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Cor, 2. The number of combinations of n things taken r at 
a time so as always to exclude a particular thing is 
there are r things to be chosen and — 1 to chodse them from. 

360. To prove that rfir-rfin^r^ 

First proof. With each way of taking r things out of n, 
there is a group left of n — r things; 

the number of ways of taking r things out of n is the 
same as the number of ways of leaving n-r things out of n ; 

• • n^r ~ n^n-r * 

In 

Second proof. == 

n^n-r 

# ' • nCr=n^n~r* 

^ 351. To prove that n+fir = n^r-l + 

The number of combinations of n things taken r at a time is 
equal to the number which include a particular thing (namely, 
together with the number which exclude the same tiling 
(namely, ^C,.) ; 

• • 7*+iCr ~ n^r-l + n^r* 

352. Example 8. Find the number of different sums that 
can be formed with 2 sovereigns, 3 shillings and 4 pence. 

(It should be noted that no one sum can be formed by a set 
of any others. For instance, if there had been 1 2 pence instead 
of 4, the same sum would be formed by taking 1 shilling oi 
12 pence. ! 

Either 2 sovereigns, 1 sovereign or 0 sovereigns may be taken ; 

3 suras may be formed with the sovereigns only (counting 
the case in which no sovereigns are taken). 

With each way of choosing the sovereigns, either 3 shillings, 
2 shillings, 1 shilling or 0 shillings may be taken ; 
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/. 3.4 sums may be formed with the sovereigns only and 
shillings only (counting the case in which no sovereigns and no 
lehillings are taken). 

With each way of choosing the sovereigns and shillings, 
either 4 pence, 3 pence, 2 pence, 1 penny or 0 pence may be 
taken ; 

/. 3.4.5 sums may be formed with the sovereigns, shillings 
and pence (counting the case in which no sovereigns, no shillings 
and no pence are taken) ; 

/. the total number of snms is 3 . 4 . 5 — 1 or 59. 

^ 353. To find the number of difi event groups of things of 
which p things are alike^ q things are alike and different from the 
resty and r things are different from one another and from all the 
rest. 

Of the first group of things, either jp, - 1, - 2 , ..., 2 , 1 or 0 

may be taken ; 

7 ? 4- 1 groups may be formed from the first set (counting 
fj^he case in which none are taken). 

With each way of choosing the first set of p things, either 
^ - 1 , q — 2, 2 , 1 or 0 of the second set may be taken; 

(p 4- 1) ( 9 ^ 4- 1) groups may be formed with the first two 
sets only (counting the case in which none of either set is taken). 

With each way of choosing the first two sets of things, either 
1 or 0 of the first of the r things may be taken ; 

(t? 4- 1) ( 9 ' 4- 1) 2 groups may be formed (counting the case 
in which none of either set is taken), and so on ; 

the total number of groups is ( 7 > 4 - 1 ) (9 4 - 1 ) 2 ' - 1 . 

Exercises 211. 

1. Find the values of gCj, gCj, 

2. Show that „C,. 4 - . 
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3. If n ^2 = 11, find n. 

4. If = 5 : 3 , lind n. 

5. There are 12 points in a plane, no three of which are in a 
straight line; how many liuevS can be drawn joining the points? 

G. Tiiere are 20 stations on a railway ; find the number of 
tickets required so that a person may travel from any one station 
to any other. 

7. There are 1 5 points in a plane, no three of which are in 
a straight line ; how many triangles can be formed by joining 
these points? 

8. There are 10 points in a plane, no three of which are in a 
straight line ; how many triangles can he formed by joining these 
points, every such triangle having a vertex at a particular point? 

9. How many triangles are in general formed by n straight 
lines in a plane ? 

10. How many groups of 4 men can be selected from 
12 men, so as always to include a particular man? 

11. How many pickets of 5 men can be chosen from a group 
of 20 men ; and in how many of these will 2 particular men be 
found ? 

12. Prove that ,+, 0^+1 = + 2 . „C, + „Cr_, . 

13. In how many ways can a committee of 3 liberals and 
3 conservatives be chosen from 10 liberals and 12 conservatives? 

14. In how many ways may 12 be divided into 3 sets of 4 ? 

15. In how many ways may 16 people be divided into 
A groups of 4 persons in each? 

16. Of 15 men, 10 can row and cannot steer, and 5 can 
steer and cannot row ; find how many boats* crews of 8 rowers 
and a coxswain can be formed out of the 15 men. 

17. How many combinations can be made of 6 things taken 
any number at a time ? 
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18. Tho number of permutations of n things taken 
2 together is 56, and of m — n things taken 2 together is 12; 
find tho ijurnber of combinations of m things n together. 

19. Two points are taken on each side of a triangle, and the 
6 points thus given are joined in every possible way ; how many 
triangles are there in general in the resulting figure, when all the 
lines in it are produced indefinitely ? 

20. A certain council consists of a chairman, two vice- 
chairmen, and 12 other members; how many different com- 
mittees consisting of 6 members can be chosen, including always 
the chairman and one of the vice-chairmen? 

21. The number of combinations of n letters taken 5 together, 
in which a, 5, c occur, is 21 ; find the number of combinations of 
them taken 6 together in which <x, 5, c, d occur. 

22. In how many ways could two ladies and two gentlemen 
be chosen to make a set at tennis from a party of 6 ladies and 
8 gentlemen ? 

23. Provo that the total number of ways in which a selection 
can be made of n articles is 2^—1. 

24. The total number of combinations of n things of which 

p are alike and the rest unlike is 1) 1, 

25. How many different sums can be formed with 5 
sovereigns, 3 half-crowns and 2 shillings? 

26. How many different sums of money can be formed with 
2 crowns, 1 florin and 2 shillings ? 

27. How many sums can be paid out of 3 pence, 2 sixpences, 
5 shillings, 1 half-crown and 4 sovereigns ? 

♦354. Example 9. Show that gC,. is greatest when r = 3 
and that yC,. is greatest when r = 3 or 4. 

We have the following table of values ; 


A 

gCa 

.C, 

6^4 

6^8 

.c. 


6 

15 

30 

15 

6 

1 


7 C 1 

A 

rC, 


7^8 

A 

7C7 

7 

D. A. 11. 

21 

35 

35 

21 

7 

1 

16 


16 
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is greatest when r = i.e. and is greatest wlien 
r = 3 or 4, i.e. ~ 


2 2 


(p *355. To jnove (i) that at first continually increases 
and afterwards continaally decreases as r increases from 1 to 

and (ii) that is greatest when r = ^ if n be even^ and when 


n - 1 n + 1 , , , 

; _ Qj. — . xj n be odd. 


(i) We have 


^ n (n — 1 ) ... (?i - r + 2) (n — r + 1) 

“C*-" ^r72:“Tr(r - ly: r “ 


and 


^ _ n (n — 1) ... (7t — r + 2) 

n r-1 = rTy:::r(7~ I)"" ^ 


^ ^ n~r+l ^ + l 

..Cr - nCr-I r ^ ("^r V ’ 


Now, as r increases, the factor 


^+1 


— 1 decreases ; but so 


long as it is greater than unity „C,.>,iCr.i, i.e. continually 

increases as r increases ; and, when 1 becomes less than 

r 

unity, then „C,. < i.e. „C,. continually decreases. If 

—i 1 - or n+l=:2r, then n^r — n^n-r’i i-®' Inhere will be 

two maximum values of ^Or if n be odd, but only one if n be 
even. 

(ii) Let f^Cr be that value wliich is not less than or 

nOr^i and is greater than all the other values. 

»C,-, 


Now ^ and , 

r-f 1 ' 


r nOr 

nPr n^r-i n^r+i, 

n-r + 1 1^+1 1-1 

. . <t 1 and <t 1, 

r ^ n-r^ ^ 

n — r + 1 r and r + 1 ^ n — r, 


and since 
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/. 2 r w + 1 and n — 1 , 

the only values which 2r can have are 7i n and + 1 . 


If 

If 


n be even, then r ~ 


n 

2 ‘ 


n be odd, then r = 


n - 1 


n + 


1 


356. Example 10. Twelve cards are dealt to four persons, 
find (i) how many diderent hands may be held by auy one of 
them, and (ii) in how many ways the cards may be distributed 
among the four. 

(i) The number of different hands is the number of com- 
binations of 12 things 3 at a time or or 220. 

(ii) The first hand may be dealt in jjCj ways, leaving 9 cards 
to be dealt. With each way of dealing the first hand, the next 
hand may be dealt in gCg ways, leaving 6 cards to be dealt ; 

the first two hands may be dealt in igCg x ways. 

With each way of dealing the first two hands, the third 
hand may be dealt in gCj ways, leaving 3 cards to be dealt; 
the first three hands may be dealt in J 2 C 3 x 9 C 3 x gCj ways. 
With each way of dealing the first three hands, the fourth 
hand may be dealt in one way; 

/, the total number of ways of distributing the cards is 

19 |6 112 

Example 11. There are n points in a plane, no three of 
which are in a straight line, except p which are in a straight 
line ; how many straight lines can be drawn joining them % 

First solution. If no three of the n points were collinear, 
the number of such lines would be 

If no three of the p points were collinear, the number of euch 
lines would be — !)• But one line can be drawm through 

the p points, 

IG— 2 
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/. the total number of lines joining the n points is 
(n--l)-^;7(/?~l)4- 1. 

Second solution. There are n~p i)oints, no three of which 
are in a straight line, and /> which are in a straight line. 

The number of lines that can be drawn joining the n — p 
points is \{n — p) (n - p — 1). 

Each of the p points can be joined to each one of the 
n ~ j) points in n—p ways. 

all the p points can bo joined to all the n—p points in 
p{n — p) ways. 

Also, one line can be drawn through the p points. 

•*. the total number of lines joining the n points is 
i(n-p) (n-p-l)+p(ri-p)+l, 
or ^ (?A* - 27ip +p^ — 7i’hp)’^np — + 1, 

or J (n* — — n + /?) + 1, 

or Jn(n-l)-|p{ 7 )-l) + l. 

Example 12. There are 10 white and 6 red balls in a bag; 
in how many different ways may 6 balls be drawn out so that in 
each drawing there may be at least 2 red balls 1 

The number of red balls that may be drawn out is either 
2, 3, 4, 5 or 6. 

Now, 2 red and 4 white balls may be drawn out in 

6.5 10.9.8.7 

3 red and 3 white balls may be drawn out 

6.6.4 10.9.8 

073 " OTT 

4 red and 2 white balls may be drawn out 

6.6 10.9 
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5 red and 1 white balls may be drawn out in 

6 X 10 or 60 ways. 

6 red and 0 white balls may be drawn out in 1 way. 

total number of ways is 

3150 + 2400 + 675 + 60+ 1 or 6286 ways. 

* Example 13. Find (i) the number of combinations, (ii) the 
number of permutations, which can be made of the letters of the 
word examination taken 4 together. 

The letters are aaiinnemoix, 

(i) We may take 2 pairs of similar letters, or one pair of 
similar letters and 2 different letters, or 4 different letters. 

2 pairs of similar letters out of 3 pairs may be chosen in 
3 ways. 

1 pair of similar letters out of 3 pairs and 2 different 

7 6 

letters out of 7 may be chosen in 3 x or 63 ways. 

u 


4 different letters out of 8 may be chosen in or 

70 ways. 

the total number of combinations is 3 + 63 + 70 or 136. 

(ii) From each combination consisting of 2 pairs of similar 
14 

letters may bo formed or 6 permutations. From each 

combination consisting of one pair of similar letters and 2 dif- 
ferent letters may be formed in or 12 permutations. From 

Ii 

each combination consisting of four different letters may be 
formed or 24 permutations. 

total number of permutations is 3x6 + 63x12 + 70x24 
or 18 + 756 + 1680 or 2454. 
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♦Exercises 212. 

1 . Prove that the greatest number of combinations that 
can be formed with 2n things, each combination containing the 
same number of things, is double the greatest number that can 
be formed with — 1 things. 

2. How many numbers, expressed by five unequal digits, 
iiave three of their digits taken from the first six, and the other 
two from the last three, of the nine digits? 

3. In how many ways can 5 ladies and 4 gentlemen sit at a 
round table, so that no two gentlemen sit together? 

4 . Eight men are to form a boat’s crew, two of them can 
only row on one side, and two on the other; how many crews 
are possible? 

5. From a company of 10, 5 are to be selected so as either 
to exclude one particular person but include two others, or else 
to include the person previously excluded but to exclude the 
two who were previously included ; in how many ways can 
the selection be made? 

6. In how many ways can 10 people be divided into two 
groups of four and one group of two? 

7. There are 8 letters, of which a certain number are alike, 
and 336 difierent words can be formed out of them ; how many 
are alike? 

8. How many different permutations can be made of the 
letters of the word dividendj and how many of these will both 
begin and end with vowels? 

9. Eight men sit down to two tables at whist; how many 
different sets of partners can be arranged? 



356] 


PERMUTATIONS AND COMBINATIONS 


247 


10. A purse contains a sovereign, a half-sovereign, a half- 
crown, a florin, a shilling, a threepenny-piece and a penny; how 
many different sums of money can be obtained by taking out four 
of the coins'? 

11. How many numbers over 1000 can be made out of the 
figures 0, 0, 3, 5, 6 ? 

12. 26 persons are to travel by an omnibus which can carry 
12 insifle and 14 outside ; if 8 of them will not ride outside and 
6 will not ride inside, in how many diflerent ways can the party 
travel ? 

13. In the fully expanded product {m being any integer), 
find the number of different arrangements in which the 2 a’s are 
(i) together, (ii) separated. 

14. A cricket club consists of 13 members, of whom only 
four can bowl ; in how many ways can an eleven be chosen so as 
to include at least two bowlers ? 

15. How many different pairs can be made out of 2n dif- 
ferent things 1 

16. In how many different ways can an even number (2?i) of 
things be arranged in two equal groups? 

17. Show that the number of ways in which pn things may 

\pn 

be given to n persons is according as each person has 

n things, or any number of the pn things. 

18. How many different arrangements are possible of the 
letters of the word solace with the restriction that two vowels 
must not be together? 

19. How many different arrangements are possible of the 
letters of the word palace with the restriction that two vowels 
p.ust not be together? 
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20. Prove that, with two dice, the number of throws is 21; 
how many ditlerent throws can be made with three dice? 

21. How many words of three letters can be formed out of 
5 vowels and 2 1 consonants, each word to have a vowel between 
two cuiiRonants, which may be the same letter repeated or dif- 
ferent letters? 

22. In how^ many ways can a committee of 5 be chosen from 
7 liberals and 4 conservatives so as always to give a liberal 
majority? 

23. Find the total number of combinations that can be made 
with the letters of the word divide, 

24. Find the number of arrangements of three different 
letters which can be formed out of the ten letters q to s; q, 
when it occurs, being always followed by u ? 

25. Find in how many ways 8 dilTerent objects can be 
arranged in a row, so that two given objects may have one 
object between them. 

26. There are n points in a plane, no three of which are in 
a straight line; find the number of points of intersection of the 
lines which join them in ail possible ways. 

27. There are n points in a plane, no three of which are in 
a straight line, except /y, which are in a straight line ; how many 
triangles can be formed by joining all the points ? 

28. There are ji points in a straight line and q points in a 
parallel straight line ; how many triangles can be formed having 
three of these points for vertices? 

29. If there be n given points, of which jy lie in one straight 
line and q on another, how many triangles can be formed with 
their vertices at these points ? 
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30. Given 8 straight lines, 3 of which are parallel, and no 
three are concurrent; how many dilferent triangles do they 
form ? 

31. There are letters, of which 2 are a, 2 are and so 
on; find how many different algebraical products can be formed, 
in each of which the sum of the indices is 3. 

32. In how many different ways may 10 plus signs and 
4 minus signs be placed in a row, so that no two minus signs 
may come together? 

33. Show that, when all the numbers that can be formed of 
the same four different digits is divided by the sum of the digits, 
the quotient is 6666. 

34. Prove that the number of different arrangements, three 
together, of the letters of the word university is 528. 

36. How many permutations are there of the letters of the 
word corridor^ (i) all together, (ii) taken 4 at a time, 2 consonants 
and 2 vowels, with the latter in the even places ? 

36. How many words, consisting of 2 consonants and 2 
vowels, can be formed from 20 consonants and 5 vowels, the 
vowels not coming together? 

37. Find the number of permutations of the letters of the 
word infinite y how many of them begin and end with a con* 
sonant 1 

38. How many different words of two consonants and one 
vowel can be formed from the letters in the word Woolwich ? 

39. How many permutations can be formed from the letters 
of the word terrace four at a time ? 

40. Find the number of different combinations of the letters 
of the word zoology taken four at a time. 

41. Find how many even numbers can be made up of the 
nine digits, using them all for each number ; how many of these 
will be multiples of four ? 
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42. How nmny different quadratic expressions, each con- 
taining three terms, can be formed with the symbols 3, 5, 8, 
a?®, +, — , and no others'? Of these, how many can be resolved 
into two real simple factors'! 

43. How many different combinations and permutations 
may be formed of the letters of the word college taken four at 
a time ? 

44. IIow many combinations and permutations, each of four 
letters, can be made from the letters of the word parabola ? 

45. Find the number of permutations, 5 together, that can 
be made of the letters of the word convolvulus. 

46. Sliow that eight differently coloured equilateral triangles 
can be formed into a regular octahedron in 1G80 diflbrent ways. 
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BINOMIAL THEOKEM: POSITIVE INTEGRAL INDEX. 

357. We have seen that 

(a + hf = + 2ah + 

and {a 4* Hf = a* + 4- 6*. 

The object of the Binomial Theorem is to find the value of 
{a J)’*, and, in the present chapter, the case in which n is a 
positive integer will alone be considered. 

If n be a small positive integer, the expansion can be obtained 
by continued multiplication, or, more simply, by the method 
employed in the next example (see also art. 227). 

358. Example!, Expand (a 6)*. 

Since a -f 6 is a symmetrical and homogeneous expression of 
the first degree in a and 6, it follows that {a + hf is a symmetri- 
cal and homogeneous expression of the third degi-ee in a and 6, 
and must therefore consist of terms in a*, and 6*. Since 

it is symmetrical, the coeflficienis of a® and 6® must be equal, and 
so also those of a?h and ah^. 

Now {a-\-hf is the product of three factors each equal 

to a 4- 6. 

The term in a* is the product of the a’s in all the factors. 
These can be selected in one way only. Thus, the coefficient of 
and therefore also of 6*, is 1. 
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The term in a^h is the product of the a’s in two factors and 
the h in one. Now, two a’s can be chosen out of three, or one 6 
out of three, in 3 ways. Thus, the coefficient of and there- 
fore also of a6^, is 3. 

/. (a 4- hf = 4- Za% + + h\ 

359. To expand {a + 5)". 

Since a^b is a symmetrical and homogeneous expression of 
the first degree in a and 5, it follows that (a + 5)** is a symmetri- 
cal and homogeneous expression of the rith degree in a and 6. 
Since its expansion is homogeneous, it must consist of terms such 
as a**, ... and 6* Since it is sym- 

metrical, the coefficients of a" and 5" must be equal, and so also 
those of and of and etc. 

Now (a 4- bY is the product of n factors each equal to a 4- 6. 

The term in a" is the product of the a's in all the factors. 
These can be selected in one way only. Thus, the coefficient of 
a’*, and therefore also of 5”, is 1. 

The term in a^^^b is the product of the ds in n~ 1 of the 
factors and the b in one. Now, w — 1 a’s can be chosen out of w, 
or one h out of n, in or n, ways. Thus, the coefficient of 
d^~^bf and therefore also of ah^~\ is n. 

The term in is the product of the a’s in n — roi the 

factors and of the 6’s in r of the factors. Now, n — r a’s can be 
chosen out of w, or r 6’s out of n, in ways. Thus, the coeffi- 
cient of and therefore also of a''6’^~*', is „C,.. 


Thus, (a 4- bY = a’' 4- 4- 4- ... 

4- + ... + 4- 5", 

or « a" 4- nd^-'^b 4- - + ••• 

4* 4- na 5’*“’' 4* b\ 

Lf 

Cor. 1. Since the indices of b in successive terms are re- 
spectively 0, 1, 2, 3, ... , ti, it follows that the number of terms 
in the expansion of (a 4- 6)" is ri + 1. 
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Cor, 2. Since the expansion of (a + is symmetrical with 
respect to a and 6, it follows that the coefficients of and 

are equal, i.e. that the coefficients of terais equidistant 
from the beginning and end are equal. 

360. Example 2. Expand (i) (a -f 5)®, (ii) {2a -3b)*. 

(i) (a + 5)® = a® + 5a*b + arb^ + bab^ + b^ 

= a® -r 5a*6 + + 5a5‘ + h\ 

(ii) {2a - 3bY = {2ay -f 4 (2a)® ( - 35) 

+ ^ {2af(- Zbf + 4 (2a) (- 34)» + (- 36)‘ 
= 16a‘ - 9Ga’6 + 216a*6» - 216a6» + 816*. 


I i 361. To find the (r + \)th term in the expamion of {a + b)\ 

The index of b in any term is less than the number of the 
term by unity. 

/. the index of b in the (r+ l)th term is r. But the sum of 
the indices of a and b is n, 

the index of a is n — r. 


Now the number of ways of choosing « — r a’s out of w, or 
r 5*8 out of n, is ,tCy. 

In 

/. tat + l)th term =*0^ . a^^^b^ = : — ~= — a^~^b\ 

’/c / » r . 

Example 3. Find (i) the 8th term of (a + 5)^®, (ii) the 
middle term of (a — 25)®, and (iii) the term in a?® in (2a^ — , 

10 Q 8 

(i) 8th term of (a + 5)^® = . a® 5^ 

i. , 2 , o 


= 120a»6^ 
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(ii) Since there are 9 terms in the expansion of (a — 26)^ 
there are 4 terms on each side of the middle term, so that the 
middle term is the 5th ; 

middle term of {a - 25)® = 

= 1120a^5^ 

(iii) Let tbe term which contains £c® be the (r + 1 )th, 
which is 

( 1 \r 96-r ,,.12- 2r 

Now, 12-3r=3 orr = 3. 
tlio required term ia 

^2’ 6.5.4 8 . 

- « . • 3 , 1 . 2 . “3 ■ 27 ■ 


Exercises 213. 


Expand : 

1. (1+a;)*. 2. (a4.5)V- 3. (1 + 

4. (2a - 36)^ 5. (^Ix + j • h. (1 + ac)® 4* ( 1 - x)®. 

7. (a -5)®. 8. (\-xy. 9. (l-2a:)». 

10. . 11. (1 to 5 terms, 

12. (2a — 6)^® to 4 terms. 

Find : 

13. M®. 14. 1-OP. 15. *9®. 16. -OO* 
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Find : 


17. 

4 th KH’in of (1 + £r)®. 

18. 

4th term of (1 ~ 2a;/®. 

19. 

/ d\^ 

5th term of + . 

20 . 

3rd term of f 2x^ - . 

21. 

3rd term of (3a — 76/. 

22. 

9 th term of • 

23. 

8th term of - 7^ | . 

24. 

Coefficient of in (a- x] 

Find the middle term of 



25. 

(1 + «)*. 2G. (x - 

2 >/\" 
■37 * 

27. (2 + ^xy\ 

28. 

(1 +a;)'-». 



Find the two middle terms of 


29. 

(1 - a;)'. 30. 

1 \2»41 

+ . 31. (a-xr. 

Find the coetlicicut of 



32. 


33. 

1 

i 

34. 

xin + 



35. 

Find the term in the 

/ 1\^ 

expansion of fa; •+■ which 


independent of x. 

36. Find *99^ to 5 places of decimals. 

37. Find the value of *9'^ to 4 places of decimals. 

38. Find the coefficient of ic* in the expansion of (1 +x-^a^)*. 

39. Find the coefficient of sc^ in the expansion of (1 4-3a;— 

40. Prove that the coefficient of of in the expansion of 
(1 4- is equal to the sum of the coefficients of and in 
he expansion of (1 -hx)\ 
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*363. 2^0 find the greatest coefficient or coefficients in the 

expausio'n of [i 4- a;)". 

The coefficient of the (r+ l)th term is ^0^. 

Hence, if n be even, the greatest coefficient is that for which 

n 

If n be odd, the greatest coefficients are those for which 

— 1 n + 1 
r - -TT- or 


*364. To find the greatest term or terms in the exjoansion of 
(I +x)\ 

Let the (r + l)th term be not less than the rth term or the 
(r 4 2)th terra. 

(r4l)thterm_ n — r+1 


Now, 


rth terra n^r-i • 

^ (r4 2)thterm n~r4l4l 


(r 4 l)th term 
— r 4 1 


r4l 




7 ^ >- 7 « 

a;= tX, 

r4 1 


LI . n — r . , 

£c<fl and 


r '' r 4 1 

/. (n — r 4 1 ) re r and {n — r) x r+ 

{n 4 1) a; cj: (1 4 a;) r and nx--\ :}> (1 4 a') r, 
, . (w 4 !)« , •nx—l 

■■ iTJ- 


*365. ExamjiU 4. Find which is the greatest term in the 
expansion of (1 4 

Let the greatest term be the (r 4 l)th. 

Now 


(r4 l)th term _ ipC,. . (|)*' 
rth term “ mC,_, (ff-i 


10-r+l 


2 _n-r 2 
■ 3 “ r ’3’ 


T 
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(r 4- 2)th term 11 — (r + 1) 2 10~r 2 

(r + T)tli term ~ r + 1 

. 11-r 2 . 10-r 2^ , 

.,-—.-<^1 and-— 

/, 22 — 2r 3r and 20 — 2r 3r 4- 3, 
/. 5r ^ 22 and <t 17, 

5r = 20 or r = 4 ; 


/• the 5th term is the greatest. 


*366. We know that n^r~ where r has any value 

from 1 to n - 1 inclusive. But the number of ways of taking all 
of n things is equal to the number of ways of leaving none 
behind, that is, unity, hence „Co = «C„= 1. 

In the present and following articles, the symbol Cr is used to 
denote ^C,.. 

Now, since Co = 1 and c^. = c^^rf follows that we may write 

(1 + a;)** = Co + CjOJ + Cjic* + ... + c»_a + c„ac", 

or (1 + a;)** = c„ 4- 4- c „_3 a:* 4- ... 4- CjO;"”® 4- 4- CqX?*. 


*367. To prove that 

(i) Co4-Cl4-Ca4-...4-C„=2^ 

(ii) Co~Ci 4-C3-... +(-lfc„ = 0, 

I 27t 

(ill) Co* + C,* 4. Ca* 4- ... 4- C,* - ^ ^ . 

(i) We have 

(1 4- a;)” = Co 4- CiX + CjOJ* + ... 4- 

Put cc = 1, 

then 2** = Co4-Cj4-Ca+ ... 4-c«. 

(ii) In the same expansion, put a? = - 1, 

then 0 = Co — Cj 4- c^ — ... + (— 1)”^ 


D. A. II. 


17 
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(iii) We have 

(1 + Co + CjO; + CgJC® + ... + 

and ( 1 -I- ic)” = c„ + c„„i ic 4- + . . . + + Cj ' + Coa?**. 

Now, coefficient of in the product of these two series 

= Co* + Ci® + C2^+ ...-hcj 

= coefficient of in the product of (1 +a;)’* and (1 +«)", i.e 
in the expansion of (1 + x)^^ 



*368. Example 6. Prove that 

Co+Cg + C^ '4'..*~Cj*f‘ Cg *4 Cg "4 • » , = 2*^ 

e have Cq ■“ Cj "4 Cg ■**' Cg + ... 0, 

• • Co+'Cj*4C^+».. — C|+Cj+Cg'4.... 


But (Co + Ca + C 4 + ...) + (Cj + Cg + Cg + ...) = 2", 

2 " 

• • Cq *4 Cg *4 4* ... ~ C| ^Cj ^ Cg + ••• ~ ■ 2 “ ~ 


Eocample 6. Prove that 


2 c, + 2» . ^ + 2» . I + 2« . 

2 3 4 w+ 1 

(«*I)(2c. + 2-.| + 2'.| + 2‘.5 + ...) 


. (» + 1) . 2 + . 2- 1 tiDip-Z}) 2. . ... 

Lf li 

.1.(„.1).2. (i±^.2. + (Jl±i)i&ri)2.....-i 


3»+» _ 1 
n+1 • 



367, 368] BINOMIAL THEOREM: POSITIVE INTEGRAL INDEX 259 


♦Exercises 214. 

Find the greatest coefficient in the expansion of 

1. (l+a:)8. 2. {l+xy\ 

Find the greatest term in the expansion of 
3. 4. (l + tr 5. 

6. Prove that c,. + c,._i : — n+ I :r, 

7. Show that 

, ^ 2n(2n^l) 2ri (2n - 1) (2/i - 2) 

1 + 2r^ -f* — + ^ ' + ... 


1 + 71 + 


.(n-l) n{n-l)(n--2) 

12 13“ 


Prove til at 

8. Cj + 2 c^ + 3 c 3 + ... + ncn = n . 2’‘~\ 

9. Co + 2cj -f Sca -t ... + (n + 1) c„ = (n + 2) . 2'^"*. 

10. Cl — 2 c 3 + Scg I)’* nc„ = 0, 

11. 2co + Cl + 2 c 2 + c, + 2 c4 + C9 + ... = 3 . 2"*"*, 


12. Co + A Cl f ^ C3 + ... + 


— 1 
7» + 1 


13. (n + 1 ) Co - 7iCi + (7^ - 1) Ca — ... + (— 1)” c„ = 0. 

14. Pci + 2 *C 3 + S^Cj + ... = n (n + 1) . 2"'*. 

[2?i 

15. c„c, + c,-:,+ c,c. + ...+c„.,c, = |— 


16. CgCa + CjCa 4- C 0 C 4 + ... + Cf^_ 2 ^n ~ _ 2 * 

17. Co*-Ci*+ c./~c,“-»- ... 4* (-i/‘c„“ = 0 if n be odd and 

2: In 

1)2 if w be even. 


17~-2 
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15. «o + 2 + 3 + — + u+1 |„+ 1‘ 


19. If y* + y® — 6y^ — 4y* + 6y^ + Sy — 1 = 0, and y = a; + - , 

sc 

aP -1 

^prove that r = 0, 

SC ^ JL 


20. Find the relation between n and r so that the coefficients 
of the (2r + 3)th and (3r + 2)th terms of (1 -f may be equal 

21. If three successive coefficients in the expansion of (!+«)" 
be 220, 495 and 792, find n. 

22. If a,, denote the coefficient of of in the expansion of 
(1 - x)^“\ show that + «a»i~r = 

23. Show that 

(1 - = (1 + «/" - 2n« (1 + «)«-» + x> (1 + x)“-»- .... 



CHAPTER XXXIII. 

CONVERGENCY AND DIVERGENCY OF SERIES. 

369. A series has been clefiLued (art. 297) as an expression 
in which each term is formed from one or more preceding terms 
according to some definite law ; and an infinite series as one in 
which the number of terms is infinite. 

One of the simplest examples of an infinite series is the 
ordinary geometric series 

a, ar, .... 

The sum of such a series has been shown (art. 314) to be 

o(I--r’‘) a ar^ 

' or r . 

1 — r 1 - r 1 — r 

Now, if r be equal to or greater than 1, the sum of an infinite 
number of terms is infinitely great ; if r be less than 1, the sum 

a 

of an infinite number of terms tends to the limit , since the 

1 -r 

difference between the sum of w terms and the sum of an infinite 
number of terms can be made less than any quantity we please 
by making n large enough; and, lastly, if r=-l, the series 
becomes a — a + a — a + a..,, and the sum of an infinite number 
of terms, though finite, does not tend to a definite limit, for the 
sum of an even number of terms is 0 while the sum of an odd 
number of terms is a. 
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370, Dep. 60. An infinite series is said to be conv^yrgent 
when the sum of n terms can be made to differ from a finite 
quantity by less than any quantity we please by making n large 
enough. 

Dep. 61. An infinite series is said to be divergent when the 
sum of n terms can be made greater than any finite quantity we 
please by making n large enough. 

Def. 62. An infinite series is said to be oscillating when the 
sum of n terms is finite, however great n may be, but does not 
differ from a fixed quantity by less than any quantity we please 
by making n large enougli. 

Thus, a geometric series is convergent if the common ratio be 
less than 1, divergent if tiie common ratio be greater than or 
equal to 1, and oscillating if the common ratio be equal to - 1. 

Since tlie terms of an oscillating series must be alternately 
positive and negative, it follows that, if the sum of n terms of a 
series, in which the terms are all positive, be less than a given 
finite quantity (however great u may be), then the series is 
convergent. 

As a general rule, the infinite series will be expressed as 
follows : 

Uj ... +Wn+ 

and, unless otherwise mentioned, it will be supposed that each 
term of the series is positive. 

The sum of n terms of such a series will be denoted by S,,, 
and the sum of an infinite number of terms by S or S^. 

The following are some of the principal tests for determining 
whether a series is convergent or divergent. 

371. Test /. everg term of an infinite series he greater 
than some finite quantity, however small, the series is divergent. 

If every term be greater than a, then the sum of n terms is 
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greater than na^ which can be made greater than any finite 
quantity by making n large enough. 

Hence, the given series is divergent. 

372. Test II. An infinite series is convergent ifi after any 
term, the ratio of each term to the preceding is less than some fixed 
quantity which is itself less than unity. 

Let the series, beginning at any term, be 


+ ... + -f 

and let each of the ratios u^'u^y ... be less than 

where k is itself less than unity. 

Then S = ^ + ... 


/- Wo Wg W4 \ 

= wi (1 + ~ + ... ) 

V Wj Wi / 


Wj Wg W3 W4 Wg 
7^1 Wg * Wi uf Wg 





rzi- 

Hence, the given series is convergent. 


373. Example 1. Show that the series 

JL 1 JL 1 

Ill'll*"' 

is convergent. 

Here Wr = r- and u^+i = 1 ^ : 

LT |r 4- 1 ^ 

•*. the test-ratio 

1 1 1 

which is equal to ^ when r =■ 1, and is less than ^ for all other 
values of r ; 

the series is convergent. 
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374. TpM 17 L An infinite series is divergent if\ after any 
term^ the ratio of each term to the preceding be greater than some 
fixed quantity which is itself greater than unity. 

Let the series beginning at any term be 

+ ^3 + ^4 + ... , 

and let each of the rat ios : ^ 2 , ... be greater than 

a quantity which is itself greater than unity. 

Then 

S > nui ; 

the scries is divergent. 


375. Example 2. Show that the aeries 


II 


+ + i:.. 

xf 




is divergent. 

Here, the test-ratio : w,. is 

. |»: r + l 

^r+1 JJ. 

Hence, for every term after that for which r + 1 is just greater 

r+l 

than aj, the test- ratio is greater than , which is itself greater 

than unity ; 

the series is divergent. 


376. Test IV, If there be two infinite series^ and. if the 
ratio of corresponding terms in both series he always finite^ Uven 
the series are both convergent or both d.ivergenU 

Let the series be 


Wi + 'l^ + W3 + W4+ ... 

and + V 3 + Vj + + ... , 

and let the ratio u ^. : be finite for all values of r. 



374-377] CONVERGISNGY AND DIVERGENCY OF SERIES 265 


Now, the ratio 

Uj + U2 + + ... : t?! + v, -f -yg -f ... 

lies between the greatest and least of the ratios 

^2 * • ^8» •••! 

and is th(?refore finite. 

Thus, if the sum of one of the given series be finite, the other 
is so also; if one be infinite, the other is so also; 

/. the series are both conv<a*g('nt or both divergent. 

Cor. 1. If each term of an infinite series be less than the 
corresponding term of an infinite series which is known to be 
convergent, the given series is also convergent. 

Cor. 2. If each terra of an infinite series be greater than 
the corresponding term of an infinite series which is known to be 
divergent, the given series is also divergent. 


377. Eocxiinple 3. Show that the series 

/..111 

[2'*’ 

is convergent, 

(ii) [l + [2 + [3 + ... 

is divergent. 

(i) [_3 = 2 . 3, which is >2*, > 2*, and so on, 

. . 1 1 1 1 


which is a geometric series, in which the common ratio is less 
than unity; 

/. the series is convergent. 

(ii) S>l4-24-2® + 2®+ ..., 

every term of which after the first is greater than unity ; 
the series is divergent 
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378. Tpf^t V. An infinite series is convergent, if the signs 
of the terms be alternafely positive and negative, if each terin be 
numerically less than the preceding term, and if the nth term he 
infinitely small when n is infinitely great. 

Let the series be 

— Wo + — W4 + , 

Then S = {u^ — uf) + — uf) + (n^ — uf) + . .. . 

But each of the quantities — ... is 

positive; 

S is positive. 

Again S = nj - {n^ - u^ - {u^ - 
and each of the quantities u^-u^, ... is positive; 

. • S '^x* 

Thus, the series is either convergent or oscillating. 

Lastly, 

s - s„ = + - M„+J + M„+5 - «„+. + ...), 

and, as above, S - S„ is numerically less than Mn+j, which is 
infinitely small when n is infinitely great; 

/• the aeries is convergent, 

379. Example 4. Show that the series 

1 — J ■" i + ••• 

is convergent. 

The terms are alternately positive and negative, each term 
being numerically less than the preceding, and the numerical 

value of the nth term is which is infinitely small when n is 
infinitely great. 

the series is convergent. 

It will be seen, in art. 381, that the series 

l + J + + 

which satisfies the above tests, with the exception of the first, is 
divergent. 
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380. In the next article, an important series is considered, 
namely, 

1111 

It should be noticed that the second and third tests are not 
applicable in this case, for the test-ratio 


- A Ly 

V r+l/’ 


(^+1)3. V' r+l/’ 

which becomes indefinitely nearly equal to unity when r is made 
very great. Thus, the ratio of the (r+l )th term to the rth term 
is not less than, or greater than, a quantity which is itself less 
than, or greater than, unity. 

381. To show tlmt the series 

1 1 1 J 

ip'^ 2^’^ 

is convergent if p he greater than unity ^ and divergent if p he equal 
to or less than unity, 

(i) Let p be greater than unity. Let the terms of the 
series be divided into groups, so that the first group contains 
1 term, the second 2, the third 4, the fourth 8, and so on. 

Now, the first term is 1. 

.^11 11 

The sum of the next two terms ^ + , which is < ^ ^ , 


‘ 2^ ^ 2^ * 


since 3^ > 2^, 




The sum of the next four terms is 


4P 5J> 6^* IP' 

1111 . 

^ 4P 4i> 4J> 4i> » 

4 1 1 

* 4J> 4K-I 


which is 
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Similarly, the sum of the next eight terms is or 

or 28 ^) and so on. 

. ^ 1 1 1 1 

• • ® 1 2^(i^ **" ***’ 

which is a geometrical progression in which the common ratio is 
less than unity ; 

/. the series is convergent (Test IV.). 

(ii) Let p be equal to unity. Let the terms of the series be 
divided into groups, so that the first group contains 1 term, the 
second 1, the third 2, the fourth 4, the fifth 8, and so on. 

The sum of the third group of terms is J + which is 
> i ^ or ^ and so on. 

S>l + i + i + | + ...J 
/. the series is divergent (Test 1.). 

(iii) Let p be less than unity. 

Then, since 2*^ < 2, 3^ < 3, and so on, 

S>l+^ + J + ^ + ...; 

/. the series is divergent (Test IV.). 

382 . If the two infinite ^ries 

a + 6a; + + ... and a' -f 6'a? + cV + c?'a;* + •.. 

he equal for all values of x for which both series a/re conv&rgent^ then 
a = a\ 6 = 6', c — c\ etc. 

For all the values of x for which the given series are con- 
vergent, we have 

(a--a') + (6-6')a; + (c-c')a;“+((f--df')af*-f.... = 0. (1) 

Now, both series are convergent when a? = 0 ; hence, putting 
a5 = 0, we have 

a — a' =5 0 or a = a'. 

(6 - 6') a; + (c — c') + ((i - d') a;* + ... = 0. 

a;[(6-6') + (c-c')aj + ((f-c^')fl;®+...] = 0. (2) 
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Now, for all values of x for which the series (1) is convergent, 
it follows that 

{b — b')x + (c — c') + (d ^ d') + ••• 

is convergent, and therefore that 

(6 -.&') + (#-. c> 4- (d - rfV . 

is convergent. Hence, by (2) we have, for all such values of a;, 

(6 - 6') + (<? - Oa; + (J- + ... = 0, 

Hence, as before, b = b\ 

and similarly o = c', d = d\ etc. 


Exercises 215. 


Determine whether the following series are convergent, 
oscillating or divergent: 


1 1 i i 

I® ^11^ 11^”” 

2 2* 2> 2* 

3 3 3 3 

6 6 . 2 5 . 2 * 6 2 ’ 


1 + 


6 S- 
, I 11 1 

3 4 5 6 

6 '*’ 6 . 2 '^ 7 . 2 >'^ 8 . 2 *'^ 

a 1 1 1 i 

»• 2*'*’ 3’"*' 

3 3 3 3 

2»t2.2'^2.3'*‘2.4‘'‘" 


o J_ JL 1 

1.2'*’2.3'^3.4‘*'" 




2» 


2^ 


11 2 ^ 2» , 

8 3. 4 ^ 3 . 4. 5 ^ 3 . 4 . 5. 6 


+ .... 
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12. 

4 5 6 7 

3 4.2 5.3 

• 


13. 

1111 
p 2^ 3^ ^ 43 *** *’** 

14. 

1111 

23 4. (ja ■'■ gJ ■*■ •••• 

15. 

12 3 

• 


16. 




17. 

1111 

V7 JQ VIO * ■■ 



18. 

1 /t •••• 

19. 

1 -4.+^ 3+.... 

20. 

®4-^4- ^ 4-^ 4- 



21. 

2 4 5 6 

3 ■^3.2 ■^4.3 ■^5.4'^"' 



22. 

4 5 6 7 



6 ■*■ 6 |_2 7 [3 8 [4 



23. 

8 .8.18. T8 4. 

TTT + ^ + TTS' ^ •••• 

24. 

1J»-.84.4 2.1. 

T + T “ F + ,4. , 

25. 

27. 9 

26. 

0 4 ^ ^ 1^ + 5 4- . • • • 

27. 

1 ^ 4. 6 -» fl 4. 

•••• 



28. 

,111 



29. 

1 1 1 

r| + 

4, 


1,2.3 2.3.4 3.1.5 

•T* ... , 


30. 

1 + 2ic+ Sa?® + 4x® .... 



31. 

a; cc“ cc* 05* 



r72'^2T3'*T.4'^4T6 



32. 

12 3 

1 **’ 23 33 "** 4* "*' *•* ' 





CHAPTER XXXIV. 


BINOMIAL THEOEEM; ANY INDEX. 

383 . The object of this chapter is to prove that, if n be a 
positive or negative integer or com mensurable fraction, 

( 1 + = 1 + nr + + . . . + 

1 2 

It is sufficient to prove the theorem for the binomial expres- 
sion 1 +07, for (a + 6)” may be written in the form a” H - j . 

384 . To prove that the series 

, ... 

11 ir 

is convergent if x he less than 1. 

If Ur denote the rth term of the series, we have 

Ur r \ r / 

(i) Lot n be positive. When r > w + 1, the factor 

is negative and numerically less than unity, and thus, if | £c | < 1, 
the ratio Ur^ijur is numerically less than a quantity which is 
itself less than unity. Moreover, if x be positive and r > w + 1, 
the ratio Ur+Jur is negative and the subsequent terms of the 
series alternate in sign. If x be negative and r > + 1, the ratio 

Ur^ijUr is positive and the subsequent terms are of the same sign. 
Thus, if I a; I < 1, the series is convergent, in the former case by 
Art. 378, in the latter case by Art. 372. 

(ii) Let n be negative. If 7i be numerically less than unity, 

the factor is negative for all integral values of r 

an^ numerically less than unity. If w = - 1, the factor ~ 
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is equal to - 1. In both cases, if |ic| < 1, the series, as above, is 
convergent. If n be numerically greater than unity, the factor 



is negative for all integral values of r and numerically 


greater than unity; but, if | a? I < 1, the ratio can, by taking 

r gi'eat enough, ])e made numerically less than a quantity which 
is itself less than unity, and the series, as above, is convergent. 

Thus, if I a; I < 1, the series is convergent. 

386. The following abbreviations will be used in proving 
the binomial theorem. 


Any function of a?, i.e. any expression containing a?, may be 
denoted by f (x) or some similar form. Thus, if / (x) denote the 
function 1 + 2ic + then f (y) denotes the same function 


of y, namely 1 4 - 2y + 3y--i- 4y^, the same function of 
namely 


1 


/(—a) the same function of namely 

1 + 2 (— «) + 3 (— «)* + 4 (— s)® or 1 — 2^? + 32;* — 4«*, 
while f (0) denotes the same function of 0, namely 
1 + 2.0 + 3.0 + 4.0 or 1. 


Again, if m be positive or negative, integral or fractional, 
will be tised to denote the product of r factors 
1) (w— 2) ... (m — r + 1); 
so that if m be a positive integer, wir == 

Also, 

w,.x («»~r)s=»n(w~l)... (7/j-r+ 1) (m~r) = 

♦386. To prove by induction that, if r he a positive integer, 
and m <md n any quantities, positive or negative, integral or 
fractional. 
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Assume the result to be true for the value r. Multiply both 
Bides of the equation by m -f n - r, so that 

(m + n\ X (m + n — r) = (m -f — r) + r . x (m + w — r) + ... 

... -1“ ri, X (m + n — r) 

+ rC^+i ‘ ^ (m + 71- r) 

+ ... + »^ X (?;i -h n — r). 

Now, 

(7/1 + n),. X (m + n — r) = (tw + 

nZy X (m + n - r) = mr (m — r) + niy. X n = 
r.m,._i7ii X (t/i + 71 — r) = r. 77i,._i (m — r+l)x nj^-hr.m^^iTiiX (ti— 1) 

= r . 7/ij.ni + r , mj._j tIq, 

f . Cg . 7W,._, 71, (t?! + 71 - r) = ,.0, . x (tw - r + s) ti, + ,. 0, . n, x (ti - «) 

~rC,. 7n,._,^j 71, + ,.0, . ^r-a'^h+lf 

r^«+l • ^r-s-i'^s+i ^ 1) 

X ( 7/1 4- 71 - r) ~ 71,. X (ti - r) + 71,. X 771 = 71,.^J 4 
(7/l47l),.+l = 771,.+l47/i,.71i(l4r)4...477V_,71,+,(,.C,4,.C,+i)4...471,.+l 
=WV+1 + (^ + 1) 77i,.7ii 4 ...4,.+iC,+i . m,._,7i,+i4 ... 4 71,.+i. 

Thus, if the theorem be true for r, it is also true for 7*4 1. 
But, it is true when r = 1, for (tti 4 7i)i = tti 4 ri = t/Ij 4 rq ; hence 
it is also true when r= 2, therefore when r=3, and so on; and 
therefore when r is any positive integer. 


387. Iff {m) denote the series 


l477ii£C4-|^a;*4... 47~^af4 


12- 


Ir 


where a? < 1, to prove that 

f{m) xf{n) xf(p) X ... =/(77i 4 71 4 4 ...). 


D. A. II. 


18 
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f{m)-^ \ 4- + ... -l--j^af 4 ..., 

. . /00 = 1 + %a;4 iTra;- 4 ... 4 ■— 4 ..., 

ll ll 

and 

/ (m4w) = 1 4 x? ... + ^ — p— af 4 

and, since £c< 1, each of these three series is a convergent series. 

Now, coefficient of xf in the product of the series f{m) and 

/(w)i8 

E EzI’ H iZE? ' ’ EEI P 

\Tiii 4 7li\ 

which, by art. 3<S6, is ^ Hence, for all values of r, the 

coefficient of xf in the product of the series f{m) and f{n) is 
equal to the coefficient of in the series /(m 4 n). 

.*. /{in) x/{n) =:/(m 4 n). 

Similarly, 

f{m) x/(jt) •<f{p) =f{m + n) x/(p) =/(ot + n +p), 

/(™) ^f{^) x/O-') X ••• =/(”» + n+p+ ...). 

388. To prove the binomial theorem that 

(1 4 a;)" = 1 4 njX+~x^+ ~£C*4...4^a:^4.... 

If If Ir 

(i) Let 71 be a positive commensurable fraction and equal 
h 

to ^ , where h and k are positive integers. 

By the preceding theorem, 




to Jc factors 


^^4^4^4... toA; terms^ 
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sinco ^ is a positive integer, 

/. if n be a positive commensurable fraction, 

(1 4- ic)" = 1 + + + ... + ^af+ .... 

|2 Ir 

(ii) Let n be a negative integer or commensurable fraction 
and equal to — s. 

Now, /(-«)x/(«)=/(-« + «)=/(0) = l, 

since « is a positive integer or commensurable fraction, 

/(-») = (! + *)■', 

(1 +*)■• = 1 +(- s)a;+ ^ — ^t_illDa;*+ .... 


if n be a negative integer or commensurable fraction, 

(1 + a;)" — 1 4-7^127 + + ... + ^af + .... 

\1 \r 

389. To find the general term in th/e expansion of (1 + a;)**. 
The index of x in the (r + l)th term is r, 

the (r + l)th term is ^ of. 

(r 

390. Example 1. Expand to five terms: 

(i) (l+x)i, (ii) (!-«)-•, (iii) (1+2 x)-5. 

18—2 
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(i) (1 + a:)' = 1 + I a: + ^ 

+ g *•+- 

- A 28.6 2^24 

= 1 + 4- -^p 2^ + 2^ — TTS ^ ^ 4" • • • • 

(ii) (1 -x)-» = 1 + (- 3) (-*) + D (_„,)» 

+ (-3) (-3-^) (-3-2) (-3)(-3-1)(-3-2)(-3-3) 

- 1 4. 3^ + Li + L- 4 ■ 5 ^ , 3^ 5 •. 6 ^ + 

"“^ ^1.2^1. 2. 3^1. 2. 3. 4 

= 1 4- 3aj + Got® 4- lOic® + ISo.** + ..• • 


(iii) (1 + 2a;) ? = 1 + (_ |) 2a; 4- 


(-i)(-f-i), 


"l-3g + |v^-2V- L^ . 2 V + -- - I., ^ -•- - . 2‘a^ - . . . 


= l-3a; + l./ 


8 fi ar» -I- 8^a;4 . 


y Example 2. Find the (r 4- l)th term in the expansion of 
(i) (1+a:)^, (ii) (l-x)-', (iii) (1 + 2x)“t. 

(i) (..l)th = 

Now the first three factors of the numerator of the coefficient 
are positive and the rest negative, 


/. (r 4* l)th term = (— I)**”*. 


5.3.1.1.3....(2r-7) 
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(ii) (r + l)th term 

= (-3)(-3-l)(-3-2)...(-3-r + l) 

[r \ / • 

Now, there are r factors equal to — 1 in the numerator of the 
coefficient and tlici same number in (— xy. 

. / H 4.1 * / ivr 3.4. 5. ... r (r+ l)(r+ 2) 

(r + l)th term = (- 1)-', O STTTr ' 

= H’’ + 1) {»• + 2) af. 

(iii) (r + 1 )th term 




3.5.7...(2r + 1) 




Example 3. Find the first negative term in the expansion of 

(1 + x)^. 

The first negative term is 

ja-i)a-2)a-3)^ 


7 - 4 . 1 .(- 2 ) 

3‘li 


._J_a4 

243 • 


Example 4. Find the value of 99^ to 6 places of decimals. 
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99^ = (100 - 1)4 = 1004 (1 - ^5)4 

= 10 1^1 + 4 (“ tot) ^ tot)* 

,4(4-i)(4-2)f ,v., 1 

+ - ^ ( tot)+"-J 

= 10 [1 - 4 X -01 - 4 X -0001 - ^ X -000001 - ...J 
= 10[1--005 

-•0000125 

-•00000006...] 

= 10 [1- -00501256...] 

= 10 X -9949874 



« 9*94987. 









Exercises 216. 




Expand 

to 6 terms : 






1. 

(1 + 


2. {\+x% 

3. 

(1 

— a) . 

4. 

(i^xY\ 


5. (1-*)-*. 

G. 

(1 


7. 

(1 - 2a:)“4. 


8. (1 - Zxyi. 

9. 

(1 


10. 

1 

4/(1 -*)■ 


11. (a: + **)-^ 

12. 


"-7«)‘ 

Find the 






13. 

5th term of 

(1 

+ a!)4. 14. 4th 

term of (1 

+ 2»)4. 

15. 

6th term of 

(1 

+ 2x)i 16. 6th 

term of (1 

-f x)-‘. 

17. 

4th term of 

(1 

-2a;)-4. 18. 6 th 

term of (1 



Find the (r+ l)th term of 
19. (l + 2a:)4. 20. 

22. (l+a:)-* 23. (1 -a:)-4. 


21 . (!-*)-«. 

24. (l-2a!)-{. 
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25. ( 1 - 9 )' 26. (1-®)-". 27. (1-x)’#. 

1 2Tt / -n\-- 

28. (l-nx)«. 29. (l+^) • 30. 

31. Find the 5th term in the expansion of ^2a;— . 

32. Find the 8th term in the expansion of {a — 2x)~^, 

33. Expand (1 — 3ic)'i to 5 terniv^, and write down the general 
term. 

34. h]xpand (1 — 4x)'“^ to 5 terms, and show that the general 
|2r+ 1 

term is ^=~=^ x'‘, 

ill)- 

35. Write down the first negative term in the expansion 
of (1 + 33 )^. 

36. Write down the first negative term in the expansion of 

/, 4®\V 


37. Provo thiit every term in the expansion of (1 — a;)^ after 
the first is negative. 

38. Show tliat only two terms in the expansion of (1— ac)^ 
are positive. 

39. Prove that the coefficient of x"^ in the expansion of 

(1 - is equal to the coefficient of a;" in the expansion of 

40. Find the value of x when the 4th term in the expansion 
of (1 + x)^ is 1^. 


41. The coefficient of the 3rd term in the expansion of 
(1 — a3)~" is I ; find n and the coefficient of the 5th term. 

42. Find the value of 101^ to 6 places of decimals. 



280 


^ILEMENTARY ALGEBRA 


[chap. XXXIV 


43. Find the value of 1 04^ to 7 places of decimals. 

44. Find the value of ^3128 to 6 places of decimals. 

45. Show that ^*875= *97365 nearly. 

*391. Examj)le 5. Find wliich are the greatest terms in the 
expansion of 

(i) (i+5)i (ii) 

(i) Let the (r + l)th term be not less than any other. 

Tlien J <t 1 and | > 1. 


^-r+ 1 G 

7* -7^^ 

and 

r+r 7 

/. 27 -6r< 77* 

and 

21 — 6r ;:j> 7r + 7j 

13r>27 

and 

<t: H, 

137*^26 

or 

r=2. 


the 3rd term is the greatest. 

(ii) Let the (r + l)th term be not less than any other. Then 

^ J numerically 1 and "“y • j is numerically ^ 1, 

. 2 + r 3j^ j 3 + 7* 3^ 

r 4^ r+14^ 

•*. 6 + 3r cj:; 4r and 9 + 3/* ^ 4r + 4, 

/. r :(> 6 and 5, 
r = 5 or 6. 

/, the 6th and 7th terms are the greatest. 

Example 6. Find the coefficient of in the expansion of 
5 n — £c) 

— i ^ ; and write down the coefficients of x* and 
I - 

5(1~£c) _ A B 

1 —X — 6x^ 1 — 3a; ^ 1 + 2a7 * 

/. 5 - 5a; = A (1 + 2a5) + B (1 - 3a;). 


Let 
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Put * = f , then = A . 1^, or A = 2. 

Puta! = — then Y- = B(l+f), or B = 3. 

. 5 (1 - rr) _ 2 3 

1 — £c — Gx* 1 — 3x ^ 1 + 2x 
= 2 (1 - 3x)-i + 3 (1 + 2x)-' 

= 2(1 +3x + 3=£c“ + ... + 3”x»+ ...) 

+ 3{1 -2x + 2*ar‘+ ... + (- l)”2"x» + ...}. 
coeffieient of x" = 2 . 3’“ + (— 1 )'“ 3 . 2". 

coelEcientofx< = 2. 3^ + 3. 2^=2. 81 +3. 16=162+48 = 210; 
and coefficient of x® = 2 . 3» - 3 . 2' = 2 . 243 - 3 , 32 = 486 - 96 =390. 


Example 7. Find the coefficient of x" in the expansion of 

( I "f" 

r . — and write down the coefficients of and x^, 

{i-xy 

2.r + x'-) (1 - x)-* 

~ (1 + 2a; 4 - X-) {1 + 3a; 4- 6a;® 4- ... 4 - (n + 1) (w 4- 2) + ...}, 

coefficient of = I n (n 4 * 1) -f 2 . I - 1 ) w + | (?i — 2) (w — 1) 
= ^ (n® 4 - w 4 - 2/r — 2n 4* n® — 4- 2) 

= ^ (4?i® — 4n 4- 2) = 2w® 4- 2n + 1. 

/, coefficient ofa:;®=:2.5®^2.54-l = 50 — 10 4-1 =44-; 
and coellicient of a:;^ = 2.7^ — 2.74-1 = 98 — 144-1= 85. 

5 — 6a; 

Example 8. In the expansion of — ^^ 2 , show that the 

coefficient of a;® is zero, that the coefficients of all lower powers of 
X are positive, and of all higher powers of x negative. 

i^,= (6-6x){l-x)- ^ 

= (5 — 6a;) (1 4- 2a; 4- 3a!i*4- ... 4- n 4- 1 . a;’‘4- ...). 
coefficient of a;" = 5 (rt 4- 1) — 6n = 5 — w. 
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coefficient of is zero when n = 5, is positive for values of 
n < 5, and negative for values of n > 5. 

Example 9. If £c be a small fraction, show that 

(l+a:)^ ( l-2a:)^ 

i —a; 

is equal to 1 + approximately. 

(l+g)^ (l-2a;)^ 

1 —X 

= {l+x)^-(l - 2£c)^ (1 - a:)-> 

= (I 4 - + ...) (1 -o;- — ...) (1 + ...) 

= {1 + -f ...} (1 4 -a; + a’- + ...) 

= (1 - — ...) (1 +a; + ir"+ ...) 

= 1 + + terms in x^ and higher powers of x 

= 1 + ^Xy approximately. 

Example 10. Find the sum of n terms of the u.P. 

1 1 ] __ 
a + b ^ a + 2b a '** * 

where b is so small compared with a that terms in b'\ b\ etc. may 
be neglected. 


-=[■- 


h . 2b 

~+l +... 4-1 

a a 


ir b 

a L 


neglecting squares and higher powers of 6, 
b n(n+ 1)1 


:—l2a-(n+l)b]. 
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♦Exercises 217. 


1. Find the greatest term in the ex[)an 8 ion of (1 + §) ^ . 

2. Find the greatest term in the expansion of (1 + 

3. Which is the greatest term in the expansion of (1 + 1 

4. Show that there are two terms in the expansion of 

greater than all the others. 

5. For what values of x is the series for [a + 2x)'^ convergent ? 

6 . Find the coefficient of in the expansion of ^ in 

‘p-^qx 

ascending powers of x. 

Find the coefficient of of in the expansions of: 

7. 8. 1^^-. 9. 


(l_+a.)* 

(l-S)*- 


10. (a-«)(a + a!)-». 11 


\1 - =lx) 


12. Expand 


(l-x)’ , 


1 + a; 4- .'Jr 


^ in a series of ascending powers of x \ 


and, if be the coefficient of o(^ in this expansion, prove that 

^3n+2 ~ <^8n+i = 

13. Find the coefficient of ar* when (Lit-?) is 

(l~a;)»(l-2a:)i 

expanded in ascending powers of x, 

14. Prove that the coefficient of a;” in the expansion of 

2 ~ 3a; • on n 

1 5 03 2"*+ 1. 

1 ~ 3a; -f 2a;* 

15. Expand in powers of x to three terms and find the 

4 

coefficient of a;** in 7 =-r -7 o\* 

(a? — 1) (a; — 3) 

16. Find the coefficient of af in the expansion of ^ ?r-=. 

1— 3a;+2ar 
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17. Find tlic (r + l)th term in the expansion of 


X 

(1 - ax) (1 - bx) ’ 


18. Find the coefficient of in the expansion of (1 +a;— 2.T^)“h 

19. Expand each of the expressions (1 - x* + and 

(1 —a;— and, if p^t qn be the coefficients of x''^ in the two 
series, slio w that 3^/,^ - = 2”*^^ 

20. If a? be a small fraction, show that ^ 

l+2c + ^(l+a;) 

is very nearly equal to 1 — 


21. If a; be a small fraction, show that 

(l_a!)-|_(l+a:)^ _2 2 

(l-a:)-'-(l+a;) “3 9® 

very nearly. 


22. Show that three consecutive terms of the expansion of 
(1 +a;)’* can be in continued proportion only when n + 1 = 0. 

23. If denote the middle term in the expansion of (1 + 
then 

+ .,• = (1 - 4aj) "" . 



CHAPTEE XXXV. 


EXPONENTIAL AND LOGARITHMIC SERIES. 


392. In tlie present chapter, we shall use the letter e to 
denote the infinite series 


1 + 


1 1 




Since the test-ratio : w,. = ^ » it follows that 

\L r ^ 

the series is convergent. This may also be shown in the following 
manner : 


Since 


[3 = 3. 2>2^ 


[ 3 ^ 2 >’ 


Similarly, 


S' 


93 » 


< 24 , atid so on. 


: 1+1 + 


1 


+ 23 2 ^ ' 




i.e. 


< 14 - 



or 3. 


Thus, e lies between 2 and 3. 

The value of e may be found to any number of decimal places 
required by taking a sufficient number of terms. 
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393. Mxaniplt 1. Find the value of e to 4 places of 
decimals. 

Since ,4 = *5, ™ = *5 4- 3, and so on, 

Lf l£ 

/. c = 1 

+ 1 
+ -5 

+ *160667 
+ *041667 
+ *008333 
+ *001400 
+ 000200 
+ *000025 
4- *000003 


«=: 2*7183, to four places of decimals. 

394. To prove that e is incommensurable. 

If possible, let e be equal to a commensurable fraction where 
h and k are positive integers. Then 

A_, ^ 1 , 1 1 1 1 

Multiply both sides by [j^, then 


A ( ^ - 1 = an integer + y 


■(A+ ])(A+2)' 



(A+ lHA + 2) (A + 1) (A+ 2) (A + 3) •" 

1 1 1 
^A+1 ■^(A+1)*'^(A+1)* 


1 



4 ... 
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or j , which is a proper fraction. 

k 

/. e cannot be of the form i.o. it is incommensurable. 


395. To prove that the series 


1 + a; + 




+ + ••• 


is convergent for all values of x. 




The test-ratio = j- 4- 

ii 


[r — 1 r ’ 


Hence, for all values of r>a;, the test-ratio is less than a 
quantity which is itself less than unity ; 

/. the series is convergent. 


396. Iff(m) denote the infinite series 


1 + m + T- +Tir+ — + T“ + — 

Lr 


to prove that 

f (m) ^f(n) xf{p) X ... -f(m + n-i-p+ ...). 
We have 

- , . - m* 77?^ 

f (m) = 1 + m + -- + r— + ... + + ... 

li II 

\ 1 n} r? n* 

/(n) = l + n+j^-+^+... + ^ + ... 

/ (to + ?j) = 1 + (to + w) + + ... + + 


L2 


r + 5 


(1) 

( 2 ) 

( 3 ) 


each of these three series being a convergent series. 

The coefficient of irC^n* in the product of the series in (1) and 
(2) is , -p. 1^0 w, the term in in the series in (3), being of 
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ti of th( 

- , and the coefficient of in this expansion is 


r + 5 dimensions, can only occur in the expansion of the term 
(m + nY 


1 


|r + s I 
X ~=^ or 7 — r* 
\r-\- 8 \r 1 ^ \r 5 


Thus, the coefficient of rnTn^ in the product of the series (1) 
and (2) is equal to the coefficient of mV in the expansion of the 
difi'erent terms of the series in (3) ; and this is true for all values 
of r and 8, 

/. /(m) xf (n) =/ (m + n). 

Again, 

/(m) ^/{n) x/(;;) =f{rii + n) x/(p) =/(m + ^ + jp), 
and, similarly, 

/(m) xf(n) x/(p) X ... =/(m + n + jt? + ...). 

397. To prove the exponential theorem^ that 

_ - (x^ 7f 

= 1 + a? + 777 4- 7 ^ + *.. + 7 — 

^ ll 

(i) Let a; be a positive integer. 

In the equation 

/(m) xf{n) xf{p) X ... =/(m + + jO + ...) 

put m = 7i = p=... = l, and let the number of the quantities 
m, riy p^ ... be x, then 

[/(!)? =/(4 

Now, = + 

e® = y* (a?) 

^ ^ rfX 

h 

(ii) Let 05 be a positive commensurable fraction, where 
h and h are positive integers. 
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since A is a positive integer. 

h 


Let w=:w=p = ...=sj, and let the number of the quantities 
m, n, ... be A ; then 

ive integer. 

5 .//A , h 1 //A“ 1 /hy 

^ a? 

6*=1 +a/’4-7-x -<-r::r + .*.+-j — + .... 

11 li h 

(iii) Let a; be a negative integer or commensurable fraction 
and equal to - y. 

Now /(- y) x/(y) =/(- y + y) =/(0) = 1, 

/(-y) ^ p"*» (0 ‘“^‘1 (i»). 

e-»=l+(-y) + t|l’ + ... + i:gl + .,., 


398. To prove that 

of 

a*»l + a; log a 4-|^(loga)* j7 •••• 

Let a = e*, so tliat k - log a, 

LS^ Lr^jr 

then a» = (e^)*=6^=l + Aa; + l^+... + i^+... 

£C^ •B*' 

« 1 + ajloga + n (log a)* + ... jr * 


D. A. II. 


19 
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399. Example 2. Find the coeflScient of in the ex- 
pansions of 

(i) (a + hx)^", (ii) 


(i) {a + hx) e® = (a + hx) 
. . coefficient of 




a? £c***“^ 

+ a;+rs + — + T r + + • 

p In - 1 In 

a-\-hn 




|n I n — 1 [n 


(ij) ^^~=(a + bx)e- 


(a -h bx) |l + (- l)»-i 

^(-ir §^4 


. *. the coefficient of 

Eocamph 3. Sura to infinity the series 
2» 3* 4» 

^ 12 [3 [4 

The wth term of tlie series is 

n> n n-1 1 1 1 

[ra n— 1 |w - 1 |w— 1 [n- 2 [w— 1 

® ^ ^ ^ e) (e jl) " (l3 " ll) 

(|n— 2 \n- 1) *” '* 

,111 1 

, ,1 1 1 

[1. ■*■[2 [j^2'^”* 
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Exercises 218. 


1. If a?= 2, show that every term in the expansion of 

after the 8th is < *01. 

2. Find the coefficient of ac® in the expansion of (1 + 2a? + a?)c®. 

3. Find the coefficient of in the expansion of (n — a?) e*. 

Cb * 4 " bx CQI? 

4. Find the coefficient of a?" in the expansion of . 

5. Find the sum + ... to infinity. 

If L? li 

6. Expand and show that 

e* + e”* - a;® a?* a;®* 

2 ^ 


7. Show that 


a?* a;® a;®"+* 

^ = a? 4- -Tq -f -rp + . . . + -rpr- r + . . . . 

2 12 L5 pn-f 1 


8. Prove that 1=^+^ + ^+.... 

9. Show that the coefficient of a?” in the series 

+ b 

\l 


^ a^bx ^ (a + bxY ^ , (<* + bxY ^ ^ 

1 ■4’ 7 i 4“ 1/7 4" . • • 4* ; 4" ... IS 


\1 

10. Show that 


Ir 


\n- 


P 2* ^ ^ r 

]j + |2 + ... + j^+...tocc-5«. 


11. Show that 


+ toao-i+«-‘ 

if \2*\3 • 


19—2 
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400. To prove that tim series 

« - 5 + 5 oc* - 1)» + ... 

2 3 ^ ' n 

is convergent if x<-^\ and ^ 1. 

lie** r 

The test-ratio = ^ — = ^ sc. 

r + 1 r r + 1 

Hence, if x be numerically less than 1 , the series is convergent. 

If x~ly the series is + which is convergent 

(Art. 379). 

If 0 ? = - 1 , the series i8-(l + ^ + J + i + which is divergent 
(Art. 381). 

/• the given series is convergent if aj>— 1 and 4> 1, 

401. To •prove the logarithmic series theU 


log (1 4 - x) = « — -f ... — (- 1)*. + .... 

' ' 2 o 4 ' ' n 


1 


Wo have a*' = 1 + y log a + ^ jr* (log a)* + .... 
Put a = 1 + 0 ?, 


then (1 + a;)*' = 1 + y log (1 + «) + |^ (log 1 + xY + ... 

Equating the coefficients of y on both sides of this equation, 
we have * 

log (1 +a;) = a;~-J-ic* + .... 


* It should he noticed that the above reasoning forms an incomplete 
proof of the theorem, for it is not shown that the second of the above series 

for (l+x)!' remains convergent when its terms are rearranged according to 
powers of ^ ; or that, if convergent, the limit towards which it converges is 
the same as before. 
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402. To prove that 

(i) log^ = 2(*+l.-’ + J.^ + ...). 

1 ^ -fm-n 1 /m-n\* 1 /m-nX® 1 

(ii) log — = 2 + 5 { ) + p ( ) + . . . 

^ ' n Lm + n o\m^nJ 5\m + 7i/ J 

(i) We have 

log(l + .r)= X — ^ 
log (1 ~ as) = - a - - ... , 

1 4- sc ^'V i -f’ f ,1 ' 

loor log (1 + rc) - log (1 - a;), 


1 — iC 


= 2 (a? + ^ rr® + + . . .). 


Put J = 

1 —X 

m. 

^ITk •i. * 


{\Y* or* 

m — 

n 

— ui 

n 

/6 "T 

rtiA/ — Hv 

UX Ju “ 

m + 

n* 


if 

$ 

+ i| 

/m — 7A Y 1 

/m — 

\\ 

1 

m + n 

^3' 

\m + nj 5 

+ 71^ 

1 

•J 


403. Example 4. Find log 2 to 4 places of decimals. 

Put m = 2, « = 1, so that ^ aad 

m-fw 3 


log2 = 2[; 


111 1 1 1 1 
3 3'‘3® "^5*3® 


1 i 1 

7.37+ »..J 


= 2 [-333333... + -037037..,+^ X 004115... 

+ 1 X -000457... + ^x -000051... +^iyx -000006 + ...] 
-33333 a3i 
+ -012346 
+ -000823 
+ -000065 
L+ -000006J 
•346673... X 2 
-6931.... 



294 


ELEMENTAKY ALGEBRA [CHAP. XXXV 


404. Having found log 2, wo can find in succession log 3 
(by putting w = 3, n = 2), log 4, and so on. These logarithms 
are all calculated to the base e. To obtain the logarithms of the 
corresponding numbers to the base 10, we have by Art. 263, 

logbm = logam-rloga 6, 



Thus, the logarithm of any number to the base 10 may be 
found by multiplying the logarithm of the number to the base e 
by -43429. 


Exercises 219. 

5r® 17r< 

1. Prove that log (1 + 3a: + 2a:*) = 3a: — 

M o 4 

2 Find the coefiicient of af in the expansion of 
log (1 + a: + a:* 4 a.**) 

in powers of x, distinguishing tlje various cases which may arise. 

3. If a: < 1, find the sum to infinity of the series of which the 

?ith term is 

n (n+ 1) 

4. Show that the difference between log w and log(w+l) 
diminishes as n increases. 

5. Prove that 

2 log n - log (n + 1) - log (n - 1) - 1 + + ... . 

6. Prove that 

l-x 

, (1+*)* 5a* 9a* 13*’ 

gS = * + O 476 + O 

(l-x) * 
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7. Prove that the coefBcient of in the expansion of 

log(l + jc ... + 05”*“^) is either — — or ~ according as 

n is, or is not, a multiple of m. 

8, Obtain the first four terms in the expansion of 

2rr* ' 


l0£ 




in ascending powers of x, 

9. Find the coefficient of in the expansion of 

1 


tOg 


6 + X ~ x^* 



CHAPTER XXXVI. 


MISCELLANEOUS OKAPHS. 


405. Example 1. Draw Uie graph of the equation 

iC-l 

X- 4' 

It will be noticed that 


(i) If X be negative, or if x bo positive and < 1, then x - \ 
and a; — 4 are botli negative, and therefore y is positive ; if a: be 
> 1 and < 4, then a? — 1 is positive and sc -> 4 is negative, and 
therefore y is negative ; and, if sc > 4, then both a; — 1 and a: — 4 
are positive, and therefore y is positive. 

(ii) If X be very nearly equal to, but less than, 4, then y is 
negative and very great numerically; and, if x be very nearly 
equal to, but greater than, 4, then y is positive and very great ; 
i.e. the line a: = 4 is an asymptote, such that, at a great distance 
from Ox, the curve is below Ox on the left side of the asymptote, 
and above it on the right. 


(iii) If the equation be written in the form 


J/ = - 


X — 4 + 3 X— 4 3 

— ■ ' — sc — 4» 

X — 4 x— 4 X — 4 
3 


= 1 + 


X ~ 4 ’ 


then, as x increases indefinitely, ^ <Jiininishes indefinitely, and 
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thus y can be made to dififer from 1 by a quantity that is 

3 

incloiSnitely small ; also, if x be positive and > 4, -- — ^ is positive 

3 

and y is > 1 , and if x be negative, j is negative and y is < 1 ; 

i.e. the line y- \ is an asymptote, such that, at a great distance 
from Oy, the curve is above the asymptote on the right side of Oy 
and below it on the left. 

Giving different values to x in the given equation, wo have 
the following pairs of values of x and y: 

X -6 -2 0 1 2 3 3-5 4*5 6 6 7 10 

y -7 *5 *2 0 -*5 -2 -5 7 4 25 2 1*5 

From these values of the coordinates, and from the above 
inferences with regard to the asymptotes, we obtain the graph 
represented in Fig. 29, a curve which is a rectangular hyperbola, 
since the asymptotes are at right angles. 



Fig. 29. 
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406. Example 2. Draw tlie graph of the equation 

^ 3 

It will be noticed that 

(i) If X be negative and numerically > 2, then a? + 2, a? ~ 3 
and a; - 5 are all negative and therefore y is negative ; if 
£c> — 2 and < 3, then a: + 2 is positive and a? — 3 and a? — 5 arc 
negative, and therefore y is positive; if a; > 3 and < 5, then aj4- 2 
and a;— 3 are positive and .a; — 5 negative, and therefore y is 
negative ; and if a:> 5, then a?+ 2, £C — 3 and a? — 5 are all positive, 
and therefore y is positive. 

(ii) If X be very nearly equal to, but less than, 3, then y is 
positive and very great; and, if x be very nearly equal to, but 
greater than, 3, then y is negative and very great numerically; 
i.e. the line a; = 3 is an asymptote, such that, at a great distance 
from Oa?, the curve is above Oa; on the left side of the asymptote, 
and below it on the right. 

(iii) If the equation be written in the form 

10 

^ a; — 3 ^ X — 3^ 

then, as x increases indefinitely, diminishes indefinitely, 

and thus y can be made to differ from x by a quantity that is 
indefinitely small ; also, if x be positive and > 3, — is positive, 

and y is <x; and, if x be negative, is negative and y is > x ; 

i.e. the line y = x is an asymptote such that, at a great distance 
from Oy, the curve is below the asymptote on the right side of Oy 
and above it on the left. 

Giving diflerent values to x in the given equation, we have 
the following pairs of values of x and y : 
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X -6 -4 -2 -1 0 1 2 4 5 6 8 10 

y ^ 7-1 ^ 4.9 ^ 2*6 0 1*5 3 3 6 12 -6 0 2-7 6 85 

From these values of the coordinates, and from the above 
inferences with regard to the asymptotes, we obtain the graph 
represented in Fig, 30, a curve which is a hyperbola. 
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Fig, 80. 

407 . Eocample 3. Draw the graph of the equation 

It will be noticed that 

(i) If a; be negative or positive and <1, y is positive; if 
0 ? > 1 and < 2, y is negative ; if a; > 2 and < 4, y is positive ; if 
fit? > 4 and < 6 , y is negative ; and, if a; > 5^ y is positive. 
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(ii) The lines 0 ?= 2 and x~i are asymptotes, such that, at a 
great distance from Ox, the curve is below Ox on the left side of 
the asymptote a?= 2 and on the right side of the asymptote a;=: 4, 
and above Ox on the right side of the asyuiptote a; = 2 and on the 
left side of the asymptote a? = 4. 

(iii) If the equation be written in the form 

a:* — 6a; + 5^^ 3 

^ + 8 — 6a; + 8* 

it will be seen that the line y = 1 is an asymptote such that, at a 
great distance from Oy, the curve is below the asymptote on the 
right side of Oy and above it on the left. 

It is obvious that the curve cuts Ox at the points for which 
a;= 1 and a; = 5, and Oy at the point for which y = *6. In order 
to draw the curve accurately, the values of y corresponding to 
each of the following values of x should also be found : — 6, — 4, 
-2, 1-5, 1-8, 2*2, 2'5, 3, 3*5, 3*8, 4*2, 4-5, 5, 6, 8. 

From these values of the coordinates, and from the alx)ve 
inferences with regard to the asymptotes, we obtain the graph 
represented in Fig. 31. 
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408. Example 4. Draw the graph of the equation 

(a;^l)(a;~4) 

It will be noticed that 

(i) If X be negative or positive and <1, y is positive; if 
a; > 1 and < 2, 3 / is negative ; if a; > 2 and < 4, is positive ; if 
x> i and < 5, 2 / is negative ; and, if ic> 5, y is positive. 

(ii) The lines »= 2 and x~b are asymptotes, such that, at a 
great distance from Ox, the curve is below Ox on the left side of 
both asymptotes, and above Ox on the right side of both. 

(iii) If the equation be written in the form 

_ a^ — 5x + 4: _a 3 *-- 7 a?+ 10 + 2 a: — 6 
^ ~ “ sc‘-7x+l0 

, 2»-10 + 4 2 4 

a?-7x + 'i0~^ * x-2 '^a?-ix+10* 

it will be seen that the line y = 1 is an asymptote, such that, at a 
great distance from Oy, the curve is above the asymptote on the 
right side of Oy, and below it on the left. 

It is obvious that the curve cuts Ox at the points for which 
a; = 2 and a; = 5, and Oy at the point for which y « *3. In order 
to draw the curve, the value of y corresponding to each of the 
following values of x should be found ; — 8 , — 6 , — 4, - 2, — 1, 0, 
1, 1*25, D 6 , 1-8, 3, 4, 4*6, 4*8, 5*6, 6 , 8 , 10. 

From these values of the coordinates and from the above 
inferences with regard to the asymptotes, we obtain the graph 
represented in Fig. 32. 

409. Example 6 . Draw the graph of the equation 

y* = a; (as ~ 1) (a? - 2). 

It will be noticed that 

(i) If oc be negative, then a, a? — 1 and a? - 2 are all negative 
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Fig. 32. 


and therefore cr (oj- 1) (oj — 2) is negative ; if a? > 0 and < 1, then 
X is positive and a? — 1 and aj — 2 are negative, and therefore 
a:(aj — l)(aj — 2) is positive; if a;>l and <2, then x and a?— 1 
are positive and a: — 2 negative, and therefore a; (a: - 1) (a; — 2) is 
negative; and, if a; >2, then a;, a;~l and a; — 2 are all positive, 
and therefore a: (a; — 1) (a? — 2) is positive ; i.e. since y* is positive 
only for values of x between 0 and 1 or greater than 2, that no 
part of the curve can lie to the left of Oy or in that part to the 
right for which a; > 1 and < 2. 

(ii) For any value of x between 0 and 1 or greater than 2, 
there is one value of y^, giving rise to two values of y that are 
equal in magnitude and opposite in sign. 

It is obvious that the curve cuts Ox at the points for which 
a; = 0, aj= 1 and aj= 2. In order to draw the curve, the values of 
y corresponding to the following values of x should be found : % 
2-5, 3, 4, 5, 6. 

From these values of the coordinates and from the above 
reasoning, we obtain the graph represented in Fig. 33. 
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Fig. 88. 


410 . Example 6. By means of the graph of the equation 
^ ’ 

find approximately the roots of the equation 


Since a:^ ~ 4a: — 7 = 0, 

sc* — 3a: — 10 = 05 - 3, 

the roots of the equation ic* - 4a: — 7 = 0 are the values of ac 
which make 

(x^2){x^b) 

a:-3 
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Now, the graph of the equation 

(a!+2)(a?-5) 

^ *-3 

is given in Fig. 30, and the graph of the equation 

y = l 

is a line parallel to Ox and at unit distance from it on the 
positive side. Hence, the values of x corresponding to the points 
in which the two graphs intersect are those which make 

(aj+2)(a3-6) - « . ^ 

V /-I or a5“-4aj-7 = 0. 

35-3 

From Fig. 30, it is evident that these roots are approximately 
6*3 and — 1*3. 


ExerclBes 220. 

Draw the graphs of the following equations j 


5 

o 6 - 

3. 

05+6 

y-— 2- 



05-4 

K ® 

6. 

x + 2 

+ 4’ 

^“2®+ 3- 

^“2^' 


7. y = 


9. y » 


11. ya 


6- 2a; 


(a; -2) (a;- 3) 

' aj~6 

4 

‘(a; + 2)(a?-2)’ 


(a; + 3)(a;-3) 

^*32 • 

10. 


12 . »- 


X - 

a?+ 4 


(ie+3)(a;-2)' 


13* i)(a!-6)' 

16 (!8+l)(a! + 2) 

*' (a>-l)(i»-2)* 


16 ^ {=c-5)(x-7) 

^ (* + !)(»- 3)* 
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17. 

2/ = 

{X 4- 

X 

l)(a=-4) 

(x-6) 

18. 

y-' 

"■(a?- 

.2)(x 

-l)(x 

-5) 

-3)* 


19. 


(2a? * 

)-l)(3x-7) 

20 


a;®- 

- 16 




y = 

(4a; 

- 5) (fic + 1) 


y 

" 1- 

■ 



21. 


a?». 


22. 

y- 

= (a;- 

-1)(* 

-3)(x- 

5). 

23. 


(a;- 

2)»(x-4). 

24. 

y^ 





25. 


(a;- 

l)(x-4). 

26. 

y^ 

= (a? 

-l)(®-3) (x 

-6). 

27. 


:(X- 

.2)»(*-4). 

28. 

2/* 

X — 

X- 

■ 2 

6* 



29. 

Dra 

tw the graph of 

the equation ; 

a;® 

+ fia? 4- 8 
a; + 6 

and 


thence find approximately the roots of the equation 


aj® + fiaj + 2 = 0. 

30. Draw the graph of the equation y = and 

4 — 0 ? 

thence find approximately the roots of the equation 
a?* — a? — 7 =s 0, 

31. Draw the graph of the equation y = 

2iX + 3 

thence find approximately the roots of the equation 
0 ^+ 2a? — 13 = 0. 

MISCELLANEOUS PROBLEMS. 

1. If a? = a (6 — c), y = 6 (c — a), « = c (a - 6), prove that 
a?* + -f- sj® « 2>xyz, 

‘2. If a + “ =: ^3, prove that a» + i = 0. 

3. If a + 6 + c = 0, prove that a® — 6c » ft® — <?a = c® — aft. 

4. Express 2 (a?-y) (a?-2;) + 2 (y-») (^- a?) + 2 («-y) (ai-a?), 
as the sum of three squares. 

D. A. II. 


20 
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5. Express (i) (a* + b^) (c® + cP) as the sum of two squares, 
and (ii) (ic® - y®) (a* ~ 6*) as the difference of two squares. 

6. Show that the value of (a® — he) + (6® — ca) -h (c® — ah) is not 
altered if the quantities a, 5, c be each increased or diminished bj 
the same amount. 


7, Prove that 
(a® + 6® + c®)(a'® + 6'® + c'®) 

= (aa' + bh' + cc')® + {be' - 6'c)® + {ca! — c'a)® + {ah' - a'^)* 


8 . 

9. 

10 . 


Find the value of 

£C* — 8 ?/® + 292;® + 18 x 2 / 2 ;, when 2 y = x + 32; and « = 5. 

• ajy + y® ^ + 3 


11 X® 

Ifx=a + ~, y = a — , prove that 


£c® + xy + y® 3a* -fl' 


Prove that, if 


5 — c c — a a — 6 



then xyz 4 ‘X + y + » = 0. 

11. If a, Z>, n be positive integers, arrange in order of 
magnitude 

na (w + l)a na (n~ l)a 
(n+l)6’ nb ' (n-l)6’ nb 

12. If 

(a + 6) (6 + c) (c + d) ((/ + a) = (a + + c + d) (6cd + eda + dab + ahe)^ 
then ac = 6d. 

13. If a = - - . , h = » <5 = 1 ^ T > prove that a = d. 

1-6 1-0 1 -d ^ 


14. Show that the value of a* + 6® 4 * c* - 3a6c is quadrupled if 
6 + c-a, c4“a-6, a + 6- cbe substituted respectively for a, 6, c. 

15. Show’ that the expression 

(a® + 6* + c®) (x® + y® + »®) - (ax + 6y + c«)* 
can never be negative whatever real values be given to the letters. 
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16. Prove that the expression 

(ar* — -f- 2/ 

2 

is unaltered by the substitution of ^ — ~ for sc, 

17. Show that the fourth power of any odd number when 
diminished by 1 is divisible by 8, 

18. Show that m (m — 1) {w» — 3) ( 6) is divisible by 8, 

when m is an integer. 

19. Show that the difference between the cube of a number 
of two digits and the cube of the number formed by interchanging 
the digits is divisible by 27. 

20. If a + 6 + c = 0, then 4- + c* - 2 {be + ca + ab)\ 

21. Show that the expression -r - — + — - — + is positive, 

^ 0 —c a a — 0 ^ 

if a, 6, 0 or 6, c, a or c, a, h be in descending order of mag- 
nitude. 

22. Find the H.c.P. of («-?/)*- 4* t/* and ~ y)* - fic* 4- 

23. If a and h denote two numbers which have no h.c.f., 

then a* + and have no common factor unless it be 2. 

24-. If ^ ~ result of interchanging 

6, or a, c is 1 -x. 

25. Show that the value of the expression 

hV (c« ~ b^) 4- (a« >> c») 4- (6^ - a^ ) 

{b 4- c) (c 4* a) (a b) 

is not altered if the quantities be each increased or diminished by 
the same amount. 

26. If a? + - = 1 and y — ~ 1, prove that xyz = 1. 

* 20—2 
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27. If (<5 a)* = 2a (6 + c) and = 2c (a + 6), show that 

a « + c ± d 

28. If 

(;^^J ^ * G -)■ - (;^.)’ * (j^i) * 

show that two out of the three quantities 1, n must be equal. 

29. If£C4-2/ + « = «,- +- +” = T (v/ + »)(» + it’) (a; +?/)=<:*, 

X ^ Z 0 

1 1 

show that xyz = - — ^ . 

a'** 

30. If and y^-a — r, show that cc^- . 

if ^ z" 


31. If a:, ;/, 2 , a, 6, c, bo all real and 

ic^ + 3 /^ 4* 2 ^ + + 6^ 4* c* = 2 (ax + 6?/ + ce), 

show that a = a, y = 6, 2 = c. 

32. Prove that he (b-\-cf'¥ ca (c 4- a)® + a6 (a 4* 6)* is divisible 
by a 4- 6 4- 0. 


33. If 


/I 2 ly (x 4* 2?/ 4" 2 )^ 
\x y z) xy'^z 


show that either x = 2 or y'^—zx. 


34. If 1 1 be taken from a certain integer, we get the square 
of a whf)le number, and if 24 be added to the same number, we 
get tho square of the next higher whole number ; find the integer. 

35. If be satisfied by any value of x when 

6 4- C = B 4- c, show that it is satisfied by all values of x. 


36. Find values of A, B (different from a, h) which will 
render the equation 

m (x 4 * A)* 4- w (x 4- B)** = w (x 4 - a)* 4- n (x 4- 6)* 
an identity for aH values of on* 
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37. A woman buys e^rf^ at x a penny and an equal number 
at y a penny; she sells the whole at the rate oi x-k-y for 2d,\ 
prove that, unless x-y^ she loses. 


38. If 

4>{x) = 
show that 


a* 


■ a” 




and 


F(x) = 






and F (oj + 3/) : 


■l+^'(x)<^(y)‘ 

39. Prove that ax^ + bxy + cy^ and ha^ - 2 (a - c) xy by^ 
cannot have a common factor unless the first be square. 

40. If a? -k- aa^ + bxy + can be expressed as the product 
of two real factors of the fii-st and second degrees, prove that 
either a + c = 6 or a = c = — 6. 


41. Find the condition that a, c may be the pth, gth and 
rth terms of an a.p. 


42. If Sn be the sum of the first n terms of a G.P., find the 
sum of the series Si + Sn + + ... + 


43. If a, y, b be in a.p., a, p, h in o.P., is a; + y greater 
or less than p + 

44. If the sum of n terms in A.P. be denoted by prove that 


w + w 


45. If T„ = P + 2^ + 3^ + ... + w®, prove that 

46. Eliminate x^ y, z from the equations 

a; + y 4- « = a, a^ + s? ^ h\ and yz ^ zx’k- xy =* tf*. 

47. If ~ a, ^ =6, — ^=:c, prove that 

y-f« 2; + £c ' x^y * * 

hc-k^ca-k- ah f 2ahc = 1. 

48. Eliminate 03, y from the equations 

03 + y = a, 03® + y^ * 6*, 3c® + y® c*. 
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49. EliTninate a? from the equations 



50, If 2s = a + 6 + c, prove that 

(i) s® + (s - ay + (s - by + (s - cy = a® +■ 6® + c®. 

(ii) s (s — a) + s (s — 5) + s (s — c) = 5®. 

(iii) a®(s — a)+ 

+ c® (s - (?) — 4 (s - rt) (s ~ 6) (s - c) = abc. 

' a^ + b^ + c^-Sabc 2 

(v) (s - rr)* + (s - 6)® + (s -- c)® + 3a6c = s*. 

s-a*^s — 6"^s — c 8 s(s — a)(s-~6)(s — c)‘ 

61. Prove that tlie difference of the squares of any two odd 
numbers is always divisible by 8; and by 24, if neither of the 
numbers be divisible by 3. 

62. Prove that the difference between the cube of any 
number wliose units digit is 4 and the square of the next higher 
odd number falls short of a multiple of 40 by 1. 

63. If n be an odd number, show that (n* + 3)(n® + 7) is 
divisible by 32. 

64. If n be an odd number, prove that 1) is 

a multiple of 67 GO. 

66. Prove that if the square of any number be divided by 3, 
it cannot have a remainder 2. 

66. Iffl; + y + « = ~+ ~+ ^=l, prove that one of the quan- 
tities X, y, or z must be equal to 1. 

67. If ^ + -j, = 3, show that the value of ~ ^ is 4 or 

y* ar y® ar 

- 4 . 

58. If a; + - = y + ~ = + 1, then each is equal to « 4- - . 

y ^ ^ ao 
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59. If 


hz ~ cy 


az ay- hx 


, prove that a? : y : * * a : 6 : c. 


60. If (a^ + 6* + c*) (ic^ + y* + »*) = (ax + 6y + c»)*, and a, 6, c, a% 
y, % be all real, prove that x\a-=^y \ h^z\c, 

61 . If hz — cy ^cx — az-ay - bx, then either a; + y + « « 0 and 
a + 6 + c = 0, or x:a = y :b=:z:c* 


62 . If = a, = 6, - = c, show that 

y + « 2 + 0; £r + y 

0^ y^ 

a -- a6c 6 — abc c — abo * 


63 . If ax + by + ci; = 0 and 6ca; + cay + ahz = 0 , prove th&fc 
a®a5 + + ca + ab) (a; + y -f 2:) = 0. 

64 If a? = cy + 6«, y = a« + cx, « = 60? + ay, then 

y^ a? 


65. If the equation a^+px4-q = 0 have equal roots, provo 
that one of the roots of the equation cux^ •{• p (a b) x -^q {a + 26) 

is equal to them, and find the other. 

66. If the equations + aa5 4 - 6c = 0 and a* + 6a: + ca = 0 
have a common root, show that their other roots satisfy the 
equation re* + ca; + a6 = 0. 

67. Find the limits within which x must lie in order that 
50^- 11a: + 3 u i xi. 

Ys ^ ~ 9x Ti 

68. A horse can draw one-third of a ton of coal a certain 
distance in a given time ; if his load exceed this, the time he 
takes is increased by a quantity proportional to the square of the 
excess ; when his load is four-thirds of a ton, he takes four times 
as long as at first ; show that he is most efficient when his load 
is two-thirds of a ton. 

69. If a (6 — c) a:* + 6 (c — a) a:y + c (a — 6) y* is a perfect 
square, then a, 6, e are in h.p. 
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70. Find the sum of the odd numbers less than 1000 which 
are not divisible by 7. 

71. How many numbers are there less than 1000 which 
contain the digit 7 at least once? 

72. If wi, 01,^3, ..., a^y n be in a.p. and m, A3, ..., A,., n 
be in h,p., prove that 

73. If the sum of a pair of numbers be n, find the sum of 
all the harmonic means which can be inserted between all the 
pairs of such numbers. 

74. How many pieces are there in a complete set of dominoes 
when the number of spots on each half of a piece ranges from 
0 to n? 


75. Prove that the sum of all the products in a multiplication 
table going up to n times n is | n* (n -f 1)^. 

76. Prove that the middle term in the expansion of 
+ 1 + is 393. 


77. Eliminate Xy z from the equations 

— — ~ Qty — O* - 

2 / + « %^x x^y 


78. 

1 1 

- +T 


If 

+ 


1 

a + a? 


= 0 , 


then 


— + — H = 0, 

a c a^y 

tt + 6 4* c = 0* 


and 


1 1 

— -i — 

a X 



79. Eliminate Xy y, z from the equations 

a^ — yz==a\ y^ — zx = b\ a^ — ccy-c*, and a? + 7/ + » = 0. 

80. Eliminate ly m, 71 from the equations 

aH^ 4. + c^7i^ = dH + e^m + /®n, al^bm^ en^ 

r + w*s=l. 


and 
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81. li a~h 4- c, show that 

+ 2a® (b — c)® = 25c {a + 5) (o c). 

82. Prove that 

(a® - 5c)® + (5® — ca) • + (c® — a5)® — 3 (a® — 5c) (5® - ca) (c® — ah) 

= (a® + 5® -t- c® - Zahcf. 

83. If — ^ 4 4- — ^ 0, prove that 

y — z z - X x — y 

84. 1 f re 4 - y 4- z - • 0, show that 

(2L::i + iz^ + ^ V + _JL _ 9 = 0. 

v* y z J\y-z z-x x-yj 

86, If x=^b-Cj y^c — a^ z — a--b^ prove that 

_ iC® 4- ?/® 4- 2 ;® (XT 4- y® + 

7' "~3 ■ V 2 ) • 

86. If a 4 - 5 4 - c = 0, prove that 

a”* 4 - 5^ 4 - _ /a* 4* 5®4 c®^ 

2 =V ) • 

87. If a 4 - 5 4 - c ~ 0, prove that 

1 0 (a7 + 67 ^ ^7) = 7 (a® 4- 5® 4- c®) (a® 4- 5® 4- c®). 

88. The duration of a railway journey varies directly as the 
distance and inversely as the velocity ; the velocity varies directly 
as the square of the quantity of coal used per mile and inversely 
as the number of carriages in the train ; in a journey of 25 miles 
in half an hour with 18 carriages, lOcwt. is required; how much 
coal will be consumed in a journey of 16 miles in 20 minutes 
with 20 carriages? 

89. A, B, and C run a mile race at uniform speeds ; A wins 
by 160 yards, B comes in second, beating C by 76|| yards in 
distance and by a quarter of a minute in time ; what is the pace 
of each 1 
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90. A and B run a mile ; in the first heat A gives B a start 
of 20 yai*ds and beats him by 30 seconds; in the second iieat, 
A gives B a start of 32 seconds and beats him by 9^ yards ; at 
what rate does A run ? 

91. A and B run a mile ; when A gives B a start of 44 yards 
he beats him by 51 seconds; when A gives B a start of 1 m. 15 s., 
he is beaten by 88 yards; find the time in which each runs a 
mile. 

92. A starts fi'om P to Q half an hour after B and overtakes 
him midway between P and Q, and arrives at Q at 2 p.m. ; after 
waiting 7^ minutes at Q, he returns and meets B in 10 minutes 
more ; at what time did each start from P ? 

93. A can beat B by a; yards in a 300 yards race, C can beat 
B by a; yards in a 200 yards race, while C can beat A by 9 yards 
in a race of 594a; yards ; find x. 

94. A number consists of three digits, x, y, », in ascending 
order of magnitude from left to right; if either 108 or 189 be 
added, the new number consists of the same digits as the original 
number, only that no digit occupies its former place ; prove that 
X -f « = 2y. 

95. If a number and its square root contain respectively p 
and q digits, show that 2y — 4g+ 1 = (— 1)*^. 

96. If n bo a positive integer, show that 3 . 6**+^ 2®”'**^ is 

divisible by 17. 

97. If w be a positive integer, prove that - n is divisible 
by 42. 

98. I sent cash to a grocer for a certain number of pounds 
of sugar, at the rate of 7 lbs. for Is, l|c?., but before the order 
reached him the price of sugar had risen, and the money was 
sufficient only to buy a quantity less by 10 J lbs, than that which 
I had intended; so I sent in addition 5s. 7|d. and received one- 
fifth as much again as I had at first ordered ; find the number of 
lbs. ordered at first, the rise in price being less than ^d. a lb* 
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99. A, B and C start at the same time for a town a miles 
distant; A walks at a uniform rate of u miles an hour, and C 
and B drive at a uniform rate of v miles an hour ; after a certain 
time B dismounts and walks forward at the same rate as A, while 
C returns to meet A ; A mounts with C, and they enter the town 
at the same time as B, C driving uniformly all the time; show 


that the whole time of the journey 


. a Sv-^u , 

18 - . K hours. 

V ou + v 


100. Three bells commenced tolling simultaneously, and 
tolled at intervals of 25, 29 and 33 seconds respectively ; in less 
than half an hour the first ceased, and the second and third 
tolled 18 seconds and 21 seconds respectively after the cessation 
of the first and then ceased ; how many times did each bell toll ? 




ANSWEl^S. 


Exercises 137. 


1. 

0, 1, 4. 

2. 

0, 3, 3. 

3. 

0, -3, -4 

4. 

0,0,2, -2. 

5. 

0,0, -IJ. 

6 . 

0, 0, 5, 5. 

7. 

1, 1, -1. 

8 . 

1, - 1, -2. 

9. 

h -h -2- 

10. 

1 

1 

11. 

1, -1,2, -2. 

12. 

1, -1,4 -4. 

13. 

2, -2, V2, - s/2. 

14. 

1, -l,s/5, -s/5. 

15. 

2, -2,3, - 3. 

16. 

1, -1,^2, -s/2. 

17. 

1, - 1, 3, - 3. 

18. 

1, -l,s/3, -s/3. 

19. 

0, -2,3, -6. 

20. 

0, -2,2, -4 

21. 

2, -1,3, -2. 

22. 

1, 1, 5, -3. 

23. 

0, -1, 1, -2. 

24. 

2, -1,4 3. 

25. 

1, -4, 2, -5. 

26. 

2, -2, 1, -1. 

27. 

2, 2, 1, 4. 

28. 

6, -1, 2, -.3. 

29. 

0 , -a, 1, -1. 

30. 

a, —a, b, —b. 

31. 

1 1 
“> "5* 

32. 

1, 2 + s/3, 2-v'a 

33. 

0,7, -1. 

34. 

0, 6, -6. 

35. 

1, 1, 1, 1. 

36. 

1, 1, -1, -L 

37. 

s/3, -s/3, 

38. 

1, 1, 1, 1. 

39. 

1, -1, 1+V2, 1-V2. 

40. 

1, l,i(3+V5),i(3-s/5). 

41. 

-1, -6, -1, -6. 

42. 

-3, -3, -3+V5, -3-;s/6. 

43. 

2,2,i(4 + Vl3),M4-s/13). 




44. -2i, --2i,i(-5 + VlO),i(~5--v'10). 


D. A. V 


21 
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Exercises 138. 


1 

■JIA.24. 

2. 

4, 

3. 

i 

4. 

2,3. 

5. 

4,5. 

6. 

6, 3. 

7. 

6, 10, 20. 

8. 

16, 10. 

9. 

8, 10. 

10. 

24,36. 

11. 

333. 

12. 

41, 43, 45. 

13. 

14 a, 12 ft. 

14. 

2 ft 

15. 

3 ins. 

16. 

36 ft., 84 ft 

17. 

IB. 

18. 

50. 

19. 

63. 

20. 

72. 

21. 

7 miles an hour. 

22. 

4 yds., 6 yds. 

23. 

£L 

24. 

4, 3 miles an hour. 

25. 

18, 12 inilc.s a day. 


26. 

32 aci es. 

27. 

20. 

28. 

9s. f 12s., 

a dozen. 


29. 

8d. 

30. 

Is. 3d. 

31. 

16, 17. 

32. 

3. 

33. 

16 men, 

20 women ; 20 men, 16 women 

34. 

60 miles. 






4 

6 (a -36)' 

7. f 

10. l,J(3a-2). 


1. 12 years ago. 

4. a 

_ ahe ahe 
10. —1, a*+o. 


Exercises 139^ 
2 . 21 *. 

6. (c + a) (ft + c), 
8 . 

IL 2, -2,6, -6. 


3. 3x*-3x + 2. 

6 . 1 , 1 . 

9. 4, 7. 

12. 36& 

T*+l. 

2, 3. 

V8, -V8. 

8 miles an hour. 


Exercises 140. 

2. (a— ft) (a + 6-3). 3. 

5. 2(x+y+z). 6. 

8. a;5-ai.-+?--\. 9. 

X X' 

11. 0,0, 6, -3. 12. 
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Exercises 141. 

1. 6. 2. 11,1. a 1,2,5. 4. -,4* 

(X)G ao 

0. ‘I’-S- 9- 3, -3, V3, -V3. 

10. 1,2, -6, -a 11. a,-a, i, -g. 12. 10, 4^,-1. 

Exercises 145. 

1. 17. 2. 0. 3. -23. 4. 0. 6. 62. S. -119. 

7. real and difF. 8. real and diff. 9. rciU and equal. 

10. real and equal. 11. imag. and diff. 12. iraag. and diff. 

13. real and diff. 14. imag. and diff 15. imag. and diff, 

16. real and equal. 17. real and equal 18. imag. and diff. 

19. real and diff. 20. real and difl'. 21. 9. 22. 16. 

23. 6,-6. 24. 10,-10. 25. 1. 26. 26. 27. J. 

28. -j>g. 29. 2j^. 30. -IJ. 31. -IJ. 32. -8,12. 

33. 6,-11. 34. -19,21. 35. 19i, -22^. 


Exercises 147. 


1. 

8, - 14. 

2. 

2, 10. 

3. 3J, 23. 


4. -2]%,2 

Si- 

5. 8. 

6. 

20. 

7. 1, 

8. 

7. 9. 3i 


10. 2^. 

ll. 

-2f. 

12. 

1*. 

13. - 

ih 

14. m 

15. 

1. 16. 

4. 17. ir. 

18. 

i. 19. 14. 

20. 

6J. 21. ' 

IJ- 

22. 3*. 

23. 

2*. 

24. 


25. 

28. 

26. -217. 


27. -1. 

28. 

-8J. 

29. 

-48J. 

30 

. SgV. 

31. 65^. 


32. 

33. 

-li. 

34. 

H- 

35. 

-li. 

36. a- 


37. 10. 

38. 

2¥er. 

39. 

IJ. 

40. la 

41, 

3S. 42. 

3J. 

43. 12. 

44. 

60{. 


Exercises 148. 

1. a!»-6x+8=0. 2. x*-aF+9=0. 3. ®»+x-30=0. 

4. a;S-6a;-14=0. 5. a:'-+8«+15=0. 6. -1-1 la: +28=0. 

7. ii:®-6a:=0. 8. a:*+8a:=0. 9. ea."*— 6a:+l=0. 

10. 20a:*-a:-l=0. 11. 21a:2+26a:+8 = 0. 12. 12a:»-a:-20=0. 

13. 6a:*-a:-35=0. 14. 6a:Hl3a:+6=0. 15. «®-2a:-l=0. 
16. i:»-2a:-2=a 17. ifi-6x+2=0. 18. a:*- 12a?+33=0. 
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19. 

x^-6x+6=0. 20. 

25**-C0.r+34=0 

21. 4.**+ 4* -3=0. 

22. 

28aJ>-llx+l=0. 

23. 6**~5*-4=0. 24. 4**-5*-6=0. 

25. 

18^+ll.r-24=0. 

26. 

**-28*+171=0. 

27. 

16**- 168*+41=0. 

28 

16** -56* + 13 = 0. 

29. 

81**+36*- 320=0. 

30. 

*»-19* + 18 = 0. 

31. 

16**- 10*+ 1=0. 

32. 

2** +21* + 53 = 0. 

33. 

25*“ -30*- 12=0. 

34. 

**-8*+10=0. 

35. 

^-3.5* +297=0. 

36. 

** — 20*+04=0. 

37. 

*S-25*+144 = 0, 

38. 

4** -36* +25 =0. 

39. 

4** -25* +16=0. 

40. 

0**- 43*+ 1 = 0. 

41. 

9** — 46*+ 25=0. 

42. 

25**+21*+9=0. 

43. 

16**-9*+l=0. 

44. 

100** -65* +4=0. 

45. 

25**- 120* + 4 = 0. 

4& 

8*'* — 10* + 3 = 0. 

47. 

**-84t:+1715=0. 

48. 

81** -666* + 1225 = 0. 

49. 

6**-2*+4 = 0. 

50. 

*2- 51*+ 1=0. 



Exercises 149. 


1. 

36 *=ieac. 2. 

5jtj2_30^ 3. 

8. 4. 12, - 12. 

6. 

16; i, 1 6. 

9, «9; 3, -3, 

, 'li. 



Exercises 150. 


1. 

4. 2. 7. 3. i. 4. 1*. 

5. 3, 6. 1 

7. 

n- 8. 2*. 

Exercises 151. 


1. 

|. 2. -2i. 

3. 12. 4. 3. 

5. «m6*=(m+n)*ca. 

7. 

b + o-2a 
c+a — 26* 

8. 1, 5. 

9. 

14. 

2, -2 ; 3, -3 if m — 2 

; 1, -1 if 771= -2. 


16. 

~ (6® - 2ac) X'{-ac~ 

= 0. 17. 

&***-6**+ca=0. 

18. 

(6*-2ac)* jg 

a®c 

62=0^ 20. 

-4J. 21. 4, -2. 

22. 

— 46^^ + 46* = 0. 

23. a*.r*+a6.a?->26*+9ac=0. 

24. 

2a'2--;p-.7=*0. 

25. ^7* 

-13=0. 

26. 

- 2 (a* + 26* - ao) a 

r+(a-c)*+46*=0. 



27. a (a+PX ^ (a -HW* 28. + S + + — 4a^}} 

33. - 3, - 4. 34. 3, 5. 35. Imaginary. 



ANSWERS 


821 


38. 9.r3-27T+20 = 0. 39. tr,2 = 4 (J«-ac). 

41. 2 . 1 ; -24 =0, -14 43. 1,-1^. 47. y -jo^ and infinity. 

-ii.5- 50. LiA;g,iA. 

53. {x-\‘l){x^-x-pq), 54. 771 = -2; 1, -2; 1, 1, 

55. 4. 59. 300. 


Exercises 152. 


1. 

5, 3 ; 3, 

5. 

2. 

9,4; 4,9. 3. 9, -2; -2,9. 

4. 

G, -2; 

2, -0. 

5. 

2,-1; -1,2. 6. 1,1; 1,1. 

7. 

-1,4; 

1 

po 

1 

1— > 
p 

8. 

.3,1; -21, -IJ. 9. 2,-1; jV, ?• 

10. 

1, -2; 

-1,4 

11. 

1,-3; 4,3. 12. 2, -1; 21g, -;A- 

13. 

-4,-1 

; 4 A, 1?? 


14. -2,4; -2G|, -3G§. 

15. 

3, 1 ; 3, 

1. 

16. 

1,1; 1,1. 17. 4,3;0, -i 

18. 

h 

-i- 


19. 5, 2 ; a pair of infinite roots. 


20. 7, — 2 ; a jiair of infinite roota 

21. 1^, f ; a pair of infinite roota 

22. 1, 2; a pair of infinite roots. 23. ^ 


24. 


a 2a^ 

^ • * 2 » “ T" • 


OK -f 1 

25. a, a ; , 


1 

a-fV 


Exercises 153. 


(Noth. The answers to nos. 6, 16, 23, may bo expressed more 
simply when Chapter XXV. has been read.) 


1. 4,2; 2, 4; -4, -2; -2, -4. 2. 4,2;2,4; 
3 5, ~3; -3,5; 3, -6; -5,3. 4. 7, 3; 3, 7; 

5. 4, 0; -4, 0; 1, 4 ; -1, -4. 

6. 0, V40; 0, --v/40; 6, 4; -6, -4. 

7. 0, 3; 0, -3; 2^5, -2^5, -^/5. 

8. 0, 3; 0, -3; 6^1, Vf ) -Sv/f, -V2- 

9. 2, 1; -2, -1; 1, -2; -1,2. 

10. 7i, -i; -7i,i; 3,4; -3, -4 


11. 

12 . 


3, 

2, 


_1. _3 1.J A. 
'‘'^’V3’v/3’ 

1. _2 -1. i 1. 

* ’ ’v'3V3’ 


A A 

V3’ “V3* 

j4 

Vs’ ”n/3' 


-4, -2; -2, -4 
-7,-3; -3,-7. 
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13. 3,2; 

14. 2,3; 

15. 3, 1 ; 


-3, -2 

5 

1 

5 

1 

' 72’ 

v/2' 

V2’ yft 

O O 

5 

1 

6 

1 

— 2 , — o 

73’ 

V3- 

1 

1 

-3, -1 

12 

1 

12 

VlO 

’ vio 

* 710 ’ : 


1A 1 R ^ 

10. 0, j, 0, «.^96>^/9G’ V96’ 

17. 3, 2; -3,-2 ; two of infinite roots. 

18. 9, 1 ; — 9, — 1 ; two pairs of infinite roots. 

19. 6, -4 ; — 5, 4 ; two pairs of infinite roots. 

20. 2, - J - 2, J ; two pairs of infinite roots. 

21. 3, 1 , - 3, - 1 ; two pairs of infinite roots. 

22. l,i, -1, -i; 1; -i, 1. 

23. 1, 1; -1, -1, 


24. 


a-{-b a—b 
s/{2a)^ >J{2a) ’ 


a-^- h 

'Ti^Zay 


a — h 


two pairs of infinite roots. 


ac he ac be 

ac he ac he 

7(^62)’ "7(«H62) j 7W^)‘ 


Exercises 154. 


1. 

3, 

2 

2, 

3. 



2. 2,1; 

-1, -2. 


3. 4, 

3; 3, 

4. 


4. 

9, 

7 

— 

7, - 

-9. 


5. 3, 1 ; 

1,3. 


6. 5, 

1; 1, 

6. 


7. 

4, 

2 

- 

2, ■ 

-4 


8. 7,4; 

-4, -7. 


9. 2, 

-u 

i> 

~4. 

la 

2, 

5 

li 

i,6. 
















Exercises 155. 






1. 

6, 

1 

1, 

6; 

3, 3 

j 

3. 

2. 6, 2; 

2, 

6; 4,4 

4,4. 



3. 

6, 

1 

1, 

6; 

10, 

-3 

- 3, 10. 

4. 7,3; 


7 ; 12, ■ 

-2; 

-2. 

12. 

5. 

3, 

- 

1; 

-1 

> ^ J 

l + s/T, l-s/7; 

1-^7, 1+n/7. 




6. 

7, 

1 

; 1, 

7; 

4+v/28, 

4-s/28; 4 

-V28, 4 + v/28. 




7. 

4, 

1; 

1, 

4; 

-4, 

-1 

-1, -4. 







8. 

1, 

1; 

1, 

1; 

-1, 

-1 

-1, -1. 







9. 

3, 

2; 

; 2, 

3 ; 

~3, 

-2 

; — 2, — 3. 

10. 2, 

0; 

0,2; - 

2,0; 

0, 

-2. 

11. 

3, 

- 

1; 

-3. 

1; 

1, - 

3; -1,3. 







12. 

5, 

2; 

2, 

5; 

-5, 

~2 

-2, -6. 
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Exercises 156. 

1. 2, 6; 6, 3. 

2. 3,2; 2,3; -3+^3, -3-V3; -3-^3, -3+^3. 

3. 3,2; 2,3; -l+v/2, -1-^2, -1-^/2, -1+n/2. 

4. 4, 2; 2, 4; -2, -4; -4, -2. 

5. 6, 2; 2, 5 ; -6, -2; -2, -5. 

6. 3, -3; -7,7; 6,1; -1, -6. 

7. 0, 0; 0, 0; 1, -2 ; -2*, -15^. 8. 3, 0; 2, 1. 

9- li, — i; — i) li- 

10. 12,6; 6,12; -3 + ^33, -3-^33; -3-^33, -3+^33. 

11. 3, 2; 2, 3; 2, -3; -3, 2. 

12. 2, 1; 1, 2; 1, -3; -3, 1 ; 2, -3; -3, 2. 

13. 4, 1 ; — 2, — J ; two pairs of infinite roots. 

14. 2,1; -1, -2; x/3,^3; -^3, -^3. 

15. 2, -3; -6,1; -i(-3+>/67), -J (-3-^67); -i (-3-^67). 

-i(-3W57) 

16. 4, 1; -3, -IJ: 2, 2; -6, 

17. 4, 1; 1, 4; -4, -1; -1, -4. 18. 11,8. 

19. 2,-1; -1,2; J(-l+^/13),i(-l+V13); i(-l-V13), 

i(-l-V13). 

20. 3, -1; -1,3; H1+V39). i(l-V39); ia-V39). i(lW39). 

Exercises 157. 

1. 13, 10. 2. 2, f, a 17 ft., 13 ft. 4 12 ft, 6 ft 

5. 126 ft, 32 ft 6. §,J. 7. 8,4. 8. 36. 9. 10,7. 

10. 6-4 or 4-6. 11. 1232 yds., 165 yds. 12. 1089 yds., 160 yds. 

13. 7,6. 14. 15,6. 15. 26. 

16. 60 miles, 10 and 12 miles an hour; or 7J m., 3 and 5 m. an hour. 

17. £2, £ 2 . 10«. 18. 78. 19. 14 yds., 42 yda 

20. 14 ft, 12 ft ; 17 ft, 14 ft ; 18 ft, 9J ft ; 21 ft, llj ft. 

21. 21 ft., 16 ft 

22. 3 ins., 6 ins., 7 ins. ; 27 c. ins., 125 c. ins., 343 c. ins. 23. 30. 


Exercises 154 


1. 

1,2,2; 

-1, -2, -2. 

2 . 4,2,1; -4, -2, - 

3. 

4,2,1; 

1 

1 

1 

4 1,2,4; -1, -2, - 

5. 

2, 3, 4. 

6. 2,3,5. 

7. 20, 3, 7, 11. 

8 . 

8, 2, 6 ; 

-6, -2, -6. 

9. 1,2,1; -1, -2, 
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10. 1,2, 3; -1, -2, -3. 

11. 2, 10, ~3; 7, 5, -3; -2, 6, -12; -7, 10, -12. 

12. I, 2, 2§. 13. 4, 1, 3. 14. 1, 1, 2. 15. 2, 1, 1 ; 1, 2, 1 

16. 3, 1, 2; 3, 2, 1 ; 3, 1, 2; 3, 2, 1. 17. 4, 9, 6 ; 9, 4, a 


18. 

19. 


10, 2,4; -2, -10, 4. 

2 1 1 * — 2 — 1 — 1 * — — — 
X, J. , A, X, ^2’ \/2 * 


JL -.Jl a i. 

V2’ V2V2’V2* 


20. 1,1, 2; 1,1, 2. 21. 3, 2, 1 ; 2, 3, 1 ; -3, -2, - 1 ; -2, -3, - 1. 

22. 1, 2, 3; -3, -4, -6, 23. 3, 1, 1 ; 1, 3, 1 ; 1, 1, 3. 

he ca ah ^ he ca ah 

h^ a ’ 6 * c * 


25. 


62 c* 

s/(a2+P + c2)’ ^(a2+62+ci)’ 7(^?TF+c2)‘ 


Exercises 159. 

1. 10. 2. 93. 3. 0. 4. 3. 5. -58. 6. 

7. 19. a 2J. 12. a 13. 10. 14. 13. 


1 . 

3. 

5. 

7. 

11 . 


4. 

7. 

9. 

11 . 

15. 

17. 

19. 

20 . 
21 . 
22 . 
2a 


27. 


Exercises 160. 


(;i?-1)(4?-2)(4?-3). 2. 

(a:+2)(a?+3) (^+4). 4. 

\x - l}{a?— 3) (a?+ 2) {x + 4). 6. 

1,4, - 2 . a -1,-5, 2 . 9. 


-1,2, a la 3, -2, -a 


(:r4'l)(^*+4) (^7-3). 

(^+l)2(2a,--l). 

(a?-l) (J7+1) (07+2) (a?+3). 

1, 2, -1. 10. 1,1, -a 


Exercises 161. 

c+a, a+6. 5. a2+62+c2— 6c— ca-a6. 6. 4c(a+6). 

-(6-c) (c-a)(a-6). 8. (6-c) (c-a) (a-6). 

iy^z) («+07) (o7+y). 10. 3 (y +«) (g+o?) (o7+y). 

-(6-c)(c-a)(a-6) (a+6+c). 14. 12a6c(a + 6+c). 

5 (a 2 4 - 62+02 — 6 c — ca — a 6 ). 16. b{x^’\‘y^’{'^-^yz‘^zx’^xy)* 

-(^«+ 207+07^). 18. — ( 6 -o) (c-a) (a- 6 ) ( 6 c+ca+a 6 ). 

(6— c) (c-a) (a- 6 ) (a* + 6 ^ +c 2 + 6 c +ca+a 6 ), 

(6 — c) (c — a) (a - 6) (6c + ca+ a6). 

•-{h—c) (c-a) (a-6) (6+c) (c+a) (a+6). 

(6 - c) (c — a) (a — 6) (a® + 62 + (^ + 62c + 6c2 + c2a + ca* + a®6 + a6* + a6o). 
a(o;2+«M?+m2)+6(o?+m)+c. 25. —1. 26. 1. 

28. (y+«)(«+o;)(r+j(’). 29. |(o7*+y*+«2-,y^-«?-o^). 
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Exercises 162. 


1. 1,^1. 2. ^3,7. 

5. 4, - 10, 6. 6. 

8 . a + 6 + c, fi^ + ah-\-h\ a\ 
11. 20. 12. -45, -14. 

16. j^ch. 17. — 88or0. 

21 . a® + 8c = 4a5, c- = a^d, 

24. - ' ' ' 


3 . - 


h a 
a -5 ’ a-h* 
3a, 3a®, a®. 

9 . - 1 , 0 . 


4. % -2, 10. 

7. 3, -3,1. 
10. 21,-76,60. 
13. 6. 14. 1; -x/2, -1. 

18. 6, .t-2. 20. 1,22. 

23. 4c; 


‘l + c’ (i + c)®’ (l+c)3’ (1+c) 


rA 4 » *• 


1 . 

4. 

7. 

9 . 

11 . 

12 . 


Jl 1 

s+l 

__J 

2a: + l :r + l* 

3 3 


Exercises 163. 

2 . 


.a?- 1 ^47-2* 


5 . 


2(x+4) 4(.t:+3)‘ 

_1 0 5 

^_1 . 37 - 3 * 


10 . 


a — - + —— + ^ 

47 + 1 4 ^ + 2 ^ 47 + 3 * 


3 . 


47-2 47+1 




3(a;-l)^4(j^+l) 6(j;-2)' 

15 . 11 5 


4(ar-2)^12(x+2) 3(4;-l)' 

14 + : 


X— 1 ~ x -2 ~ x -3 


13 . 


2 ( 47 - 1 ) 47-2 ^ 2 ( 47 - 3 )* 


Exercises 165. 


1. s/a, 

7 . i/a^ 

12 . «i 
1 

5- 

24 2. 


18 . 


2. ^a. 

8- 

13 . al 

m i. 

a* 

25 . 3 . 


9 . 


3 . -ya®. 4 4 /a 3 . 

1 

s/a^' 

14 . at. 15 . ai 

at 


5 . /y/a®. 6 . 

16 . at. 17 . ai. 

20 . -^. 21 . 2 . 22 . a 23 . 5 . 

26 . 2 . 27 . 4 2 & 9 . 29 . a 



326 


ELEMENTARY ALGEBRA 



30. 

a 

31. J. 32. 

ai. 33. a. 

34. ai. 

35. al. 

36. 

ai. 

37. aA. 

38. al 39. 

ai 

40. ai. 

41. 

J. 

42. ai 

43. a* 44. 

ai. 

45. ai 

46. 

aA 

47. ai. 

48. al 49. 

aii. 

50. aA. 

51 

Ji. 

62. atJ. 

53. 54. 

ai 

65. aV. 



Exercises 166. 



1. 

1 

2. i. 8. 

4. 4. 4. 

at aS 

'• .T 

6. ?. 

a 

7. 

3 

J- 

8. 4a* 

9. iat. 10. 

hy 

ax* 

11 

6y 

12. 

~W~ 

s 

. 13. i. 

14. }. 15. i. 

16. 

17. 54. 

18. 

4. 

19. 125. 20. 4. 21. 32. 

22. 30. 

23. 4. 

24. 

1. 

25. ai 26. 

ai. 27. a». 

28. ai 

29. 1. 

30. 

6ai. 

31. 10a5. 

32. ii. 33. 

xt 

34. -. 
a* 

35. 

a*. 

36. a. 37. 

L. 38. 2a* 39. 

af y’ 

40. \aK 


Exercises 167. 

L a— 5. 2. 3. 4. 4?— 3/17^4 1. 

5. a? — 2ai+a ■“ 6. — 5a^ + 10a — lOaS -j- 5ai — 1. 

7. 8. a^aib'^i+b'"K 9. aj-fl+a?"!. 

10. ^“"1. 11. a5+2a»6i + 6S. 

12. 4;S ~ i +y “■ 

Exercises 168. 


o*. 

2. 1. 3. **. 

4. xl 

5. al 

6. 

j. 


a 




a:* ’ 

*1. 

8. 9. M 

% 

o 

r— 1 

11. V 

a* 

12. 


1 

14. \. 15 . 

a* 

1, 16. 

a* 




13 . 
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Exercises 169, 


4. 

a* 

63* 

a 2 }. a 

8. j. 

100. 4. 

9. 

y 

4.1f. 5. 39iV. 

_ . 3(^ 

10. -. 

y 

6. 

11. 

xy\ 

at 

a ' 

2ahr 

14. 

8 y« 

15 ^ 

• aW* 

16. 

x^K 


la aSftS. 

19. *‘f . 

ala 

20. cbth'^Gc'^, 

21. 

am 


23. xH\ 


25. ah. 


Exercises 170. 


1. J?®. 2. x^ci. 3. a\ 


5. 6. 


7. & 1 . 9. aUlA 10. 11, x. 12. 

13. a^-ahi+2ab-ahHb». 14. Jb^ + JlM + bhi 

15. a+A+A-Saib^c. 16. iaS + ioga/s — Jai. 

17. 16a*— 8 18. 2^2 + 2i.r-f 2.2?^ — a*— 3/* — z*. 

19. xi yi - ^xi^i + 2xii/i, 20. ai - 2aixi + xi, 

21. a + ai^ji~6. 22. x^'-Sx^^+dx^i/i—y, 23. a’J-}-3a;~J. 

24. x-i^l^x^K 25. a + 2ai-3. 26. 2.ra-i-3 + 44?‘*a. 

27. a^-^aib^+aibk 28. a~^+2 — 6’'*. 29. ~~ — . 30. A. 


31 32 2+yS „„ jc§-S.r^+6 

+ yi 3y § + iyi 3a;S - 8a: J 

34. ■ 35 3g_ 1+^i 

a+2a25i + 4/^ 1—^2 

37 ai - 6l 38. 6p^, 2p. 44. x. 45. 8, J, 
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Exercises 173. 

1. 1-3333 .... 2. 1-6. 3. 1-5. 4. -6. 5. •7.'). 6. --6. 

7. --6. 8. -1-3333.... 9. --2.5. 10. --6. 

Exercises 174. 

1. 2-0535. 2. 6-4938. 3. 10. 4. 1-7783. 5. 8-6596. 

6. 10. 7. 1-5.399. 8. 2 7384. 9. 3 6517. 10 20536. 

11. 1-7783. 12. 1-5399. 13. 3162.3. 

Exercises 176. 

1. 3392. 2. 129-6. 3. 66. 4 63 17. 5. -3526. 

6. -3207. 7. 2065. 8. 17-55. 9. 2-474. 10. 435-5. 

11. 48-12. 12. 1-271. 13. 7-096. 14. 7-221. 15. 1-566. 

16. 235-2. 17. 140-2. 18. -006220. 19. 48 52. 20. 2-412. 

21. £51. Zs. lOd 22. £23. 16s. 23. £1. 12s. 7d. 

24 £20. 5s. td. 25. 14-2 yrs. 26. 17-6 yrs. 27. 143. 

28. £46. 29. £11. 18s. 2d. 30. 15 c. ft. 1350 o. ins., nearly. 

31. 6-54 ins. 32. 5-40 ina 33. 44-5 sq. ins. 34. O^t., 3^ft. 
35. 6 29 ins. 36. 523 sq. ins. 37. 5 06 ins. 38. 40-77 c. ins. 
39. 6-26 ins. 40. 146-3 sq. ins. 41. 314-3 sq. in.s. 43. 7-003 ins. 

Exercises 178. 

L 25^/2. 2. 24^/6. 3. 0. 4. v/*+^/2. 5. v/2. 

6. 2^/6. 7. V2. 8. 4(s/3-V2). 9. 10^/(231). 

10. (a2+5*+c*).y3:. 11. 0. 12. 36. 13. 2880. 

14. 168.^21. 15. 105. 16. 6. 17. 18. 2«y2. 

19. 2'.y32. 20. 3V3. 21. 2. 22. 3^/2- 23. 4^3. 

24. 24/7. 25. 26. 6^/2, 6^/3, 4^/5. 27. 2^/7, 44/3, 6. 

Exercises 179. 

1- -iVS, Ia/S, 2^6. 2. V2+1. 3. ^(V5+l). 4. 2(V7-2). 

5. |(,/5-V’2). 6. V6-1- 7. i(9+2V14). 8. 3V2-2V3. 

9. i(6+V10). 10. 2. 11. Si’s. 12. 0. 13. 0. 

14. 1(06 + 46 ^2-38^3-25^6). 15. J(2 + V2-v/e). 

16. 5^(12-7v'2+5V3-v/ 6). 17. v(10-v/5 + 2V2-3. 

18. l+v/3+V5. 19. i(2+V2+V6). 20. IJJ. 
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Exercises 180. 

1. ^3 + 1, 2. + 3. 5 — ^3. 4. 5 — 2/^6. 

5. 7-f2V2. 6. 7 + 2^5. 7. 8. 6V2 + 3V0. 

9. 5V3-2V7. 10. 11- 12. 8. 

13. x/2 + 1. 14. V3-V2. 15. 0. 16. ^10. 18. 71. 

19. 1-V(1-^). 20. V(2x-3)^-^/(J;+2). 

Exercises 181. 

1. -18. 2. 2^* ^ 1- ®- a 1^3. 7. 18. 

10. 2-^/2. 11. 1. 12. bJa-ZJh. 13. l+V2 + v/3. 

14. 1. 16. V3, -V3, -2. 17. n/2 + 1, -V2 + 1, 4. 

18. V6 + 2, -V5 + 2, 1, -2. 

Exercises 182. 

1. .r-MO/^^+25. 2. 3. 36--12v^j7-f.r. 

4. a;-|-6 + 4v'(^ + l). 5. 1). 6. 4.r + 4Vj?4*l. 

7. 9-12v/ar+4x 8. 4^-3-4V(^-1). 

9. 2j;+27 + 10v'2(ar+l). 10. 337443- 14\/3(:r-2). 

11. 2374 142 12. 2a?— 1 — 2^(37®— a:). 

13. 2a?4342V(a7®43a;4 2). 14. 3a74l -2V(2®7*-ir-e). 

15. 6a74242V(8.J7*-2a7-15). 16. 6a:43-4V(a7*-l). 

17. 1037-1-6^(^2-37). 18. 30a7454l2V(6a.®4.®-l). 


Exercises 183. 


1. 

4 2. 

9. 3. 4. 4 -2. 5. 

5. 

6. 

3. 

7. 9. 

8. 

49. 9. 

16. 10. 9. 11. 5. 

12. 

9. 


13. 6, 5. 

14. 

12. 15. 

3. 16. 7. 17. 10. 

18. 5. 


19. 

No root. 

20. 

No root. 

21. -1. 22. 1. 

23. 

5. 


24. 3, 3. 

25. 

f. 26. 

3. 27. 4 28. 0. 

29. 

10. 


30. 3, 3. 

3L 

27. 

32. -b. 33. 






145® 






Exercises 184. 

1. 2, 3,7,8. 2. 1, -3J, J-(-5±V209)., 3. 1|, 2. 

4 3,-1. 5. 1,1, 1,1. 6. 2,3. 7. IJ, 5, -4, -7i. 

8. 4, -7. 9. 1, -6. 10. i(-7±V77). 

11. 4, -5,H- 1±V21)- 12. 2, -i,i,lj. 13. i(2±N/21). 

14 0, a, ^(a±\(5fl!®-8a6). 
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Exercises 185. 

1. 23,29,35,41,47. 2. x>+3y*. 3. 

4. («:-l)(x+l)(4;-2)(a!+2)(a;-3)(ar + 3). 5. y^-Zy,}^-by''-‘r^y. 

7. i^^(3a;2+y*), 300000018. 8. **+5^+5. 9., 7. 

11. x-A 12. p. 


Exercises 186. 

1. Real and equal, real and different, imaginary and different. 

3. -3J, 40. 1 18, -22. 5. 1|, 6. 21a;2+4(;.r_7=0. 

7. 9ar*-88.i:+4.=0. 8. 9. cV+2/)ca;+62=0. 

10. (a — 6+c)x*— 2(a— c)4:+a+6+c=0i 11. x2 + l5a;+54=0. 

12. 32, 2. 


Exercises 187. 

1. 37,09. 2. 10. 3. (a--l)®(a:+4). 

6. ^{y-z){t—x)(x-y){x+y->rt). 7. a+6+c. 

9. MO, -4771. 10. + 

11. o»-2a&, a»6-6*. 12. 1, -2, 2 + v/3, 2-^3. 


Exercises 188. 

1. 15, -f. 2. a,-. 3. 2, -2, 4, -A 4. 2, -3, 4, -5. 

CL 

5. 0,1, J(1±V129). 6. 7,3;-4|, -2i. 7. 7, -4; -4, 7. 

8. 1, 3; -1, -3; 2^/?, -2V?, "s/f- 

9. 6, 2; 2, 5; -6,-2; -2,-5. 10. No root. 11. 8. 

12. 0, 3; and two imaginary roots. 


Exercises 189 

1. 5:a 2. 3:2. 3. 11:2. 4. 10:3. 5. 2:1, 1:2. 

6. 2 : 1, 6 : 2. 7. 13 : 4. 8. 9 ; 41. 9. 3:1. 10. 3. 

11. 13. 12. 22. 13. 63, 36. 14. 21, 33. 15. 18, 27. 

16. 15,26. 17. 13,20. 18. 21,28. 19. 16, 40yr8. 

20 . 12 ; 6 . 
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Exercises 190. 


1. 

3 : 2 :-l. 

2. 2 : 1 : a 

a 9:6:1. 4. 

110 

: 15 : 17. 

5. 

6* - A : c^-a^ 

: a'^ — b\ 

6. 3, 2 ; - 

-3, - 

-2. 

7. 

-4, -5, -6; 

-4, -6, -C. 

8. 6,7,8; 

21, 

19, 17. 

9. 

1. 1.4; -1, - 

-1, -4. 

10. 3, 4, 5. 




Exercises 191. 

^ ^ a{b-c)ib(c-a)-.o(a-b). Q. 7. 

11. A 22. 3 : 2, 2 : 3. 

Exercises 192. 

1. 12, 3, 6?, 6‘ 2. 16. 16f, 8, (a+h)* 

3. ±6, ±12, +7i, 4. 3J, 4J, 4i. 5. 10. 6. 1. 

7. 2. a 6. 29. 1& 30. 4, -6, 9. 

Exercises 193. 

6. 3,-1. 10 . 9,3,1. 15. 27 ft., 18 ft 1& 40. 

17. 11:24. 18. 3:a 

Exercises 194. 

1. 10. 2. J. 3. 1. 4. 1. 5. 15. 6. IJ. 

7. 500. 8 . 1. 9 . 21. 10. 27a;2=4?/». 11. a:3=4(y + l)2, 

12. 15. AocD‘. 17. 6. 18. 9 .sq. yds. 

19. .33 c. ft 20. 12 ins. 21. 1:2. 22. 1600 ft 26. 4. 

27. OJ. 29. 20 miles an hour. 30. 2160 lbs. weight 

Exercises 195. 

1. 21. 2. 90. 3. -14. 4. 58. 5. 397. 6. 25^. 

7. -18|. 8. 0. 9. 37|. 10. 93^. 11. n. 12. 2n. 

13. 2«-l. 14. 3n+l. 15. 22-2n. ' 16. (ji+2)a-(n+l)6. 

17. 13th. 18. 22nd. 19. 200000th. 20. 26th. 

21. 2.3rd, 29th. 22. 6. 23. -3. 24 2J. 25. 12. 

26. 303. 27. 74 28. -Ul-S^. 29. 0. 30. 10|. 

31. 3l8t. 32. 60th. 33. 70. 34. 100. 35. 100. 

36. 83. 37. 7,1. 38. -7, -5J, -4, ; or 41, 39iS, 38, ... . 

39, 61. 40. 51. 41. 25. 42. 44, 48. 43. 61. 45 -a. 
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Exercises 196. 

1. 320. 2. 2120. 3. 2550. 4. 1368. 6. 61 6J, 

6. -90. 7. 6050. 8. 1600. 9. 1344. 10. 0. 

11. 19355. 12. 1633. 13. -1728. 14. 101. 

15. 2014J. 16. 0. 17. -521. 18. 3J. 19. 0. 

20. -121f. 21. -1.5. 22. la 23.80,80. 24. J-n(13-6ra). 

25. 26. n{p+n). 27. Jn{26(»- l)-o(n-3)}. 

28. |(«-1). 29. n{a^+b^)-n{n-3)ab. 31. 20. 32. .5,12. 
33. 17. 34. 12. 35. 12. 36. -21^. 37. 1254. 

38. 49. 39. -5, -2,1 40.3. 41.5. 42. 3, 2J,2,.... 

43. 2171. 44. 4 or 8. 45. 33. 46. 250000. 47. 4950. 

48. 571571. 49. 50000. 50. 1372. 

Exercises 197. 

1. 14 2. 20. 3. 22J. 4. esj. 5. 3a+2i. 

6. 5x-ff. 7. 16 ins. ^ 5, ’9, 13, 17, 21, 25. 

9. 14J, 16, 171, .,.,28. 10. 4f,6J,8|,...,16J. 

11. I, A, -T%. 12. 3a+.51, 2a+61,..., 56-50. 

13. 21, 27, 33, ... , 159 ; 2160. 14 45, 42, 39, ..., -252 { - 10350. 

Exercises 198. 

5. -21. 6. 3. 8. 19,304. 10. 885. 13. in(3n+7). 

14 1 , 3 ' 6 15. -2, 0,2, 4, 6. 

17. t(4a+6), |(.3o+26), i(2o+36), J(®+46). 18. 24. 

19. 333667. 21. 10. 22. Of, lOJ. 23. -7, -5, -3, .... 

24 £51, £53. 27. J, J, (3n + l). 28. 2476. 29. 2. 

30. 2(1— n). 31. o2-a6+6''*, o®+a6+6'‘*, a*+3a6+6“, .... 

33. ^{p(m—3n+l)+q (m+n—1)}. 34 w + n-lorw+M. 

35. a+(j5+g-r-l)rf=0. 38. 200000. 39. 17, 19,21,23. 

4L BeciprouaL 42. 3a 


Exercises 199. 


1. 512. 2. 4374. 3. -128. 4 J. 5. 6. 

7. 8. 230iff. 9. 10. 26^*. 11. 2048.r». 

12- 13. nxf'-K 14 «+«?•. 15. 20,10, 

(0-6)“ • 

16. i, -i. 17.8, 16,32,.... 18. +10935. 19.9th. 20. eth. 
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Exercises 200. 

1. 255. 2. 2186. 3. 15f|. 4. 121^?. 5. IfJ. 

iiWoW* 8. 9. 21|fJ. 

10. 6^. 11. J(3--l). 12. 

13. 14. §(i-i-:). 15. 

16. 14'917 nearly. 17. (l - 3I) . 18. {l - . 

19. 2. 20. 5. 21. IJ. 22. 1^. 

25. 38j. 26. 4+3 v/2. 27. 781. 28. 


23. 27?. 
h o-a^ 
a’‘~^ (b—a)' 


21 2/1. 


Exercises 201. 

L ±8. 2. +12. 3. ±10. 1 ±am 5. ± la+iy^. 

6. -1,1. 7. ±8, 16, ±32, 64, ±128. 8. 3, 1, J, J. 

9. ±1^,2, ±3,4^, ±6?. 10. ±3||,3J, ±2J. 

P + 9 , . 

11. ±a^bc, aW, ±ab»c>. 12. ± (a*-J2). 13. ±ar“r"‘. 

11 10, 20, 40, 80, 160, sum 310 ; - 10, 20, - 40, 80, - 160, sum - 110. 
15. 6. 17. 8,2. 18. 4,36. 


Exercises 202. 

1. 8(2«-l). 2. 0. 

4. in(n + l) + 2{2»~l). 5. ii(w4-2) + t(3»-l). 


3. — s— + 

1 


7. 25. 


12. 36, 4 13. o, ; 

15. 6, 24, 96. 


6 . a > 26. 
a 


’»+!’ (»+l)2’’"' 
11 }, i, iV.— • 15. 6,24,96. 16. 48,60,76. 

17. 4,8,16'. 21. 21. 25. 6,7,8,.... 26. 25 or 

27. 4,16. 29. 9?, 6?, 8?,..., or 3?, 5?, 6?,.... 30. 31. 

a{r“+*-(«+l)r+?i} %sta ^a^lh 

^ (r-l)2 ■ V«+V5’ -Ja+^b' 


Exercises 208 

1. 1. 2. ?5, *. 3. -6. 1 60, 00. 

5. oo,6J, .... 6- 7th. 7.7th. 8. f 9. 2, 1^, If 

la 11. 12. 17f7,4? 
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Exercises 204. 


L 4|. a 131.. 3 . 4 . 3J. 6. Ilf. 6. J, i 

7. 2i,2f. 8. 6}!i,7H.9A- 9- hhhhi^- 10. 3*. 

U 12.2,4. 13.6,2. 14.8,2. iTe,!; 


Exercises 205. 

1. -3}, -4$; -i. -Tfif. 

3. {p^-\-4q)x+2pq^O. 4. 5^’'^. 5. ±15. 7. 7. 

11. 20,6. 12. iy. 21. 714^^ 23. 2,3,6; -3, -7, 21. 


Exercises 206. 

1. |n(n+l)(2n + l). 2. 2n2(n±l)a 3. w2(27i«-l). 

4. -640. 6. • 6. 4. 

7. Jn(4»® + 6n — 1). 8. Jn (w + 1) (n±2). 


7. Jn(4»® + 6n — 1). 8. Jn (w + 1) (n±2). 

18“3(»+l)(«+2)(n+3)' 2n+I‘ 

13- 15. in(«i+2). 

2re + 3 4(n + l)(»j+2) ® 

16. i»(»+l)(4n-l). 17. Jn(«+l)(2« + 7). 

18. Jm(n+l)(2w+13). 19. J»i(n + l)(6»’‘-2ji- 1). 

20. (>i+l) (« + 2) (3w + l). 21. (n+1) («.+2) (3ra+5). 

22. J«(10a*+7w-l). 23. in(n+iy {n+2). 24. (r+l)2>->. 

25. 26. .ii,»(«+l)(«+2)(3?i + 13). 

28. Jw (»+1)(7 i + 2). 29. ^7i(n+l)(w±2)(»±3). 

30. ^(6«‘+15»«+10n»-»»). 31. 

32. J^w(w+1) (3a + n-l . 6). 

33. oo, ai~2ao, (n-l)ao-wai, (w- l)ai -(w-2) a^. 

l-gr+ar^ oc ±a/1 2 ^±1 

(l-r)(l-ar)* ’ 2(y~2) 

1 ±0? - {n^ — 2w + 3) (2^2 - 27 i± 1 ) ^ 

{l-xf 


25 3 — A — ^ 


34 . 
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Exercises 208. 

1. no. * 2. 120,720. a 6720,4032a 4. 20,4. 

5. 120, 20, 4. 6. 360. 

Exercises 209. 

L 6, 24, 120. 7. a 

Exercises 210. 

1. 120, 336, 132, 5040. a 11. 4 6. 5. 7. 6. 362880. 

7. 30. a 30240. 9. 415800. 10. 3360, 120. 

IL 720, 120, 24. 12. 360, 24. 13. 24, la 14. 210. 

15. 96. 16. 144 17. 86400. 18. la 19. 30240. 

20. 1296. 21. 3125. 22. 60, 125. 23. 86400. 

^ 13 l"~i» i I - 1 « 


Exercises 211. 


1. 

10, 66, 1365, 120. 

3. 

10. 

4 10. 5. 

66. 

6. 

380. 

7. 

455. 8. 36. 


9. 

jtn(n-l)(»-2). 


10. 

165. 

11. 

15504, 816. 13. 

26400. 

14 [12/(14). 

15. 

[26/(14)‘. 

16. 

225. 17. 6a 


18. 

15. 19. 45.5. 


20. 

99a 

21. 

16. 22. 420. 

25. 

71. 

26. 11 27. 

717. 




Exercises 2ia 


2. 

7200. 

3. 2880. 

4. 6. 

5. 70. a 

il0/(l4)> 

7. 

6. 8. 

3300, 360. 

9. 315. 10. 35. 

11. 72. 

12. 

495, 

13. m+ 

1, 

(wi+1). 

14. 78. 

15. |2?i/2“ 

16. 

\^/{\ny. 

18, 

72. 

19. 36. 20. 66. 

21. 2205. 

22. 

371. 

23. 

35. 


24. 520. 

25. 4320. 

26. 

|(7i+l)ni 

(w— l)(w 

~2). 

27. i(n 

—p)(n^+np+p^— 

3>i — 2^ + 2). 

28. 

ipq (p+q 

-2), 





29. 

J[n(n-l)(n-2)- 

P(P- 

l)(p-2)- 


30. 40. 

31. 

Jn(«-l)(w+4). 

32. 

330. 

35. 3360, 21. 

36. 22800. 

37. 

3360, 720. 

38. 

78. 

39. 270. 

40. 15. 41. 

4 [8, 18 [7. 


42. 4 [8, 16 [7. 43. 18, 270. 44. 30, 600. 45. 8220. 
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Exercises 213. 


1. 1 4-4ii!+6ar’+4i^’+a:*. 2. a^+6a*6 + 10a^t*+]0a®6*+5aM+6^ 

3. 1 + 1 0.r + 40x2 + BOX'S + 80x1 + 32.**. 

4. 16a*-96£iSi+2iea262-216a6s+8l6<. 

5. 32x* + 40x*a+20xSo2+6x2aS+fxa* + ^a®. 

6. 2(l + 10x2+5x*). 7. a'>-6a*6+15a«62-20a36s+15a2M-ea6*+6». 

8. l-7x+21x2-35x»+35x<-21x* + 7x»-xL 

9. 1-12x+60x2-160xS + 240x‘-192x‘+64x». 


10. 128a7_ 224aSx + 168a‘x2-70a*xS+J^aSx*-S^4(i*x*+aV“^— riff-2'^- 

11. l + 12x+66x2 + 220xs+495.r* + .... 


12. 

1024ai0- 

eiSOuSi + llSSOatW 

-16360a76'''+.... 



13. 

1*4641. 

14. 1-030301. 

15. -6501. 

16. 

•970299. 

17. 

84:r3. 

la - 960x'l 

19. 7920u»6*. 

20. 

4032.2710 

21 

250047o«62 22. 

23. - W a*¥. 

24. 

- 126a^ 

25. 

20a?s. 

26. - 3^^^. 

120 

27 ' — xJO 

1 10 110^- 

28. 

127^ 

\n\n'^' 


29. - 35x>, 35x*. 


30. 


31 

|M 



34. 

10o» 

35. 

38. 

la 

39. 



a“x>» 


|2w/(|w)*- 

145. 


|27t+l |2n + l 1 

^ |y^ + 1 X * 

32. 2640. 33. 

36. -96060. 37. 


- 66 . 


•4783. 


Exercises 214. 

1. 70. 2. 462. 3. 30}|. 4. 41^?. 6. |^/([15)2 

20. 4»-5r-3==0. 21. 12. 


Exercises 215. 


1, conv. 2. conv. 3. conv. 4, div. 

6. osc. 7. div. 8. conv. 9. conv. 10. div. 
12. div. 13. conv. 14. conv. 15. conv. 
17. div. 18. conv. 19. osc. 20. conv. 
22. conv, 23. div. 24. conv. 25. conv. 
27. osc. 28. conv. 29. conv. 

30. conv. if 4r<l , div. if ;r= or > 1. 

3L conv. if ir < or * 1, div. if a: > 1. 


5. conv. 
11. conv. 
16. conv, 
21. div. 
26. div. 


32. conv. 
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Exercises 21& 


1. 1 + + ... • 

2. l + + 

3. l-Yx+»8»x2-i^^+JiVy=A-<--- 

4. 1 +x+x2 + i;’+ar‘ + — 5. 1 +2T+3a;* + 4j^ + 5.i^+... . 

6. 1-3x+6;!:*-10^i 3 + 16^7*-..., 7. 1 +jr+fa:2+irS + . 

8. l+2j;+6a;*+^s®a;’ + ^J“a:* + ... . 

9. 1 4-§x*+ Y'r*+f§iK®+f||-i'’'+... . 

10. l+J^. + |^+|Jx»+^,;r‘ + .... 11. ^-J + g-^+35-.... 


14. ia*. 15. -ta«. 

18. 


19. (_^).-,l-3.5 (2r-3)^ 

[r 


13. — tIs^. 

16. -21a‘. 17. 

20. af. 


21. (r+l)a'. 22. (-i)r (! . ±Mr . tl) j 5 . 23. -V. 


24. a-6-7».( 2r+l )^ 

Ir 


„ (r+l)(r + 2)(r+3}(r+4) 

3.2? + s 


26 ”(»+l)(>t+2)...(?t+r-I) 27 10 .7-4.2.5...(3r-13 )^ 

1> • • " 3’-[r 


28. ( i)r-i (”-l)(2w-I)^..(r-l.«-I) .^_ 

29 271 (27; - 1) (2w~ 2) ... (27^—r-f 1 ) ^ 


30. 


[r. 2»' 

(l + Ti) (i-rS/i) ... (l+r—l.Ti) 1 

* ^Zru ^ 


31. 

16384 


ll 


oZ. 




34. H-6a+30a2+140a3+630a«4-.... 35. 

36. 40. 2. 41. J, -J, j^. 

4a lO^MOSVe. 43. 1-0098534. 44 5 00096a 
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Exercises 217. 

1. 3rd, 6^. 2. let, 1. 3. 8th, 9th. 5. s<^a. 

6 7. 4(2r-l). & |(3ri‘+3r+2). 

/ 

9. J(r+l)(2r>+4r+3). 10. H- (r+3)2-K 

12. l-3j:+3a:*-3^+3:r5-... 13. 102|. 

15. ^+^*+1?*”+-; 2 ( 1 - 3 ^-,)* 16. 2 --^>-i. 

18 . 19 . l+:p + 3 ;t? 2 ^ 5 a;H... 

Exercises 218. 

2. 7 ^. S. 0. 4. (- l)’*(a~w6-i-n . 1 . c)/[n. 6. 

Exercises 219. 

3 1 

2. — if n be a multiple of 4, - in other cases, 
n ^ ’ n 

8w 1 + log (1 - x), 8. - 2a?* -h 2.r® - 4:ir^ + . 


Miscellaneous Problema 


4. (y-z)’'+(2:-j;)®+(*-y)*‘. 

5. {ac H“ hdy 4- (cod — 6c)* or {ac - hdf -f {ad + 6c)* ; {a.v 4- hy)^ - {ay 4 6.t?)* 

or (ar— 6y)* — (ay — 6a?)*. 

a oRn 11 ^ (n4l)a m (n-l)a 

o. 4 :uu. XX. ^ • 


22. xy{x^y). 34. 300. 


36. 


(m- n)a 42^6 27yta - (^n - n) 6 


m-fw 


m 4 -w 
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4L a(?-r) + 6(r-;))+c(p-2)-a 42. . 

43. Greater. 46. 48. a^-\-2c^=Zal>^. 

49. 65. 

2a 

67. «>--J and <-i or ar>l and <4. 70. 214713. 

71. 271. 73 i(»2-l). 74. ^ (w + !)(« + 2). 

77. 2a6c + 6c-f-ca+a6s=l. 79. — 

80. a*6 V (6c + ca + a6) = {b^c^ + + a^6“) (6cfl?2 + coc^ + a6/ ‘‘^). 


88. 

10 owt. 

89. 

352, 320, 3062 ^^ yds. per min. 

90. 

352 yds. per min. 

91. 

5 mins., 6 mins. 

92. 

10 a.m., 9.30 p.m. 

93. 

3 yds. 
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100. 

49, 43, Sa 
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